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Abstract: Frequently in real life situations decision making takes place under fuzzy conditions, 
because the corresponding goals and/or the existing constraints are not clearly defined. Maji et al. 
introduced in 2002 a method of parametric decision making using soft sets as tools and representing 
their tabular form as a binary matrix. As we explain here, however, in cases where some or all of the 
parameters used for the characterization of the elements of the universal set are of fuzzy texture, 
their method does not give always the best decision making solution. In order to tackle this problem, 
we modified in earlier works the method of Maji et al. by replacing the binary elements in the tabular 
form of the corresponding soft set either by grey numbers or by triangular fuzzy numbers. In this 
work, in order to tackle more efficiently cases in which the decision maker has doubts even about the 
correctness of the fuzzy/qualitative characterizations assigned to some or all of the elements of the 
universal set, we replace the binary elements of the tabular form by neutrosophic triplets. Our new, 
neutrosophic decision making method is illustrated by an application concerning the choice of a new 
player by a soccer club. 


Keywords: decision making (DM); fuzzy set (FS); neutrosophic set (NS); soft set (SS); grey number 
(GN) 


1. Introduction 


Decision Making (DM) is a fundamental process in a great spectrum of human activities and 
many books have been written about it, helping decision makers to make smarter choices easier and 
quicker; e.g. see [1, 2], etc. Frequently in real life situations, however, DM takes place under fuzzy 
conditions, since the corresponding goals and/or the existing constraints are not clearly defined. 
Several methods have been also proposed for successful DM in such cases, e.g. [3-5], etc. 

Maji et al. introduced in 2002 a method of parametric DM using soft sets (SS) as tools and 
representing their tabular form as a binary matrix [6]. When some or all of the parameters used for 
the characterization of the elements of the set of the discourse (houses in their example) are of fuzzy 
texture (beautiful and cheap in their example), however, their method does not always give the best 
solution to the corresponding DM problem. This happens, because they replace the parameters in 
the tabular form of the corresponding SS with the binary elements 0, 1. In other words, their method, 
although it starts with a fuzzy framework (5S), it continues by using bivalent logic for obtaining the 
required decision (beautiful or not beautiful and cheap or not cheap in their example)! In order to 
tackle this problem, we modified in earlier works the method of Maji et al. by using either triangular 
fuzzy numbers (TFNs) [7] or grey numbers (GNs) — see [8], or [9] (section 5.3) - instead of the binary 
elements in the tabular form of the corresponding SS. 

In reality, however, cases appear in which the decision maker has doubts about the correctness 
of the fuzzy/qualitative characterizations assigned to some or all of the elements of the set of the 
discourse (e.g. very beautiful, rather beautiful, etc.). In order to study more efficiently the DM 
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process in the previous cases, we introduce here neutrosophic sets (NSs) and we replace the binary 
elements of the method of Maji et al. by neutrosophic triplets. The rest of the paper is organized as 
follows: Section 2 contains the necessary background about NSs, SSs and GNs needed for the 
understanding of the paper. The DM method of Maji et al., our modification using GNs, as well as 
the new neutrosophic DM method are developed in section 3, illustrated by examples concerning 
the choice of a new player by a soccer club. The article closes with a discussion on the results 
obtained in it, including some hints for future research, and the final conclusions, presented in 
section 4. 


2. Mathematical Background 
2.1 Fuzzy Sets and Fuzzy Logic 


Zadeh extended in 1965 the concept of crisp set to the concept of FS [10] on the purpose of 
dealing with the existing in real life partial truths (e.g. rather good, almost true, etc.) and of 
expressing mathematically definitions with no clear boundaries (e.g. high mountains, clever people, 
etc.) This was succeeded by replacing the characteristic function by the membership function, which 
maps each element of the universal set U to the unit interval [0, 1]. In fact, if A is the corresponding 
FS in U and m: U = [0, 1] is its membership function, m(x) is called the membership degree of x in A, 
for all elements x in U. The closer m(x) to 1, the better x satisfies the characteristic property of A. And, 
although the FS A is typically defined as the set of all ordered pairs of the form (x. m(x)), V xEU, for 
reasons of simplicity many authors identify A with its membership function. 

Most of notions and operations on crisp sets are extended in a natural way to FSs (e.g. see [11]). 
Based on the concept of FS, Zadeh introduced the infinite-valued fuzzy logic (FL), in which the truth 
values are modelled by numbers in the unit interval [12]. FL does not oppose the traditional bivalent 
logic of Aristole (384-322 BC), which used to be for many centuries the basic tool of human reasoning 
being “responsible” for the growth of science and human civilization all this time; on the contrary it 
completes and extends it [13] 

In a later stage, when membership functions were reinterpreted as possibility distributions, FSs 
and FL were used to embrace uncertainty modelling [14, 15]. The frequently appearing in real life 
uncertainty is due to several reasons, like randomness, imprecise or incomplete data, vague 
information, etc. Probability theory has been proved sufficient to tackle only the cases of uncertainty 
which are due to randomness [16]. Starting from Zadeh’s FSs, however, several theories have been 
developed during the last years on the purpose of tackling more effectively all the forms of the 
existing uncertainty. The main among those theories are briefly reviewed in [17]. In the present 
paper we are going to use elements from the theories of NSs, SSs and GNs needed for its 
understanding, which are exposed below. 


2.2 Neutrosophic Sets 


Atanassov in 1986, considered in addition to Zadeh’s membership degree the degree of 
non-membership and extended FS to the notion of intuitionistic FS (IFS) [18]. Smarandache in 1995, 
inspired by the frequently appearing in real life neutralities - like <friend, neutral, enemy>, <win, 
draw, defeat>, <high, medium, short>, etc. - generalized IFS to the concept of NS by adding the 
degree of indeterminacy or neutrality [19]. The word “neutrosophy” is a synthesis of the word 
“neutral’ and the Greek word “sophia” (wisdom) and means “the knowledge of neutral thought”. 
The simplest form of a NS is defined as follows: 

Definition 1: A single valued NS (SVNS) A in the universe U is of the form 


A = {(x,T(x),I(x),F(x)): xe U, T(x),1(x),F(x) € [0,1], OS T(x)+I(x)+F(x) $3} (1) 


In equation (1) T(x), I(x), F(x) are the degrees of truth (or membership), indeterminacy (or 
neutrality) and falsity (or non-membership) of x in A respectively, called the neutrosophic components 


of x. For simplicity, we write A<T, I, F>. 
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Indeterminacy is defined to be in general everything that exists between the opposites of truth 
and falsity [20]. 

Example 1: Let U be the set of the players of a soccer club and let A be the SVNS of the good 
players of the club. Then each player x is characterized by a neutrosophic triplet (t, i, f) with respect to 
A, with t, i, f in [0, 1]. For example, x(0.7, 0.1, 0.4) € A means that the coach of the club is 70% sure 
that x is a good player, but at the same time he has a 10% doubt about it and a 40% belief that x is not 
a good player. In particular, x (0, 1, 0) € A means that the coach does not know absolutely nothing 
about player x (new player). 

If the sum T(x) + I(x) + F(x) < 1, then it leaves room for incomplete information about x, if it is 
equal to 1 for complete information and if it is >1 for inconsistent (i.e. contradiction tolerant) 
information about x. A SVNS may contain simultaneously elements leaving room to all the previous 
types of information. All notions and operations defined on FSs are naturally extended to SVNSs 
[21]. 

Summation of neutrosophic triplets is equivalent to the union of NSs. That is why the 
neutrosophic summation and implicitly its extension to neutrosophic scalar multiplication can be 
defined in many ways, equivalently to the known in the literature neutrosophic union operators 
[22]. For the needs of the present work, writing the elements of a SVNS A in the form of 
neutrosophic triplets and considering them simply as ordered triplets we define addition and 
scalar product as follows: 

Definition 2: Let (t1, i1, f1), (tz, iz, fz) be in A and let k be a positive number. Then: 

e The sum (ti, is, fi) + (te, iz, f2) = (tit tz, i+ i2, fi f2) (2) 

e = The scalar product k(t, in, f1) = (kt, k in, kf:) (3) 


Remark 1: The summation and scalar product of the elements of aSVNS A with respect to 
Definition 2 need not be a closed operation in A, since it may happen that (tit tz)+(i1+ iz)+(f+ f2)>3 or 
ktitk i1+kfi>3. With the help of Definition 2, however, one can define in A the mean value of a finite 
number of elements of A as follows: 

Definition 3: Let A be a SVNS and let (ti, is, f1), (t2, iz, f2), ...., (tk, ik, fk) be a finite number of 
elements of A. Assume that (ti, i, fi) appears ni times in an application, i = 1,2,...., k. Set n = 


nitne2t+....tnk. Then the mean value of all these elements of A is defined to be the element of A 


(tm, im, fm) = 1 [ni(ti, i1, f1)-+12(te, i2, f2)+....+nK(tk, ik, fk)] (4) 
n 


2.3 Soft Sets 

A disadvantage of FSs and of all their extensions involving membership degrees (like IFSs, 
NSs, etc.), is that there is not any exact rule for defining properly the corresponding membership 
functions. The methods used for this are usually statistical or intuitive/empirical. Moreover, the 
definition of the membership function is not unique depending on the “signals” that each observer 
receives from the environment. For example, defining the FS of “young people” one could consider 
as young all persons aged less than 30 years and another one all persons aged less than 40 years. As 
a result the second observer will assign membership degree 1 to all people aged between 30 and 40 
years, whereas the first one will assign to them membership degrees less than 1. Analogous 
differences are logically expected to appear to the membership degrees of all the other ages. In 


other words, the only restriction for the definition of the membership function is that it must be 
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compatible to the common sense; otherwise the resulting FS does not give a creditable description 
of the corresponding real situation. This could happen, for instance, if in the previous example 
people aged more than 70 years possessed membership degrees 20.5. 

For overpassing this problem, the concept of interval-valued FS (IVFS) was introduced in 1975. 
An IVFS is defined by mapping the universe U to the set of the closed subintervals of [0, 1] [23]. 
Other related to FS theories were also developed in which the definition of a membership function 
is not necessary (grey systems and numbers [24]), or it is overpassed by using a pair of crisp sets 
giving the lower and upper bound of the original set (rough sets [25]). Molodstov, introduced in 
1999 the concept of SS for tackling the uncertainty in a parametric manner, not needing, therefore, 
the definition of a membership function [26]. Namely, a SS is defined as follows: 

Definition 4: Let E be a set of parameters, let A be a subset of E, and let f be a map from A into 
the power set P(U) of the universe U. Then the SS (f, A) in U is defined as the set of the ordered 
pairs 

(f, A)={(e, f(e)):e EA} (5) 


In other words, a SS is a parametrized family of subsets of U. The name "soft" was given due to 
the fact that the form of (f, A) depends on the parameters of A. For eache € A, its image f(e) in P(U) is 
called the value set of e in (f, A), while f is called the approximation function of (f, A). 

Example 2: Let U= {H1, H2, H3} be a set of houses and let E = {e1, e2, e3} be the set of parameters 
ei=cheap, ezbeautiful and e3= expensive. Let us further assume that Hi, Hz are cheap, Hs3 is 
expensive and H2, Haare beautiful houses. Then, a map f: E—» P(U) is defined by f(e1)={Hi, He}, 
f(e2)={H2, H3} and f(e3)={Hs}. Therefore, the SS (f, E) in U is the set of the ordered pairs 


(£, E) = {(e1, {H1, H2}), (e2, {H2, H3}, (e3, {H3}} (6) 


Maji et al. [6] introduced a tabular representation of SSs in the form of a binary matrix in order to 
be stored easily in a computer’s memory. For instance, the tabular representation of the soft set (f, E) 
of the previous example is given by Table 1. 


Table 1. Tabular representation of the SS of Example 2 


e1 | e2 | e3 
Hi} 1/01] 0 
Hz | 1/11] 0 
H3 | 0/1] 1 


A FS in U with membership function y = m(x) is a SS in U of the form (f, [0, 1]), where 
f(a)={x€U: m(x) 2a} is the corresponding a-cut of the FS, for each a in [0, 1]. Consequently the 
concept of SS is a generalization of the concept of FS. All notions and operations defined on FSs are 


extended in a natural way to SSs [27]. 


2.4 Grey Numbers 
The theory of grey systems [24] introduces an alternative way for managing the uncertainty in 
case of approximate data. A grey system is understood to be any system which lacks information, 


such as structure message, operation mechanism or/and behavior document. 
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Closed real intervals, are used for performing the necessary calculations in grey systems. In 
fact, a closed real interval [x, y] could be considered as representing a real number T, termed as a 
grey number (GN), whose exact value in [x, y] is unknown. We write then T € [x, y]. A GN T, 
however, is frequently accompanied by a whitenization function f: [x, y] — [0, 1], such that, if f(a) 
approaches 1, then a in [x, y] approaches the unknown value of T. If no whitenization function is 
defined, it is logical to consider as a representative crisp approximation of the GN A the real number 
XOy 
De 


The arithmetic operations on GNs are introduced with the help of the known arithmetic of the 


V(A) = (7) 


real intervals [28]. In this work we are going to make use only of the addition of GNs and of the 
scalar multiplication of a GN with a positive number, which are defined as follows: 


Definition 5: Let A € [x1, yi], B € [xz, y2] be two GNs and let k be a positive number. Then: 


e The sum: A+B is the GN A+B € [xity1, xzty2] (8) 
e The scalar product kA is the GN kA € [kx1, kyi] (9) 


3. The Parametric Assessment Method 
The parametric assessment method of Maji et al. [6], our modification using GNs [8, 9] and our 
new method using NSs are developed in this section through suitable examples concerning the 


choice of a new player by a soccer club. 


3.1 The Method of Maji et al. 

Let us consider the following example: 

Example 3: A soccer club wants to choose a new player among 6 candidates, say P1, P2, P3, Pa, Ps 
and Ps. The desired qualifications of the new player are to be fast, younger than 30 years, higher 
than 1.70 m and experienced. Assume that P1, P2, Peare the fast players, P2, P3, Ps,Ps are the players 
being younger than 30 years, P3, Psare the players with heights greater than 1.70 m and Pu1is the 
unique experienced player. Which is the best choice for the club? 

Solution: Let U be the set of the 6 candidate players. Consider the parameters e1=fast, e=younger 
than 30 years, es=higher than 1.70 m, es=experienced and set E = {e1, e2, e3, ea}. Define the map f: E > 
P(U)by f(e1) = {P1, P2, Po}, f(e2) = {P2, Ps, Ps, Pe}, f(es) = {Ps, Ps} and f(es) = {Ps}. Then the tabular form of 
the SS (f, E) is shown in Table 2. 

Table 2. Tabular representation of the SS of Example 3 


@1 | e2 | e3 | e4 


Piy 1} 0/0] 0 
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The choice value of each player is calculated by adding the binary elements of the row of Table 
2 in which he belongs. The players P: and Ps, therefore, have choice value 1 and all the others have 


choice value 2. Consequently, the right decision is to choose one of the players P2, P3, Ps, and Pe. 
3.2 Our Method Using GNs 


The previous decision, obtained by the method of Maji et al., is obviously not very helpful for 
the soccer club. Observe, however, that the parameters e1 and es, in contrast to e2 and es, have not a 
bivalent texture. A player, for example, could not be very fast, but quite fast, or rather experienced, 
etc. This inspired us to characterize the qualifications of the players with respect to the parameters 
e1 and es in the tabular matrix of the previous SS (f, E) by using the linguistic grades A=excellent, 
B=very good, C=good, D=mediocre and F= not satisfactory instead of the binary element 0. To show 
how one works in this case for making the right decision, let us modify Example 3 as follows: 

Example 4: Reconsider Example 3 and assume that the technical manager of the soccer club, 
after a more careful inspection of the qualifications of the 6 candidate players, decided to use the 
following Table 3 instead of Table 2 for the DM process. Which is the best choice for the club in this 


case? 


Table 3. Tabular representation of the SS of Example 4 


@1 |} e2 | e3 | e4 


Pi} 1}O0/}0);C 


Po} 1/1/|0/F 


Ps}C}1}]1)C 
Pa)D|0/0} 1 
Ps}D{|1]/1)C 
Pe} 1 | 1/]0)D 


Solution: Assign to each of the qualitative grades A, B, C, D, F a GN, denoted for simplicity by 
the same letter, as follows: A = [0.85, 1], B = [0.75, 0.84], C= [0.6, 0.74], D = [0.5, 0.59], F = [0, 0.49]. 


From Table 3 then, one calculates, with the help of formulas (7), (8) and (9), the choice value of each 


player in the following way. P1: 1+V(C) = 1+.9:6+9-74 © 1.67, Po: 2+V(F) = 2.245, Ps: 2+V(2C) = 3.34, 
2 


Pa: 1+V(D)= 1.545, Ps: 2+V(D+C) = 3.215, Po: 2+V(D)=2.545. The right decision, therefore, is to choose 
the player Ps. 

Remark 2: The choices of the qualitative grades A, B, C, D, F, as well as of the intervals for 
translating them in the numerical scale 0-1, correspond to generally accepted standards. The 
decision maker, however, could use, with respect to his/her goals, more or less qualitative grades 
(e.g. by adding E between D and F, etc.) and could also change the corresponding intervals (e.g. by 
setting A= [0.9, 1], B = [0.8, 0.89], C= [0.7, 0.79], D = [0.6, 0.69], F = [0, 0.59], or otherwise). Such 


changes, however, does not affect the generality of our method 
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3.3. The Neutrosophic DM Method 


As it was already mentioned in our Introduction, DM situations appear frequently in reality, in 
which the decision maker has doubts about the correctness of the fuzzy/qualitative grades assigned 
to some or all of the elements of the set of the discourse. In such cases, the best way to perform the 
DM process is to use NSs. In Example 4, for instance, considering the set U of the 6 candidate 
players as the universal set, the decision maker could define in U the NSs of the fast and of the 
experienced players by assigning the suitable neutrosophic triplets to each player of U. In order to 
have complete information, we should have t+i+f = 1, for each triplet (t, i, f). Then, he/she could 
continue the DM process by replacing in Table 3 the qualitative grades by the corresponding 
neutrosophic triplets and the binary elements 0, 1 by the neutrosophic triplets (0, 0, 1) and (1, 0, 0) 
respectively. This process will be illustrated by the following Example 5. 

Example 5: Reconsider Example 4 and assume that the technical manager of the soccer club, 
being not sure about the qualitative grades assigned to each of the 6 candidate players, he decided 
to proceed by replacing them by neutrosophic triplets, in the way that we have previously 
described. As a result, the tabular matrix of the DM process took the form of the following Table 4. 
Which is the best decision for the club in this case? 


Table4. Tabular representation of the SS of Example 5 


e1 e2 e3 e4 


P:| (1,0,0) | (0,0,1) | (0,0, 1) | (0.6, 0.3, 0.1) 


P2| (1,0,0) | (1,0,0) | (0,0, 1) | (0.2, 0.2, 0.6) 


Ps | (0.5, 0.4, 0.1) | (1, 0, 0) | (1, 0, 0) | (0.6, 0.2, 0.2) 


Ps | (0.5, 0.2, 0.3) | (0,0, 1) | (0,0,1) | (1,0, 0) 


Ps | (0.5, 0.1, 0.4) | (1,0, 0) | (1,0, 0) | (0.6, 0.3, 0.1) 


Ps|  (1,0,0) | (1,0,0) | (0,0, 1) | (0.4, 0.4, 0.2) 


Solution: The choice value of each player in this case is defined to be the mean value of the 


neutrosophic triplets of the line of Table 4 in which he belongs. Thus, by equation (4), the choice 
value of Piis equal to | e(1, 0, 0)+2(0, 0, 1)+(0.6, 0.3, 0.1)]= 1 (1.6, 0.3, 2.1) = (0.4, 0.075, 0.525). In the 
4 4 


same way one finds that the choice values of P2, Ps, Ps, Ps and Peare (0.55, 0.005, 0.4), (0.775, 0.15, 
0.075), (0.375, 0.05, 0.575), (0.775, 0.1, 0.125) and (0.6, 0.1, 0.3) respectively. 

In this case the club’s technical manager could use either an optimistic criterion by choosing 
the player with the greatest truth degree, or a conservative criterion by choosing the player with the 
lower falsity degree. Consequently, using the optimistic criterion he must choose one of the players 
Ps and Ps, whereas using the conservative criterion he must choose the player Ps. A combination of 
the two criteria leads to the final choice of player Ps. Observe, however, that, since the 


indeterminacy degree of P3is 0.15 and of Ps is 0.1, there is a slightly greater doubt about the 


Voskoglou,An Application of Neutrosophic Sets to Decision Making 


Neutrosophic Sets and Systems, Vol. 53, 2023 8 


qualifications of Ps with respect to the qualifications of Ps. In other words, the choice of P3 is 
connected with a slightly greater risk. In final analysis, therefore, all the neutrosophic components 


assigned to each player give useful information about his qualifications. 


4. Discussion and Conclusions 


In this paper a parametric DM method of hybrid character was presented illustrated by 
suitable examples about the choice of a new player from a football club. The whole discussion 
performed leads to the following conclusions: 

e The parametric DM method is based on the introduction of a set E of parameters 
characterizing the elements of the set U of all possible solutions of the corresponding DM 
problem, the definition with respect to E of a suitable SS in U and the use of its tabular 
representation T as a tool for the DM process. 

e When all the parameters of E are of bivalent texture (yes or no), then T takes the form of a 
binary matrix, wherefrom the decision maker calculates the choice value of each element 
of U by adding the binary elements of the row of T in which this element appears. 

e When some or all of the parameters of E are of fuzzy texture and the decision maker has 
no doubts about the qualitative characterizations assigned to the elements of U with 
respect to these parameters, then the binary elements of T corresponding to the fuzzy 
parameters are replaced by suitable GNs and the choice value of each element of U is 
calculated by adding the remaining in the corresponding row of T binary elements and the 
representative real values of the GNs appearing in it. 

e When some or all of the parameters of E are of fuzzy texture and the decision maker do 
has doubts about the qualitative characterizations assigned to the elements of U with 
respect to these parameters, then each parameter of E is expressed in the form of a NS in U 
and the binary elements of T are replaced by the corresponding neutrosophic triplets. In 
this case, the choice value of each element of U is obtained by calculating the mean value 
of the neutrosophic triplets of the row of T in which this element appears. 

As it has been already mentioned in section 2.1 of this paper, several theories extending / 
generalizing Zadeh’s FSs have been developed during the last years on the purpose of tackling 
more effectively the existing in real life uncertainty. None of these theories, however, can tackle 
efficiently alone all the forms of the existing uncertainty, but the combination of all of them 
provides an adequate framework towards this target. 

The results obtained in this and earlier works of the present author give strong indications that 
hybrid methods applied to several situations in fuzzy environments could give better results, not 
only for DM, as it happened here, but also for assessment - e.g. see [9] (section 5.2) — and probably 


for many other topics. This is, therefore, a promising area for further research. 
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Abstract. In this paper, we introduce the concept of quasi-coincidences in MBJ-neutrosophic sets and obtain 
some of its properties. Also by defining the pre-image and the image of an MBJ-neutrosophic set under a 
mapping, we confirm that their properties are naturally extensions of the classical case. Next, we define two 
types of MBJ-neutrosophic neighborhood system and discuss their various properties and introduce the notion 
of o-[resp. *-]MBJ-neutrosophic bases and deal with some of their properties. Finally, we define o-C7, *-C7, 
o-C;y; and *-Cy; corresponding to the first countability and the second countability in classical topological 


spaces, and we obtain the relationships between them. 


Keywords:MBJ-neutrosophic set; MBJ-neutrosophic topology; MBJ-neutrosophic neighborhood; MBJ- 


neutrosophic base and subbase; MBJ-neutrosophic local base. 


1. Introduction 


Th the real world, we are faced with a complex system that includes various types of 
uncertainty to solve epidemics such as covid, conflicts between countries, and international 
energy and food problems. As a tool to solve such complex systems, Zadeh first pro- 
posed the concept of fuzzy sets which generalises crisp sets. Smarandache introduced 
the notion of neutrosophic sets that is a triple (T,/,F) of three fuzzy sets (T, I and F 


are called the truth, the indeterminate and false membership functions) and can extend the 
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concepts of classical sets, fuzzy sets, interval-valued fuzzy sets and intuitionistic fuzzy 
sets [5]. We can see that neutrosophic set is applied to a variety of fields (See the site 
http://fs.gallup.unm.edu/neutrosophy.htm). Recently, Takallo et al. (6| defined an MBJ- 
neutrosophic set that generalized the neutrosophic set by replacing the interval-valued fuzzy 
set with the fuzzy set I of a neutrosophic set, and applied it to BCK/BCTI-algebra. Af- 
ter that time, it can be seen from the literature that several researchers have applied 
the MBJ-netrosophic set to BCK/BCI-algebras. In particular, Khalid et al. studied 
MBJ-neutrosophic T-ideals on B-algebras. Manivasan and Kalidass discussed MBJ- 
neutrosophic ideals on KU-algebras. 

Topology has been intended in a natural way as background for geometry and modern anal- 
ysis. It is not only a nice and powerful tool in many branches in Mathematics but also has 
had a beauty of its own. However, topology studies based on MBJ-neutrosophic sets could not 
be found in the literature. Then it is our aim to study basic properties for topology via MBJ- 
neutrosophic sets. Thus, before conducting our study, we would like to review topology studies 
based on fuzzy sets, intuitionistic fuzzy sets, interval-valued fuzzy sets and neutrosophic sets re- 
spectively. Chang first applied fuzzy sets to topologies (See for further researches). 
Coker introduced the concept of intuitionistic fuzzy topologies and studied its some prop- 
erties. After then, El-Latif and Khalaf |22|, Singh and Srivastava [23], and Saleh discussed 
connectedness and separation axioms in intuitionistic fuzzy topological spaces. Mondal and 
Samanta defined an interval-valued fuzzy topology and dealt with some of its properties. 
After that time, Hongmei and Xuehai [26], and Kandil et al. investigated separation ax- 
ioms and in interval-valued fuzzy topological spaces. Smarandache (28), Lupia néz (291/30), 
and Salama and Alblowi studied basic properties of neutrosophic topologies respectively. 
Kim et al. defined an ordinary single valued topology by considering the single valued 
neutrosophic degree of openness for ordinary subsets and dealt with some of its properties. 
Recently, Lee et al. studied topological structures based on cubic sets introduced by Jun 
et al. [34]. 

So to do this, we proceed with our research in the following order. First, we recall the 
concepts of fuzzy sets, interval-valued fuzzy sets and neutrosophic sets needed in the next 
sections. Second, we defined the inclusion, the union, the intersection and the compliment 
for MBJ-neutrosophic sets and obtain some of their properties. Moreover, we introduce the 
notion of MBJ-neutrosophic quasi-coincidences and discuss some of its properties. Third, We 
define two types of topologies and neighborhoods based on MBJ-neutrosophic sets and study 
their respective properties. Finally, by MBJ-neutrosophic set, the concepts of two types of 
base, subbase and local base are introduced and their respective properties are studied. Also 


we extend the concepts of first coutabilities and second countabilities in classical topology to 
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the MBJ-neutrosophic sets and find the relationships between them. Furthermore, we present 
an example which the converse of a proposition does not hold. 


Throughout this paper, let J = [0,1] and let J denote a index set. 


2. Preliminaries 


We list the notions of fuzzy sets, interval-valued fuzzy sets and neutrosophic sets needed in 
the next sections. 

For a nonempty set X, a mapping A: X > I is called a fuzzy set in X. The special fuzzy 
set O [resp. 1] defined by: 


O(x) = 0 [resp. 1(x) = 1] 


is called the fuzzy empty set [resp. the fuzzy whole set] in X (See (1]). We denote the collection 
of all fuzzy sets in X by I*. 
For a nonempty set X, a mapping A = (AS, A¥) : X > I x I satisfying the following 


condition: for each « € X, 
0 < A€(x) + A¥ (x) <1 


is called an intuitionistic fuzzy set in X (See (5)). The intuitionistic fuzzy sets 0 and 1 defined 


as follows: for each x € X, 
O(z) = (0,1) and 1(z) = (1,0) 


are called the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole setin X. IF'S(X) 
denotes the set of all intuitionistic fuzzy sets. 

Let [J] be the set of all closed subintervals of J and members of [J] are called interval numbers 
and are denoted by a, b, ¢, etc., where @ = [a-,at] and 0 <a <at <1 (See for the 
definitions of the order between two interval-valued numbers, the infimum and the supremum 
of an arbitrary interval-valued numbers). 

For a nonempty set X, a mapping A= [A~, At] : X — [J] is called an interval-valued fuzzy 
set (briefly, IVFS) in X. The special interval-valued fuzzy set 0 [resp. 1] defined by: for each 
rEX, 


0(z) = [0,0] [resp. 1(z) = (1; 1] 


is called the interval-valued fuzzy empty set [resp. the interval-valued fuzzy whole set in X 
(See [4]). IV F'S(X) denotes the set of all IVFSs in X. 

For a nonempty set X, the form A = (AP, A, AP’) is called a neutrosophic set in X, where 
A’ : X + I represents a truth membership function, A! : X — I represents an indeterminate 
membership and A® : X -+ I represents a false membership function (See [2}). We will denote 


the set of all neutrosophic sets in X as NS(X). 
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3. Basic properties of MBJ-neutrosophic sets 


By modifying some concepts related to fuzzy sets, interval-valued fuzzy sets, intuitionis- 
tic fuzzy sets and neutrosophic fuzzy sets, we give some basic definitions based on MBJ- 


neutrosophic sets. 
Definition 3.1 ( (6]). Let X be a nonempty set. Then the form 
A= (Ma, Ba, Ja) 


is called an MBJ-neutrosophic set in X, where My, Ja € I* which are called a truth mem- 
bership function and a false membership function respectively, and Ba € IVFS (X) which is 


called an indeterminate interval-valued membership function. 


It is clear that for any subset A of a nonempty set X, (¥4,[Xa,XalsXac) € MBIN(X), 
where x, denotes the characteristic function of A. Then we can consider an MBJ-neutrosophic 


set as a generalization of classical sets. 


We can consider special MBJ-neutrosophic sets: 
i= (0,0,1), O= (0,i,1), $= (0,1,0), é= (0,0,0), 
ben (1,7,0), x= (1,0,0), Pen (1,0,1), = (id). 
We will denote the set of all MBJ-neutrosophic sets in X as MBJNS(X). 


Definition 3.2. Let X be a nonempty set and let A © MBJNS(X). Then the complement 
of A, denoted by A“! resp. A? and A®?], is an MBJ-neutrosophic set in X defined as follows: 


Aol = (M4, B4, Ji) resp. Ao? = (J4,Ba,Ma) and Ac’ = (Js, B5,Ma)]. 


Definition 3.3. Let X be a nonempty set and let A, B © MBJNS(X). Then two type’s 
inclusion relations between A and B, denoted by AC B (called the o-inclusion) and A € B 


(x-inclusion), are defined as follows: for each x € X, 
(i) AC B if and only if Ma(x) < Ma(zx), Ba(x) < B(x), Ja(x) > Ja(z), 
(ii) A € B if and only if M4(z) < Ma(z), Ba(z) > Ba(z), Ja(x) > Ja(z). 


The following is an immediate consequence of Definitions [3.1] and [3.3] 


Proposition 3.4. Let X be a nonempty set and let AG MBJNS(X). Then the followings 
are hold: 

(Q)G@C ACK, OCOCOCK, XCXCK,XCK, 

2)0E€ AEX, OEXECX EX, VEVEIDEDED. 
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Definition 3.5. Let X be a nonempty set and let A, BE MBJNS(X). 
(i) The intersection of A and B, denoted by AM B (called the o-intersection) and AmB 


(called the *-intersection), is a MBJ-neutrosophic set in X defined as follows: for each x € X, 
(AN B)(2) = (Ma(x) A Ma(2), Bale) A Ba(2), Ja(a) V Ja(2)), 


(AmB)(«) = (Ma(2) A Ma(x), Ba(x) V Ba(x), Ja(x) V Jn(2)) 
(ii) The union of A and B, denoted by AUB (called the o-union) and AW B (called the 


*-union), is an MBJ-neutrosophic set in X defined as follows: for each x € X, 
(AUB)(e) = (Ma(x) V Mp(x), Ba(x) V Ba(2), Jaz) A Jn(2)) 
(Au B)(x) = (Ma(z) V Ma(2x), Ba(x) A Bax), Ja(x) A Jn(2)) 


Definition 3.6. Let X be a nonempty set and let (A;)jey C MBJNS(X). 
(i) The intersection of (A;)je7, denoted by NjeyA; and Mje7Aj, is a MBJ-neutrosophic set 
in X defined as follows: for each x € X, 


(Tj € JA;)( = (Aa ), A Ba, (x 1 V Jaa). 


jEd jEed jet 


(MjerAj)( = (Amal VV Ba, (2 V tt0)) 


jE jEeJd jet 
(ii) The union of (A;) jez, denoted by Uje yA; and UjeyAj;, is a MBJ-neutrosophic set in X 
defined as follows: for each x € X, 


(Lig € JA;)( = (VY Malo ), VV Ba, (a 1 A tate) 


jE jEed jet 


(WjerAj)( = (V Male ) \ Bas: Ja ) 


jEeJd jEeJd jet 
From Definitions and we obtain a similar consequence of (Theorem 


IP [25}), (Corollary 2.8, (21}) and (Theorem 1.2, (35]). 


Proposition 3.7. Let X be a nonempty set, let A, B, C€ MBJNS(X) and let (Aj)jez C 
MBJNS(X). 

(1) AC ANB, BC ANB, AEANB, BEAMB. 
JAUBCA, AUBL B, AUB EA, AUB EB. 
3) FAC B, then ANIC C BNC, AUCC BUC. 
) 
) 


4) If AGB, then AMC EC BMC, AUC E BUC. 
5) AC Band BCC, then ACC. 


(6) If A€ B and BEC, then AEC. 
Jong-Il Baek, Da-Li Shi, Sang Hyeon Han, Kul Hur, Topological structures via MBJ-neutrosophic sets 


Neutrosophic Sets and Systems, Vol. 53, 2023 


(7) AUA=A, ANA=A, AVAH=A, AMNAH=A. 
(8) AUB=BUA, ANB=BNA, AUB=BUA, AMB=BMHA. 
VALU (BUC) =(AUB) UC, AN Bnd) =(ANB) ne, 


U (BUC) = (AUB) UC, Am(BMC) = (AMB) MC. 
(10) AU (BNC) =(AUB)N (AUC), AN (BUC) =(ANB)U (ANC), 
Aw (BMC) =(AUB)m(AUC), Am(BUC) = (AMB)U(AMC). 
(10)’ AU (NjezAj) = Myjez(AU Aj), AN (UjezAj) = Ujex(AN A,), 
AU (MjerAj) = Mjer(AU Aj), AM (WjerAy) = Ujer(AMA;). 

(11) (AUB)? = Arms, AUB) =A ne, 

(ANB)? = Ae? uw Bo, (ANB) = AW UB, 

(Au B)°? = Ac? 7h Bo, (Au Bye = Aci m Bor, 

(Am B)°? = A? UB, (AmB) = AM U B% for i=1, 3. 

(2) =x, XP =8 =X, KOS O, 

(=k KARO, OF =X, X= 0 fort =, 3: 

fel =X, Xl = 4G, 0? =O, Xe? =X, OB =9, XR =X, 

fel =X, Xel=G, Oe? =O, Xe =X, OB =9, X= X. 

(13) AN A% 4G, AU AS A X and AM AM’ AO, AU A% FX in general for i = 1, 3 
(See Example [3.8). 


Example 3.8. Let X = {a,b,c} and let A be the MBJ-neutrosophic set in X given by: for 
each x € X, 


ae 


A= (0.5, (0.5, 0.5],.0; 5). 
Then we can easily check that AN A% £6, AUA% 4X and Am Aw 40, AU AM ZX. 
Remark 3.9. From Propositions [3.4] and [3.7] we can see that 
(MBJNS(X),U,,“ ,0,X) and (MBJNS(X),U,m,“ , 0, X) 
form Boolean algebras except the condition (13) of Proposition [3.7| 
Let M,, Ja € I and let Ba € [J]. Then the form 
as (Ma, Ba; Ja) = (a,%,0) 


is called an MBJ-neutrosophic number (briefly, MBJNN). We can consider the following special 
MBJNNs: 


i= (11,0) i= (1,0,0), ie (1,0,1), ie (4,4), 
We will denote the set of all MBJNNs as I x [J] x I. 
Jong-I] Baek, Da-Li Shi, Sang Hyeon Han, Kul Hur, Topological structures via MBJ-neutrosophic sets 


Neutrosophic Sets and Systems, Vol. 53, 2023 


Definition 3.10. Let @, B be two MBJNNs and let (@j)jer be a family of MBJNNs. 
(i) The order between @ and b, denoted by a <° b [resp. a <* 3), is defined as follows: 


a<°b = ax<b, @<G, G@>blresp.a<*b — a<b, G>4, G> J. 


(ii) The equality of @ and 6, denoted by @ = B, is defined as follows: 


a5 2 eae b eS 


(iii) The infimum of (G;)je7, denoted by \° ie aj [resp. Nic J aj], is an MBJ-neutrosophic 
number defined as follows: 
* 
Mei 7= =(A aj, \\a aj, VV a) [resp. \ a= (A aj, yas VV “Nh 
jet jet jEeJd jet jet jet jEeJd 
and 
(iv) The supremum of (@;) je, denoted by \/° je 7G; (resp. Vic 7, Gj], is an MBJ-neutrosophic 
number defined as follows: 
° * 
Vies@ = -(V ay Va aj, \ a) resp. y a; = (V Gis /\\ a: \ =) 
jet jet jE jet jet jet jE 
= =¢,1 xe,2 =e,3, . F 
(v) The complement of G, denoted by a [resp. aq” anda ], is an MBJ-neutrosophic 
number defined as follows: 


26,1 Ae ~c,2 


= (1—a,a°,1—@) |resp.a@” = (G,a,a) and a = (a, a°,a)]. 


Remark 3.11. (1) Definitions [3.3] [3.5] and are redefined by Definition [3.10] as follows. Let 
X be a nonempty set, A, B€ MBJNS(X) and let (Aj) C MBJN(X). Then 

e AC B if and only if A(x) <° B(x) for each x € X, 

e A&B if and only if os <* B(x) for each x € X, 

e (AN B)(xz) = A(x) A° B(x), (AUB)(x) = A(z) V° B(x) for each x € X, 

e (AmB)(x) = A(x) A* B(x), (AU B)(x) = A(x) V* B(x) for each xz € X, 

© (MyerAj)(@) = A°Ag(2), (LijerAs)(@) = V° Ayla) for each 2 € X, 

# (MjesAj)(2) = A* Aj(a), (WjerA;)(a) = V* Aj(e) for each x € X, 

(2) We can easily see that MBJNNs have similar properties to Proposition |3.7| and then 


x 


(I x [I] x I,A°, V°,0* 6, 1) and (I x [I] x I, A*, v*,%,, 0, i) 


form Boolean algebras except the property corresponding the condition (13) of Proposition 


[3.7 


Definition 3.12. Let X be a nonempty set, let @ € J x [I] x I and let A € MBJNS(X). 


Then we define two type’s MBJ-neutrosophic points as followings” 
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(i) A is called a o-MBJ-neutrosophic point (briefly, oe MBJNP) with the support x € X and 
the value @ with a > 0, a~ > 0, @ <1, denoted by A= x2, if for each y € X, 


e.. a ify==2 
a 0 otherwise, 


(ii) A is called a x- MBJ-neutrosophic point (briefly, *-MBJNP) with the support x © X 
and the value @ with a > 0, at <1, @< 1, denoted by A = x2, if for each y € X, 


2 a ifiy=a 
a 0 otherwise. 


We denote the set of all fuzzy points in X by MBJNp(X). 


For a nonempty set X, let x, [resp. x,] denotes the fuzzy point [resp. interval-valued fuzzy 
point] in X with the support x € X and the value a € I [resp. a € [I]] (See [resp. (25}]). 
We denote the set of all fuzzy points [resp. interval-valued fuzzy points] in X as Fp(X) [resp. 
IV Fp(X)}. It is well-known that A =U, ¢4%, for each A € I* (See 18}) and A = Wise ey 
for each A € IVFS(X) (See [25]). : 


Definition 3.13. Let X be a nonempty set, let 22, a= € MBJNp(X) and let A € 
MBJNS(X). Then — 

(i) x2 is said to belong to A, denoted by a2 € A, if @ <° A(z), 

(ii) x= is said to belong to A, denoted by ae A, if a <* A(z), 

(iii) a® is said to o-quasi-coincident with A, denoted by ag’ A, if A(x) >° A(x) (i =1, 2, 3), 

(iv) x* is said to *-quasi-coincident with A, denoted by akg’, if AG) >? AV a) G = 
1, 3S): 

(v) A is said to be o-quasi-coincident with B, denoted by Aq°®”"B, if there is x € X such that 
AGS? BiG) t= 1, 2, 3), 

(vi) A is said to be *-quasi-coincident with B, denoted by Aq*'B, if there is x € X such 
that A(z) >* B(x) (i =1, 2, 3). 


It is obvious that A = Uz.c4x® and A = Uz, ¢4x* for each AC MBJN(X). 


For a fuzzy point x, and two fuzzy sets A, B, x,qA [resp. AqB] means that x, is quasi- 
coincident with A [resp. A is quasi-coincident with B] (See [16}). Also, an interval-valued 
fuzzy point x, and two interval-valued fuzzy sets A, B, x.qA [resp. AqB| means that x, is 
quasi-coincident with A [resp. A is quasi-coincident with B] (See [33}). 

Throughout this paper, for any fuzzy set A [resp. interval-valued fuzzy set Al in X, if 
a > A(x) [resp. @ > A(a)], then we say that x, o-belongs to A [resp. x, *-belongs to A] and 


denoted by z° € A [resp. x* € A]. Moreover, if a < A°(zx) [resp. @ < A°(x)], then we say that 
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x, is o-quasi-coincident with A [resp. x, is *-quasi-coincident with A] and denoted by «,q°A 


[resp. xq" Al. 


Remark 3.14. From Definition [3.13} we can easily see that the followings hold. 
(1) a2 € A if and only if x, € Ma, x, € BA, x € Ja. 
(2) vz € A if and only if 2, € Ma, x, € Ba, re € JA. 
(3) xeg' A if and only if 7,qMa, v.qBa, eg SA, 
xg? A if and only ifa > Ja(x), @> Ba(x), a < Ma(z), 
x°q?A if and only if a > J4(z), x.qBa, a< Ma(z). 
(4) igi A if and only if x,qMa, v.q°Ba, rg Ja, 
aig? A if and only ifa > Ja(x), @ < Ba(x), a < Ma(z), 
tg? A if and only ifa > Ja(x), a < BS(2), a< M,(z). 


From now on, we will use only A®! as the complement of an MBJNS A in X and write 
Act = A®. Also, we use 2°gA, x*qA, Aq®°B and Aq*B instead of x°q'A, z*q!A, Aq?!B and 
Aq*!B respectively. 


If there is x € X such that A(x) >° B(x) [resp. A(x) >* B°(x)], then we say that A 
and B are o- [resp. *-|quasi-coincident (with each other) at x. We say that A is not o-[resp. 
«-]quasi-coincident with B, denoted by A-q°B |resp. A-gq*}, if the following conditions hold: 

Ma-qMp, Ba-qBp, Ja7¢° Je (resp. Ma7qMp, Bang" Bp, Jaa? Ja), ive, 
Ma(z) < Mg(2), Ba(x) < Bg(a), Ja(x) > JR(2), 
Ma(x) < Mg(x), Ba(x) > B3(x), Ja(x) > JR(2) 
for each x € X. 


Definition 3.15. Let A, Be MBJNS(X). Then 
(i) A and B are said to be 0-intersecting, if there is x € X such that 


(MaM Mp)(x) #0, (Ban Bp)(a) # [0,0], (JaU Ja)(2) #1, 
(ii) A and B are said to be x-intersecting, if there is x € X such that 
(MaN Mp)() #0, (BaU Ba)(a) # [1,1], (JaU Ja)(@) #1. 


In either case, we say that A and B o-intersect at x [resp. *-intersect at 2]. 


It is obvious that if A and B are o- [resp. *-]quasi-coincident at x, then they are o- [resp. 


*-lintersect at x. 


The following is an immediate consequence of Definition and Remark 
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Lemma 3.16. Let 2°, «* € MBJNp(X) and let AG MBJINS(X). Then 
(1) #2 € A of and only if x2-qA°, 
(2) at € A of and only if x*->qA°. 


The following is an immediate consequence of Definitions[3.3] and [3.13] and Lemma\3.5] (1). 


Lemma 3.17. Let A, B€ MBJNS(X). Then the followings are equivalent: 
(1) ACB, 
(2) a2 € B for each a2 € A, 
(3) AngB°. 


Also, the following is an immediate consequence of Definitions |3.3]and [3.13] and Lemma3.5| 
(2). 


Lemma 3.18. Let A, B€ MBJNS(X). Then the followings are equivalent: 
(1) AEB, 
(2) v2 € B for each a2 € A, 
(3) AngB°. 


Lemma 3.19. Let A, B © MBJNS(X), let (A)jey C MBJNS(X) and let a2 € 
MBJN?(X). 

(1) a2 q(UjesAj) if and only if there is jo € J such that #2 qAjq. 

(2) x2g(A 1B) if and only if a2gA and «2 qB. 


Proof. The proof is easy. 


Lemma 3.20. Let A, B € MBJNS(X), let (A)jezy C MBJINS(X) and let a € 
MBJN?p(X). 

(1) v2 q(UjesAj) if and only if there is jo € J such that r2qAjq. 

(2) x_g(Am B) if and only if aiqA and v= qB. 


Proof. The proof is similar to Proposition 


Lemma 3.21. Let X be a nonempty set and let A € IX such that A(x) £1 for each x € X. 
Then x,.g°A for each a € I such that A(z) <a <1. 


Proof. The proof is straightforward. 


Lemma 3.22. Let X be a nonempty set and let A € IVF'S(X) such that A(x) 4 [1,1] for 


each x € X. Then tieq° A for each a € [I] such that A(x) <a < [1,1]. 
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Proof. The proof is straightforward. 


Definition 3.23. Let X, Y be nonempty sets and let f : X -— Y and let A € 
MBJINS(X), BE MBJINS(Y). 
(i) The pre-image of B under f, denoted by denoted by 


f-"(B) = (f-"(Mp), f"(Be), (Ja) 


is an MBJ-neutrosophic set in X defined as follows: for each x € X, 


f-!(Mp)(z) = Ma(f(2)), f-'(Bs)(x) = Ba(f(#)), f-'(Je)(@) = Ja(f(e)). 


(ii) The o-image and the *-image of A under f, denoted by f°(A) and f*(A), are cubic sets 
in Y respectively defined as follows: for each y € Y, 


f°(A)y) = (Vee s-1y) Ma(2), Ve p-1(y) Balt), Ave f-r(y) Ja(2)) if f(y) £0 


0 otherwise, 


otherwise. 


so=| (Y net-y) Malo)s Ane s-1(y) Bal), Aves-2(y) Ja(@)) if UW) #0 
0 


Remark 3.24. Let us denote A\,¢p-1(y) Ja(z) and Aye f-1( y Bala ) as f°(Ja) and f*(Ba) 


respectively. Then we can see that 
f(A) = (f(Ma, f(Ba), (Ja). f(A) = (f(a, (Ba), a) 


We have a similar consequence of (Lemma 1.1, (17]), (Theorem 2, (25}), (Corollary 2.10, [21)) 
and (Theorem 1.10, (35}). 


Proposition 3.25. Let X, Y be nonempty sets, let f : X — Y be a mapping, let 
A, Ai, Az € MBJINS(X), B, Bi,B, € MBJNS(Y), let (Aj)jey C MBINS(X) and let 
(By) jer C MBINS(Y). 

1) f-*(B°) = [f-*(B)I°. 
2) FG) =0, FW) =¥, F710) =8, FY) =¥. 

3) f°(AS) a [fo (A)]® and f*(A‘) D [f*(A)]®, if f ts injective, then f°(A‘) = [f°(A)]© and 
FAY) = (FANE. 

4) If B, C Bo, then f-'(B,) C f7!(Ba). 

5) If By € Bo, then f~'(B1) © f-+(Be). 

If Ay © Ao, then f°(A1) © f°(A2). 

If Ay © Ao, then f*(Ai) © f*(A2). 

8) f°(f-'(B)) C B. In particular, if f is surjective, then f°(f~'(B)) =B. 

(9) Ac f-l(f°(A)). In particular, if f is injective, then A= f-+(f°(A)). 
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(10) f*(f-1(B)) € B. In particular, if f is surjective, then f*(f—'(B)) = B. 
(11) Ae f-l(f*(A)). In particular, if f is injective, then A= f—'(f*(A)). 
(12) If f(A) CB, then AC f-'(B). 

(13) If f*(A) © B, then A © f-1(B). 

(14) For each a2 € MBIJINP(X), f°(a = € MBJNP(Y) and f° (#2) = [f(w)Ie. 
(15) For each a2 € MBJINP(X), if x2 oA, then f°(« © )af° (A). 

(16) For each x € MBJINP(X), f*(x =) E MBJINp(¥ ) and f*(x a2) = [f(@)IE. 
(17) For each aE MBIJINP(X), if x id then f*(« “)af*(A Je 

(18) fo (UjerAy) = Ujesf? (Ay). 

(19) f*(WjerAy) = Yjerf* (Aj) 

(20) f~" (UjesB;) = Ujesf* (Bj) and f7'(UjesB;) = . "(B;). 

(21) f-*(Nje7B;) = jes f- (By) and f7'(Mjes Myer f—* (By). 

(22) Ifg:Y — Z is a mapping, then (go f)—1(C) = f-'(g7 m )) for eachC € MBJINS(Z), 


where go f denotes the composition of f and g 


Definition 3.26. Let X be a nonempty set and let A€ MBJNS(X). Then 
(i) the o-[resp. x*-]support of A, denoted by supp°(A) [resp. supp*(A)], is a subset of X 


defined as follows: 
supp’ (A) = {x € X : A(x) >° 0} [resp. supp*(A) = {a € X : A(x) >* O}). 
(ii) A is said to be o-[resp. *-] finite, if supp°(A) [resp. supp*(A)] is finite. 


Proposition 3.27. Let X be a nonempty set and let A, BE MBJNS(X). Then 
(1) the supp®((AU B)*) = supp®(A®) M1 supp* (Bc), 
(2) the supp*((AU B)°) = supp*(A®) M1 supp* (Be). 


Proof. The proof is straightforward. 


4. MBJ-neutrosophic neighborhoods 


We define a o-[resp. *]-MBJ-neutrosophic neighborhood of a o-[resp. a *]-MBJ-neutrosophic 
point with respect to a o-[resp. *|-MBJ-neutrosophic topology and obtain its various proper- 


ties. 


Definition 4.1. Let X be a nonempty set and let A © MBJNS(X). Then J is called a 
constant MBJ-neutrosophic set in X, denoted by A = Cz, if there is a € Ix [I] x I such that 
A(a) =@ for each « € X. 
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Definition 4.2. Let 7 be a family of cubic sets in a nonempt set X. Consider the following 
conditions: 

(MBJNOp) Cz € 7 for each @ € I x [I] x I, 
0b, x GT, 
An Be7 for any A, Ber, 
LjegsA;j € 7 for each (A;)je7 CT, 
0, x GT; 
AmB er for any A, BET, 
WryesAj € 7 for each (Aj) jez C T. 

(i) 7 is called a o-MBJ-neutrosophic topology (briefly, oe MBJNT) on X in Chang’s sense, if 
it satisfies the conditions (o-MBJNO};), (0o-MBJNOz2) and (o-MBJNOs). 

(ii) 7 is called a *-MBJ-neutrosophic topology (briefly, *-MBJNT) on X in Chang’s sense, 
if it satisfies the conditions (*-MBJNOj), (*-MBJNOz2) and (*+-MBJNOs). 

(iii) 7 is called a o-MBJ-neutrosophic topology (briefly, + MBJNT) on X in Lowen’s sense, 
if it satisfies the conditions (MBJNOo), (o-MBJNOz2) and (o-MBJNOs). 


(iv) 7 is called a *-cubic topology on X in Lowen’s sense, if it satisfies the conditions 
(MBJNOp), (*-MBJNO2) and (*-MBJNOs). 

In either case, the pair (X,7) is called a o-MBJ-neutrosophic topological space [resp. *-MBJ- 
neutrosophic topological space] and each member of 7 is called a o-MBJ-neutrosophic open 
set (briefly, o- MBJNOS) [resp. *-MBJ-neutrosophic open set (briefly, *-MBJNOS)]. We will 
denote the set of all o- MBJNTs in Chang’s sense [resp. Lowen’s sense] on X as MBJNT°(X) 
[resp. MBJNT?(X)]. Also, we will denote the set of all +-MBJNTs in Chang’s sense [resp. 
Lowen’s sense] on X as MBJNT™*(X) [resp. MBJNT;(X)|.. An MBJ-neutrosophic set A 
is called a o-MBJ-neutrosophic closed set (briefly, o-MBJNCS) [resp. *-MBJ-neutrosophic 
closed set (briefly, x-MBJNCS)] in X, if A® € 7. For a o-MBJ-neutrosophic topological space 
X, we denote the set of all o-MBJNOs [resp. o-MBJNCSs] in X as MBJNO°(X) [resp. 
MBJNC*°(X)]. Also, for a + MBJ-neutrosophic topological space X, we denote the set of all 
+*-MBJNOSs [resp. *-M BJNCSs] in X as MBJNO*(X) |resp. MBJNC*(X)]. 


Example 4.3. (1) Let X = {x,y} and let Aj € MBJNS(X) (j = 1, 2, 3, 4, 5, 6) defined 


as follows: 


Ai (x) = (0.4, [0.6, 0.8], 0.8) , A1(y) = (0.6, [0.5, 0.9], 0.7) , 
Ao(x) = (0.5, [0.4, 0.7], 0.4), Ao(y) = (0.3, [0.7, 0.8], 0.9) , 
A3(x) = (0.5, [0.6, 0.8], 0.4), A3(y) = (0.6, [0.7, 0.9], 0.7) , 
A(x) = (0.4, [0.4, 0.7], 0.8) , Aa(y) = (0.3, [0.5, 0.8], 0.9) , 
As(x) = (0.5, [0.4, 0.7], 0.4), As(y) = (0.6, [0.5, 0.8], 0.7) , 
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Ag(x) = (0.4, (0.6, 0.8], 0.8), Ag(y) = (0.3, [0.7, 0.9], 0.9) . 


Let us consider the following two families: 
T= {Q, X,A1, Ag, Az, Aa}, = {0, X, Az, Ao, As, As}. 


Then we can easily check that 7 € MBJNT°(X) and 7 € MBJNT*(X). Furthermore, we 


can easily see that 
{A1, Az, Az, Aa} {Cz : @ € I x [I] x I} € MBINT;(X) 


and 
{A1, Aa, As, Ao} {Cz : a € I x [I] x I} € MBINT;}(X). 
(2) Let X be a nonempty set and let 7 be the family of MBJ-neutrosophic sets in X defined 
as follows: 


7 ={Ae€ MBJNS(X):A=X or supp®(A°) is o-finite} 
[resp. r= {A € MBJNS(X):A=X or supp*(A°) is *-finite}]. 
Then by Proposition [3.27] it is obvious that 7 € MBJNT°(X) [resp. Tr € MBJNT*(X)]. In 


this case, we will call t as MBJ-neutrosophic o-[resp. *-|cofinite topology on X. 


Remark 4.4. (1) From Definition [4.2] it is obvious that {0, X} © MBJNT°(X), {0, X} € 
MBJNT*(X) and MBJNS(X) are both o-MBJNT and *-MBJNT on_X. In this case, {0, X} 
(resp. {0, X} and MBJNS(X)] is called the o-MBJ-neutrosophic indiscrete topology |resp. 
*-MBJ-neutrosophic indiscrete topology and MBJ-neutrosophic discrete topology| on X and 
will be denoted by Z° [resp. Z* and D]. The pair (X,Z°) [resp. (X,Z*) and (X,D)] is called 
a o-MBJ-neutrosophic indiscrete space [resp. *-MBJ-neutrosophic indiscrete space and MBJ- 
neutrosophic discrete space]. It is clear that that Z° C 7 C D for each tr € MBJNT°(X) and 
I* Cr CD for each r € MBJNT*(X). Moreover, by Proposition [3.4 we can easily check 
that for each rt € MBJNT°(X) [resp. 7 € MBJNT*(X)], 7 have the least element fi) [resp. 
0] and greatest element X [resp. X]. 
(2) Let T be a classical topology on a nonempty set X. Then clearly, 


X= 1a Ka Xal Xe) CMBIN(A) AST} eC MBINT(X), 


X= (as Rae Mael Xe) @ MAIN X) ACT} eCMBINT'(X). 

(3) We denote the set of all fuzzy topologies (See (13}20)) on a nonempty set X as FT(X) 
and let r° = {A° € I* : A € rT} for each tT € FT(X). Then it is obvious that for each 
7 € FT(X), 

{(A, [A, A], 4°) € MBJN(X): A€ 7} © MBJINT®(X), 


{(A, [A°, A], A°) € MBIN(X):A€ 7} © MBJINT"*(X). 
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(4) Let us denote the set of all interval-valued fuzzy topologies (See [25}) on a nonempty set 
X as IVFT(X). Then we can easily check that for each 7 € IVFT(X), 


{(4-,4, A-*) € MBJN(X): Aer} € MBJNT°(X), 
{(4, A ,At) © MBJN(X): Aer} © MBJINT®(X), 


{(At, A, A-°) © MBJN(X): Aer} © MBJINT°(X), 


{(At, ioe © MBJN(X): Aer} © MBJINT°(X), 
{(4-, 4 A~*) € MBJN(X):Ae7} © MBJNT*(X), 
{(4-, 4 a) © MBJN(X): Aer} € MBJINT*(X), 
{(4t, } AC, A 7) © MBJN(X): Aer} € MBJINT*(X), 
{(At, ae, At’) © MBJN(X): Aer} € MBJINT*(X). 


(5) We denote the set of all interval-valued fuzzy topologies [resp. cotopologies] (See (25}) 
and all fuzzy topologies [resp. cotopologies] (See [13}|20}) on a set X as IVFT(X) [resp. 
IVFCT(X)] and FT(X) [resp. FCT(X)] respectively, where the term “cotoplogy” means 
the dual of “topology”. For each 7 € MBJNT°(X) |resp. 7 © MBJNT*(X)], let us consider 


the following families: 
Ty ={M4 €I*: Aer}, 7, ={Ba CIVFSX : Ae TH, 7, ={Ja eI: Ae TH. 
Then we can easily see that the followings hold: 
TEMBINIT(X) > tye FIA); te CIV IT (A), Ty € FCT(X) 
and 
FE MBINT(X) 3 ty CPT (A), TE IV ECT), 7,2 FCT(X). 

(6) Let (X,7) be a neutrosophic topological space proposed by Salama and Alblowi and 

consider two families T° and 7* defined by: 
7° = {(A", [A!, A"], A*) © MBJINS(X):A=(A', A’, A’) € 7} 
and 
t* = {(A™, [Ale AP], AP) © MBINS(X): A€T}, 

where A/° denotes the complement of the fuzzy set A’. Then clearly 7° € MBJNT°(X) and 
T* € MBJNT°(X). Moreover, it is well-known (Example 4.1, (31}) that every fuzzy topology 
is a neutrosophic topolog. 

(7) Let (X,7) be an intuitionistic fuzzy topological space introduced by Coker and 
consider the family 7, ,, of neutrosophic sets in X defined by: 

Thy = {(AS, [A®, AS], A#) € NS(X): A= (AS, A¥) € 7}. 
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Then clearly 7, ,, is a neutrosophic topology on X. On the other hand, let 7, ,,, be the family 


of interval-valued fuzzy sets in X given by: 


Ty = {[AS, A®*] € IVFS(X): Ae 7}, 


IIV 


where A¥° denotes the complement of the fuzzy set A%. Then we can easily check that Tay 


is an interval-valued fuzzy topology on X. 
(8) Let (X,7) be an interval-valued fuzzy topological space and consider the family 7,,,y 
defined by: 


Trv.N = {(4-, 4, An) E NS(X) ‘ A = (AS, A¥) = TH, 


where A~° denotes the complement of the fuzzy set A~. Then clearly 7,,,,, is a neutrosophic 


topology on X. On the other hand, let 7,,,, be the family of intuitionistic fuzzy sets in X 


Vit 


given by: 
Try, ={(A-, At*) € IFS(X): Aer}. 


IV,I 


Then it is clear that Triv 


Let T [resp. FT, 1F, IVFT, NT and MBJNT]) be aclassical |[resp. a fuzzy, an intuitionistic 


is an intuitionistic fuzzy topology on X. 


fuzzy, an interval-valued fuzzy, a neutrosophic and an MBJ-neutrosophic] topology on a set 
X. Then from (2)—(8) and Proposition [4.5] we have the following among T, FT, IFT, IV FT, 
NT and MBJNT: 


MBJNT° «<——> MBJNT* 


a NT ye 
Aas 
SS EBT vA 
f 


FIGURE 1. Implications among the above topologies 


The following is an immediate consequence of Definition [4.3] and Proposition [3.7| (12). 
Proposition 4.5. Let X be a nonempty set. Ifr © MBJNT°(X), then the family 
r= {(Ma, BS, Ja) € MBJNS(X): A€7} © MBJINT*(X). 
Also the converse holds. 


The following is an immediate consequence of Definition [4.2] 
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Proposition 4.6. (1) Lett © MBJNT°(X) ort € MBJNT;(X) andletr° ={A°: Aer}. 
Then T° satisfies the following conditions: 

(MBJNCp) for each @ € I x [I] x I, Cz € T°, 

(o-MBJNC}) 6, X, 

(0o-MBJNC2) AUB er° for any A, BET, 

(o-MBJNC3) NjeyAj € T° for each (Aj) jez C T°. 

(2) Let 7 € MBINT*(X) or tT © MBINT?(X) and let T° = {A°: A ET}. Then r° 
satisfies the following conditions: 

(MBJNCo) for each @ € I x [I] x I, Cz € 7°, 

(x-MBJNC,) 0, X, 

(*-MBJNC2) AWB eEr° for any A, BET, 

(x-MBJNC3) MjeyA;j € T° for each (Aj)jez CT. 


In this case, T° will be called a o-MBJ-neutrosophic cotopology |resp. *-MBJ-neutrosophic 
cotopology] on X. 


Now we will deal with neighborhood structures based on MBJ-neutrosophic sets. 


Definition 4.7. Let (X,7) be a o-MBJ-neutrosophic topological space or a *-MBJ- 
neutrosophic topological space, let A€ MBJN(X) and let v2, ZLE MBIJINP(X). 

(i) A is called a o-MBJ-neutrosophic neighborhood (briefly, oe MBJNN) of x2, if there is B € Tr 
such that ve € BCA. A o-MBJNN JA is said to be o-MBJ-neutrosophic open, if A € r. The 
collection of all o-MBJNNs of we is called the system of o-MBJ-neutrosophic neighborhoods of 
x2 and will be denoted by N (x2). 

(ii) A is called a o-MBJ-neutrosophic Q-neighborhood (briefly, o-MBJNQN) of xe, if there 
is B € 7 such that xeqB C A. The family of all o-MBJNQNs of ae is called the system of 
o-MBJ-neutrosophic emer of ve and will be denoted by Na(22). 

(iii) A is called a *-MBJ-neutrosophic neighborhood (briefly, *+-MBJNN) of a=, if there is 
B evr such that ve € BEA. A *MBJNN A is said to be *-MBJ-neutrosophic open, if A € T. 
The collection of all +-MBJNNs of au is called the system of *-MBJ-neutrosophic neighborhoods 
of x= and will be denoted by N(z2). 

(iv) A is called a *-MBJ-neutrosophic Q-neighborhood (briefly, +MBJNQN) of a, if there 
is B € 7 such that v= qB € A. The family of all +-MBJNQNs of ave is called the system of 
*-MBJ-neutrosophic Q-neighborhoods of vt and will be denoted by No(z*). 


Example 4.8. Let (X,7) and (X, 77) be the o-MBJ-neutrosophic topological space and *-MBJ- 
neutrosophic topological space given Example[4.3} Consider four MBJ-neutrosophic points and 
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four MBJ-neutrosophic sets in X given by: 


° * 
~ (9 3,{0.4,0.6),0.5)? Z 6 4,10.5,0.8],0.6) ? C0.4,{0.5,0.7],0.3) ? C(0.6,{0.6,0.9],0.7) 
and 
fo) * 
D (9.7,10.9,0.9],0.5)? © (0.6,[0.2,0.4],0.3)? C(0.6,{0.3,0.5],0.7) C0.6,(0.3,0.7],0.5) 


Then we can easily check that 


C a EN, C € N(a* 


(0.4,[0.5,0.7], (0.3, [0.4,0.6],0. is (0.6,[0.6,0.9],0.7) mae 
and 


C E No(z° Vea € No(2* 


(0.6,[0.3,0.5],0.7) (0.6,[0.3,0.7],0.5) hinoaaa 


(0.7,[0.9,0.9],0.5) 


Let N (x.) [resp. No(z;)] be the set of all interval-valued fuzzy neighborhoods [resp. Q- 
neighborhoods] of an interval-valued fuzzy point x, (See [resp. [33)) and let N(ax,) [resp. 
Ng(a,)] denote the set of all fuzzy neighborhoods [resp. Q-neighborhoods] of a fuzzy point x, 


(See [16}). 
Remark 4.9. From Remarks and (5), Definitions and we can easily check 
that the following holds: 
AEN (a2) —> Ma €N,, (2,), Ba € Ny, (z,), Ja € Ne (#2), 
AE N(at) => Ma €N,,,(2,), Ba € Ni_(a2), Ja € NP (22), 
Gy B 
A € NQ (zz) — MAa€ N,,,,Q(£a); Bac N, (a); JAE N;, Q(z); 
A € NQ(z2) —> MA€ N,,,,Q(£a); Bae Ne al *), Ja E NP Qt z”), 
where J4 € Np, (a3 Pak 
and only if there is Bp ET. such that rz E Be > Ba, JA€ Nr, g(x =) if and only if Shee is 


and only if there is Jg € 7, such is re € Jp D Ja, Bae Ne (a*) if 


Jp €7, such that x q°JpR D Ja and By E Ne Ql *) if and only ‘if there is Be eT such that 
v.q° Bp S) Ba. 
Theorem 4.10. Let (X,7T) be a o-MBJ-neutrosophic topological space or a *-MBJ- 
neutrosophic topological space and let AG MBJN(X). 

(1) Aer if and only if AE N (#2) for each x2 € A. 

(2) Aer tf and only if A€ N (22) for each x= € A. 


Proof. (1) By Remark (1), it is clear that 2° € A if and only if x, € Ma, xz, € Ba, 
x° € J4. From Proposition 1.8 in and Theorem 7 in [25], we have 


Ma€t, => Mae N,,,(a,) for each x, € My 


and 


By eT, = Ba € Nz, (x) for each 2, € By. 
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It is sufficient to prove that J4 ET, = > Jace Nz (x2) for each x2 € Ja. 
Suppose J4 € 7, and let 2° € J4. Then clearly, J4 € Nr, (x2). Conversely, suppose the 


necessary condition holds. Then there is (Jg),. € 7, such that 


Gels)» ST; DA; 


a 


Thus J4 = (o¢7,(JB),0- By Remark [4.4] (5 , (JB),0 €T, € FCT(X) for each 2& € Ja. So 


J4 €7,. Hence the result holds. 
(2) From the procedure of the proof of (1), we get 


Maet => Mae N,, (x,) for each x, € M4 
and 
Jaect, — Jae N7 (xz) for each 2° € Ja. 
It is sufficient to prove that Bie 1 = Bac N,« (a*) for each x* € Ba. 
Sy = BL a a 
Suppose By € 7, and let x* € By. Then clearly, Ba € N7_ (x*). Conversely, suppose the 
Seo B 
necessary condition holds. Then there is (Bg).* € 7, such that 
a* € (Bg)x+ > Ba. 
Thus By = Nexei,(Ba)ax. By Remark/44](5), (Bp) ET, €IVFCT(X) for each z* € Ba. 
So B de Te. Hence the result holds. 


Theorem 4.11. Let (X,r) be a o-MBJ-neutrosophic topological space or a *-MBJ- 
neutrosophic topological space and let AG MBJNS(X). 
(1) Aer if and only if A € No(x2) for each x2 € MBJNp(X) such that 0 <a< Ma(z2), 
[0,0] <@ < Ba(zx), Ja(x) <@ <1 and 22qA. 
(2) Aer if and only if A € No(a*) for each x2 € MBJNp(X) such that 0 <a< Ma(z2), 
Ba(z) <@< [1,1], Ja(z) <@< 1 and x*qA. 
Proof. (1) From Remark [4.9| we have 
A €No(22) = Ma €Ny,,,9(t.): Ba € N,,,Q(@z)> Ja € NP o(a,)- 
From Theorem 3.2 and Lemma 4.12 [33], it is obvious that 
Ma €T, — Mace N,,,.Q(@.) 
for each x, € Fip(X) such 0 <a < Ma(a) and x,qMa and 
Ba St =e Ba & Nr,,q(.) 


for each x, € IVF p(X) such [0,0] <a < Ma(z) and r.qMa. It is sufficient to show that 


JAECT, SIAE 7,,Q(%z) (1) 
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for each x, € Fp(X) such that Ja(x) <@< land xq? Ja. 
Suppose J4 € 7, and let x, € Fp(X) such that Ja(x) < @ < 1 and x,q°J4. Then clearly, 
Jae Ne g(2z). Conversely, suppose the necessary condition holds. Since J4(x) < @ < 1, by 


J? 
Lemma)3.21| 2,.q°J4. Then by the hypothesis, J4 € N? q(@ae): Thus there is U;_, € 7, such 
that v,.g°Uz_, D Ja. Since 2,q°J4, Tj. € Ja. SO Ja = [yz _, cr, Ux, Since 7, is a fuzzy 
cotopology on X and Uz. €7,, J4 €T,. Hence the result holds. 


(2) From Remark [4.9] we get 
A ¢ No(#t) = Ma € N,,,,Q(@.), Ba € Ni a(@z), Ja € NP, q(#z)- 


From (1), it is clear that 
Ma €T, <> Mae N,,,,.Q(@.) 


for each x, € Fp(X) such 0 < a < Ma(az) and z,qM,4 and 
JA ET, SIAE 7 ,,Q(%z) 
for each x, € Fp(X) such that Ja(x) <@< 1 and 2_q° Jy. It is sufficient to show that 
Ba €1, => Bae Ni Q(2;) (2) 
B 
for each x, € IV Fp(X) such that Ba(x) <@ < [1,1] and r.q°Ba. 
Suppose By € T,, and let x, € IV F'p(X) such that Ba(x) <@ < [1,1] and cq Ba. Then 
clearly, Ba € N* g(2;): Conversely, suppose the necessary condition holds. Since B Ae) = 
B’ = = 
< [1,1], by Lemma 3.22 t-q°B,. Then by the hypothesis, Ba € N*_ 9(2x,-). Thus there is 
Be 


Uz... © T Such that oil Ups, > By. Since ,q° Ba, : Ba. So Ba =() ge, Since 


Tee EB, 


T,, is an interval-valued fuzzy cotopology on X and ns eis Bie T. Hence the result 
holds. 


Lemma 4.12. Let (X,7) be an interval-valued fuzzy topological space and let x, € IVF p(X). 
(1) If AE N(a,), then a, € A. 
(2) If A, Be N(ax,), then ANB € N(z,). 
(3) If Ae N(z,) and AC B, then B € N(a,). 
(4) If Ae N(2;), then there is B € N(x) such that BC A and Be N(y,) for y, € B. 


Conversely, if for each x; € IVFp(X), Nz. satisfies the conditions (1), (2) and (3), then 
the family T of IVFSs in X given by: 


7 = {AE IVFS(X): Ae Nes for each 7, € A} 


is an interval-valued fuzzy topology on X. Furthermore, if Nr. satisfies the condition (4), then 


Nz. is exactly the system of interval-valued fuzzy neidhborhood of x, with respect to T, 1.€., 
Np. = NG): 
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Proof. The proof is almost similar to a classical case (See [36}). 


From Remark [4.9| Proposition 2.2 and Lemma |4.12| we have the followings. 


Theorem 4.13. Let (X,r) be a o-MBJ-neutrosophic topological space and let ae € 
MBJNP(X). 

(1) IfAe N(#2), then x2 € A. 

(2) IfA, Be N(#2), then ANBe N (#2). 

(3) IfAE N (#2) and AC B, then Be N (a2). 

(4) IfAe N (22), then there is B€ N (zz) such that BC A and Be N(y) for y2 € B. 

Conversely, if for each x2 € MBJNP(X), Nze satisfies the conditions (1), (2) and (3), 
then the family t of cubic sets in X given by: : 


T= {Ae MBJIN(X):A€ Noo for each x& € A} 


is a o-MBJ-neutrosophic topology on X. Furthermore, if Np_ satisfies the condition (4), then 
Nero is exactly the system of o-MBJ-neutrosophic neidhborhood of xe with respect to T, 1.e., 
Nye = NE 


| 


Theorem 4.14. Let (X,r) be a *-MBJ-neutrosophic topological space and let ve E 
MBJNp(X). 

(1) ffAe N(az), then 2° € A. 

(2) If A, BE N(2%), then AMBE N(z%). 

(3) IfAE N (#2) and AEB, then Be N (az). 

(4) IfAe N(zz), then there is BE N(2*) such that B € A and Be N(yE) for y= € B. 

Conversely, if for each x= € MBJNp(X), Nox satisfies the conditions (1), (2) and (3), 
then the family 7 of cubic sets in X given by: : 


T={Ae MBJIN(X):AE€Nz« for each x2 € A} 


is a *-MBJ-neutrosophic topology on X. Furthermore, if Nz_ satisfies the condition (4), then 
Nz 1s exactly the system of *-MBJ-neutrosophic neidhborhood of xx with respect to T, 1.e., 
Nox = N (2%). 


Lemma 4.15. Let (X,7) be a fuzzy cotopological space, let x, € Fp(X) and let N?o(x,) be 
the family of fuzzy sets in X defined as follows: for each A € I*, 


AE NZ Q(z,) if and only if there is BET such that 2,¢°B D A. 
(1) fA Ee NPO(a,), then 2, q°A. 
(2) IfA, Be N?o(z,), then AUB E N? (z,). 


(3) IfAE NPo(x,) and BCA, then BE N?O(2,). 
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(4) If A € N?o(x,), then there is B € N? o(x,) such that AC B and B € N?oly,) for 
yg B. 

Conversely, if for each x, € Fp(X), NQ,,, satisfies the conditions (1), (2) and (3), then 
the family 7 of fuzzy sets in X given by: 


pai Ael* i Ae NQw, for each x,9q° A} 


is a fuzzy cotopology on X. Furthermore, if No, satisfies the condition (4), then NQ, 1s 
exactly the system of fuzzy o-Q-neighborhoods of x, with respect to T, 1.e., Nov, — NP g(@.)- 


Proof. (1) Suppose A € N?o(x,). Then there is U € r such that x,qg°U D> A. Thus a < 
U(x) < A°(x). So x, q°A. 

(2) Suppose A, B € N?o(z,). Then there are U, V € 7 such that z,q°U D A and 
r.¢°V > B. Thus a < U"(x) < A®(x) and a < V°(x) < B°(x). So we get 


a < U°(x) AV@(2) < A(x) A BY) = (U UV)°(2) < (AU B)(2). 


Hence x,qg?U UV D AUB and UUV er. Therefore AU B € N? o(z,). 

(3) Ae N?o(x,) and BC A. Then there is U € 7 such that ,q°U D A. Thus a < U(x) < 
A°(x) < B°(x). So x,q°U > B. Hence B € N? O(z,). 

(4) Suppose A € N?o(z,). Then there is B € 7 such that z,q°B D A. Since BD B, 
Be N?o(«,) and moreover, B € N? o(y,) for each y,¢°B. 

Conversely, suppose Ng,x, satisfies the conditions (1), (2) and (3) for each 2, € Fp(X). 
From the definition of 7, it is clear that 0, 1 € 7. Now let A, B € 7 and let x,g°(AUB). Then 
by Lemma)3.19|(2), z,q°A and ,q.B. So by the definition ofr, Ae NZ, andBe NB, . By 
the condition (2), AUB € Ng,x,. Hence AUB € rT. Finally, let (Aj)je7 C 7, let A=(je7 Aj 
and let x,q°A. By LemmaJ3.19|(1), there is 7 € J such that 7,q°A,;. Since Aj € 7, Aj € NZ fed 
Since A; D A, by the condition (3), A € T, ie., jer A; € T. Therefore T is a fuzzy cotopology 
on X. 


Now suppose Noe satisfies the conditions (4). Then we can easily prove similarly to a 


classical case that NO, = NQ(2.)- 


From Remarks [4.4] (5) and |4.9} Proposition 2.2 [16], Lemma 4.18 and Lemma [4.15] we 


obtain the following. 


Theorem 4.16. Let (X,rT) be a o-MBJ-neutrosophic topological space and let x2 € 
MBJNp(X). : 

(1) ffAe Na(z2), then «2qA. 

(2) If A, Be Ne@(#2), then ANBe Noa(z2). 

(3) If A € No(x2) and AT B, then B € Na(22). 


a 
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(4) If AE No(x °), then there is BE Nog(« °) such that BC A and Be Noly °) for y2gB. 
Conversely, if each «2 € MBJNp(X), No,x2 satisfies the conditions (1), (2) and (8), 
then the family 7 of MBJ-neutrosophic sets in X given by: 


T={Ae MBJIN(X):A€No,22 for each x2 € A} 


is a o-MBJ-neutrosophic topology on X. Furthermore, if NO, satisfies the condition (4), 
then NQ,x2 is exactly the system of o-MBJ-neutrosophic neidhborhood of xe with respect to T, 
i.€., Nooo = NoQ(22). 


Lemma 4.17. Let (X,7) be an interval-valued fuzzy cotopological space, let x, € IVF p(X) 
and let Nise) be the family of interval-valued fuzzy sets in X defined as follows: for each 
AE IVFS(X), 


Aé N* TQlt,) if and only if there is Ber such that x- .¢B A. 


HAS Nias); then «.q°A. 
2) If A, Be Nt O(a z;), then AUB E N*0(2;). 
3) If Ae N* 9(2;) and BC A, then BE Noga): 
4) If A € N*o(a,), then there is B € N*0(x,) such that AC B and B € N*o(y,) for 
GB. 
Conversely, if for each x, € IVFp(X), Noe, satisfies the conditions (1), (2) and (3), then 


the family 7 of interval-valued fuzzy sets in X given by: 


( 
( 
( 
( 


t= {AE IVFS(X): Ae ees for each «,q* A} 


is an interval-valued fuzzy cotopology on X. Furthermore, if Noe satisfies the condition (4), 
then Noe. is exactly the system of interval-valued fuzzy *-Q-neighborhoods of x, with respect 


to T, 2.€., cee =Ni5G a) 


Proof. The proof is similar to Lemma 


From Remarks [4.4] (5) and [4.9] Proposition 2.2 [16], Lemmas and Lemma|4.17| we get 


the following. 


Theorem 4.18. Let (X,r) be a *-MBJ-neutrosophic topological space and let ve E 
MBJN?p(X). 

(1) ffAe Na(z*), then a=qA. 

(2) If A, BE No(« =), then AMB E No(« *). 

(3) If AE No(x E) and AGB, then B € No(« ae 

(4) If A € No(22), then there is B € NaQ(z*) pie that B € A and B € No(y*) for yqB. 
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Conversely, if for each 2* © MBJINp(X), No,«x satisfies the conditions (1), (2) and (3), 
then the family t of MBJ-neutrosophic sets in X given by: 


T={AeE MBIN(X):A€ Nox for each x € A} 


is a *-MBJ-neutrosophic topology on X. Furthermore, if N? a. satisfies the condition (4), 
then NQ,«* as exactly the system of *-MBJ-neutrosophic neidhborhood of x+ with respect to T, 
i.e., NQ,ox = Na(a2). 


5. MBJ-neutrosophic bases and MBJ-neutrosophic local bases 


We introduce the concept of o-[resp. »*-]MBJ-neutrosophic bases and o-[resp. *]MBJ- 
neutrosophic local bases, and discuss some of their properties. Also we define o-C7, *-C, 0-Cyy 
and *-C;, and we obtain the relationships between them. Moreover, we give an Example that 
the converse of Proposition [5.23] does not hold. 


Definition 5.1. Let (X,7) be a o-[resp. *-]MBJ-neutrosophic topological space and let 3 C 7, 
OCT. 

(i) 8 is called a o-MBJ-neutrosophic base (briefly, o-MBJNB) [resp. *-MBJ-neutrosophic 
base (briefly, *MBJNB)] for T, if for each A € 7,A = 0 [resp. A =O] or there is 8’ C B such 
that A =L6' [resp. A = UB]. 

(ii) o is called a o-MBJ-neutrosophic subbase (briefly, o-MBJNSB) _ [resp. *- 
MBJ-neutrosophic subbase (briefly, *-MBJNSB)] for 7, if the family 86 = {fn 
n is a finite subset of co} [resp. 6 = {Mn : 7 is a finite subset of o}] is a o-MBJNB [resp. 
*-MBJNB] for r. 


Now we will introduce the concepts of bases and subbases for a fuzzy cotopology and an 


interval-valued fuzzy cotopology. 


Definition 5.2. Let 7 be a fuzzy cotopology on a nonempty set X and let 8, o CT. 

(i) B is called a o-fuzzy base for T, if for each A € r, A = 1 or there is 8’ C GB such that 
A=f)6. 

(ii) o is called a o-fuzzy subbase for T, if the family 6 = {U7 : 7 is a finite subset of o} isa 


o-fuzzy base for T. 


Definition 5.3. Let 7 be an interval-valued fuzzy cotopology on a nonempty set X and let 
B, OCT. 

(i) B is called a *-interval-valued fuzzy base for T, if for each Ae T, A =1or there is BER 
such that A =)’. 

(ii) o is called a x-interval-valued fuzzy subbase for rT, if the family 6 = {Un 


n is a finite subset of o} is a *-fuzzy base for T. 
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Example 5.4. (1) Let X = {x,y} and consider the fuzzy sets A; (i = 1,2,--- ,9) in X given 
by: 
Ai(a) = 0.3, Ai(y) =0.7, Ao(x) = 0.6, Aa(y) = 0.4, Aa(a) = 0.5, Ag(y) = 06, 
Ag(x) — 0.6, Aa(y) = 0.7, As(z) 7 0.5, As(y) = 0.7; Ag(x) = 0.6, Ag(y) = 0.6, 
A7(x) = 0.3, A7z(y) = 0.4, Ag(x) = 0.3, Ag(y) = 0.6, Ag(x) = 0.5, Ag(y) = 0.4. 
Then we can easily see that the family 7 = {0,1, Ai, Az, A3, As, A5, Ag, A7, Ag, Ag} is a fuzzy 
cotopology on X. Now let us two subfamilies 8 and o of 7 given by: 
B = {0, At, Ao, Az, Aa, As, Ag}, Co = {0, Al, Ao, A3}. 
Then we can easily check that 6 and o are o-fuzzy base and o-fuzzy subbase for 7 respectively. 
(2) Let X = {x,y} and consider the interval-valued fuzzy sets A; (i = 1,2,--- ,9) in X 
given by: 
A,(x) = (0.3,0.5], Ay(y) = [0.7, 0.8], Ao(x) = [0.6,0.7], Ao(y) = [0.4, 0.6], 
A3(z) = [0.5,0.6], A3(y) = (0.6, 0.7], Au(x) = (0.6, 0.7], Aa(y) = [0.7, 0.8], 


As(x) = [0.5,0.6], As(y) = [0.7,0.8], Ag(x) = [0.6,0.7], Ag(y) = [0.6, 0.7], 


(y) ( 
Ar(z) = [0.3, 0.5], A7(y) = (0.4, 0.6], As( 
(x) 


)= 
xz) = (0.3,0.5], As(y) = [0.6, 0.7], 
As 4 i \= 


= [0.5,0.6], Ag(y) = (0.4, 0.6]. 
Then we can easily see that the family tT = {0, 1, Aj, Ap, Ae. An: As, Ag; Az, As, Ag} is a fuzzy 
cotopology on X. Now let us two subfamilies 6 and o of 7 given by: 


B = {0, Ay, Az, A3, Aa, As, Ag}, o> {0, Ay, Ag, A3}. 


Then we can easily check that $ and o are *-interval-valued fuzzy base and *-interval-valued 
fuzzy subbase for 7 respectively. 

(3) Let X = {x,y} and consider the MBJ-neutrosophic sets A; (i = 1,2,--- ,9) in X given 
by: 

Ai(x) = (0.5, [0.5, 0.6], 0.3) , Ai(y) = (0.6, [0.6, 0.7], 0.7) 

Ao(x) = (0.6, [0.6, 0.8], 0.6) , Ao(y) = (0.3, [0.3, 0.5], 0.4) 

A3(x) = (0.8, [0.8, 0.9], 0.5) , A3(y) = (0.2, [0.2, 0.4], 0.6) , 

7 


A4(x) =< (0.5, [0.5, 0.6], 0.5), Aa(y) = (0.3, (0.3, 0.5], 0.7) , 


As(x) = (0.5, [0.5, 0.6], 0.5), As(y) = (0.2, (0.2, 0.4], 0.7) , 
Age(x) = (0.6, (0.6, 0.8], 0.6) , Ag(y) = (0.2, [0.2, 0.4], 0.6) , 
A;(x) = (0.6, [0.6, 0.8], 0.3), A7(y) = (0.6, [0.6, 0.7], 0.4) , 
Ag(x) = (0.8, [0.8, 0.9], 0.3) , Ag(y) = (0.6, [0.6, 0.7], 0.6) , 
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Ag(x) = (0.8, [0.8, 0.9], 0.5), Ag(y) = (0.3, [0.3, 0.5], 0.4) . 
Then we can easily see that the family 7 = {Q, X,A1, Ao, A3, Aa, As, As, Av, As, Ao} is a 
o-MBJ-neutrosophic topology on X. Now let us two subfamilies 6 and o of 7 given by: 
B = {X, Ay, Ao, Az, Aa, As, As}, C= {X, Aj, Ao, As}. 


Then we can easily check that 6 and o are o-MBJNB and *«-MBJNSB for 7 respectively. 
(4) Let X = {x,y} and consider the MBJ-neutrosophic sets A; (i = 1,2,--- ,9) in X given 
by: 
Aj(x) = (0.5, (0.3, 0.5], 0.3), Ai(y) = (0.6, (0.7, 0.8], 0.7) , 
Ao(x) = (0.6, (0.6, 0.7], 0.6) , Ao(y) = (0.3, (0.4, 0.6], 0.4) , 
A3(x) = (0.8, (0.5, 0.6], 0.5) , A3(y) = (0.2, (0.6, 0.7], 0.6) , 
Au(x) =< (0.5, (0.6, 0.7], 0.5), Aa(y) = (0.3, (0.7, 0.8], 0.7) , 


As(x) = (0.5, [0.5, 0.6], 0.5), As(y) = (0.2, [0.7, 0.8], 0.7) , 
Ao(x) = (0.6, [0.6, 0.7], 0.6) , A6(y) = (0.2, [0.6, 0.7], 0.6) , 
A7(x) = (0.6, [0.3, 0.5], 0.3), A7(y) = (0.6, [0.4, 0.6], 0.4) , 
As(x) = (0.8, [0.3, 0.5], 0.3), Ag(y) = (0.6, [0.6, 0.7], 0.6) , 
Ao(x) = (0.8, [0.5, 0.6], 0.5) , Ag(y) = (0.3, [0.4, 0.6], 0.4) . 


Then we can easily see that the family 7 = {0), X,A1, Ao, Ag, Aa, As, As, Ar, Ag, Ag} is a 
*-MBJ-neutrosophic topology on X. Now let us two subfamilies 6 and o of 7 given by: 


B = {X, Ai, Ao, Az, Aa, As, As}, o> {X,A,, Ag, As}. 
Then we can easily check that 6 and o are *-MBJNB and *«-MBJNSB for 7 respectively. 


Remark 5.5. (1) Let (X,7) be a o-MBJ-neutrosophic topological space or +*-MBJ- 


neutrosophic topological space and let @ C 7. Consider the following families: 
Bu ={Ma € IX: A€ B}, Bg = {Ba € IVFS(X): A€ B}, By = {Ja € FX : AE Bh. 


Then from Remark [4.4] (5), Definitions [5.1] and we can easily check that 

(a) 6 is a o-MBJNB for 7 if and only if Gj, is a fuzzy base for 7,,, 8% is an interval-valued 
fuzzy base for tr. and §, is a o-fuzzy base for 7,,, 

(b) 6 is a +MBJNB for 7 if and only if 8) is a fuzzy base for 7,,, 9% is a +-interval-valued 
fuzzy base for Tz and {87 is a o-fuzzy base for T,. 

(2) Let (X, 7) be a o-MBJ-neutrosophic topological space or *-MBJ-neutrosophic topological 
space and let o C r. Consider the following families: 

om ={MaeI*:A€o}, of ={Ba €IVFS(X):A€o}, op ={Ja el 1 AE o}. 
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Then from Remark [4.4] (5), Definitions and we can easily see that 

(a) o is a o-MBJNSB for 7 if and only if oy is a fuzzy subbase for 7,,, 7% is an interval- 
valued fuzzy subbase for T and oj is a o-fuzzy subbase for T,, 

(b) o is a *-MBJNSB for 7 if and only if oy is a fuzzy subbase for 7,,, 7% is a *-interval- 


valued fuzzy subbase for T, and oj is a o-fuzzy subbase for T,. 
B - 


Lemma 5.6. Let (X,7) be a fuzzy cotopological space and let 8 C tr. Then 8 is a o-fuzzy base 
for t if and only if for each x, € Fp(X) and for each fuzzy closed 0-Q-neighborhood A of «,, 
there is B € B such that «,g°B D A. 


Proof. (=) The proof is straightforward from the definition of a o-fuzzy base and the necessary 
condition of Lemma\3.20] (1). 

(<) Suppose the necessary condition holds. Assume that ( is not a o-fuzzy base for T. 
Then there is A € 7 such that U =(\{B € 8: BD A} #£ A. Thus there is x € X such that 
U(x) > A(x). Let a = U(x). Then clearly, A(z) + a < U(x) +a < 1. Thus z,¢°A. On the 
other hand, let B € 6 such that BD A. Then clearly, B > U. Thus B(x)+a > U(xr)+a=1. 
So t,79¢°B . This contradicts the hypothesis. 


From Proposition 2.4 in |16], Lemma 7 in [33], Lemmas (1) and we have the 


following. 


Theorem 5.7. Let (X,7) be a o-MBJ-neutrosophic topological space and let 6 C Tt. Then B is 
a 0o-MBJNB for r if and only if for each x2 € MBJNp(X) and for each 0o-MBJ-neutrosophic 
open Q-neighborhood A of x2, there is B € 6 such that 2°q°B TC A. 


Lemma 5.8. Let (X,7) be an interval-valued fuzzy cotopological space and let 8 C tr. Then 8 
is a *-interval-valued fuzzy base for T if and only if for each x, € IVFp(X) and for each fuzzy 
closed *-Q-neighborhood A of &, there is Be B such that z,q°*BD A. 


Proof. The proof is similar to Lemma [5.6} 


Theorem 5.9. Let (X,7) be a x-MBJ-neutrosophic topological space and let 6 C Tt. Then GB is 
a *-MBJNB for r if and only if for each x* € MBJNp(X) and for each *-MBJ-neutrosophic 
open Q-neighborhood A of x*, there is B € 6 such that x*q*B € A. 


Proof. The proof is straightforward from Proposition 2.4 in |16), Lemmas [5.8] and 


The following gives a necessary and sufficient condition for a subset of MBJNS(X) to be 
a o-MBJNB for a o-MBJ-neutrosophic topology on a set X. 
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Theorem 5.10. Let X be a set and let 8 C MBJNS(X). Then 8 is a c-MBJNB for some 
o-MBJ-neutrosophic topology tT if and only if the followings hold: 

(1) X =u, 

(2) of Bi, Bz € B and ae € By U Bo, then there is B € 2 such that 


a EBC BN Bo. 
In this case, 7 is called the o-MBJ-neutrosophic topology on X generated by £. 


Proof. (=) Suppose 8 is a o-MBJNB for a o-MBJ-neutrosophic topology 7. Since aan a 
X =". Then the condition (1) holds. Now suppose By, Bie 6 and ae € B,M Bg. Since 
BCcrT, By, Bo € rT. Then B, 7 By © Tr. Since ae € BN Bo, BN Bo # 0. By the definition 
of a o-MBJNB, there is 8’ C 8 such that B, M By = UG’. Thus there is B € 8 such that 
a2 € BC B, MBs. So the condition (2) holds. 

(<) Suppose the conditions (1) and (2) hold and let 


r= {UE MBJINS(X):U =0 or there is 8’ C 8 such that U =Lf’}. 


Then clearly, 0, X er. Thus the condition (o-MBJNO}) holds. Now suppose U,, U2 € 7 and 
EU, NU. Then there are 6,, By € 8 such that 2° € By C Uy, and Z. € By TC Uy. Thus 
zo € By NB, CU, NUsd. By the condition (2), there is B € 8 such that x2 € BCU, NU. So 


U, U2 € r. Hence the condition (o-MBJNOz2) holds. Since 7 consists of all o-MBJ unions of 


oat o 


members of 3, the o-MBJ union of any family of members of 7 is also a member of 7. Then 
(o-MBJNOs) holds. This completes the proof. 


Also, we have a necessary and sufficient condition for a subset of MBJNS(X) to bea 
*-MBJNB for a *-MBJ-neutrosophic topology on a set X. 


Theorem 5.11. Let X be a set and let 8 C MBJNS(X). Then 8 is a x-MBJNB for some 
*x-MBJ-neutrosophic topology T if and only if the followings hold: 
(1) X =U, 
(2) if Bi, By € B and x* € By, M Bo, then there is B € 8 such that 
a € BE BM Bo. 


In this case, 7 is called the *-MBJ-neutrosophic topology on X generated by B. 


Proof. The proof is similar to Theorem 


The following provides a sufficient condition for a subset of MBJNS(X) to be a o-MBJNB 
for a o-MBJ-neutrosophic topology on a set X. 
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Proposition 5.12. Let X be a set and leto C MBJNS(X) such that X = Uo. Then there 
is a unique o-MBJ-neutrosophc topology tT on X such that o is a o-MBJNSB for r. In this 
case, T is called the o-MBJ-neutrosophc topology on X generated by o. 


Proof. Let 6 = {Mn : 7 is a finite subset of o} and let 
T={UEMBINS(X):U= 0 or there is 6’ C 8 such that U = Lig }. 


Then clearly, X, Wer by the definition of tr. Thus 7 satisfies the condition (o-MBJNO}). 
Let U; € 7 for each j € J. Then there is 8; C 8 such that Uj = ULB e MBJNS(X): Be 
Bj}. Thus UjeyUj = Ujes(U pes, B. So UjesU; € 7. Hence the condition (o-MBJNO3) holds. 
Finally, suppose U/,, U2 € 7 and ae EU, NU. Then by Theorem [5.10] there are By, By € B 
such that #2 € By Bo, By CU; and By CF Us. Since each of 6; and Bg is the o-intersection of 
a finite igi bet of members of 0, 6,1 Bg € £. So there is B C 6 such that U, NU) = Use,’ B. 
Hence U4, MU2 € 7, i.e., the condition (o- MBJNOz2) holds. Therefore r € PCT(X). It is obvious 
that 7 is the unique c-MBJ-neutrosophic topology on X having a as a o-MBJNSB. 


Also, we get a sufficient condition for a subset of MBJNS(X) to be a o-MBJNB for a 
o-MBJ-neutrosophic topology on a set X. 


Proposition 5.13. Let X be a set and leto C MBJNS(X) such that X = Wo. Then there 
is a unique *-MBJ-neutrosophc topology tT on X such that o is a *-MBJNSB for rT. In this 
case, T is called the *-MBJ-neutrosophc topology on X generated by o. 


Proof. The proof is similar to Proposition 


Definition 5.14. Let (X,7) be a o-MBJ-neutrosophc topological space or *-MBJ-neutrosophe 
topological space, let a2, x* € MBJNp(X) and let B(x2) Cc N(#2), B(x*) c N (a2). 

(i) (a2) is called a o-MBJ-neutrosophic neighborhood base (briefly, o- MBJNNB) for N(#2), 
if for each A € N(z2), there is A € B(a2) such that BC A. 

(ii) B(a*) is called a x-MBJ-neutrosophic neighborhood base (briefly, *- MBJNNB) for N(2*), 
if for each A € N(2*), there is A € B(x") such that B € A. 

(iii) (X,7) is said to satisfy the o-first axiom of countability or to be o-C7, if each vw € 
MBJNp(X) has a countable o-MBJNNB. 

(iv) (X,7) is said to satisfy the x-first axiom of countability or to be *-Cy, if each a € 

) 


MBJNp(X) has a countable *+-MBJNNB. 


From Remark |4.9} and /4.4| (5), we can rewrite Definition as followings. 
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Remark 5.15. Let 8(x,) C Nr,,(2.), (tz) C Nr, (#3), B(@t) C N#_(2*), Bla) C NP (2°). 
Then we have 
(1) B(x2) is a o-MBJNNB for N (22) = 
(i) B(x,) is a fuzzy neighborhood base for N,,_(,), 
4 G(a,) is an interval-valued fuzzy neighborhood base for Nr. (ee) 
B(x2) is a o-fuzzy neighborhood base for Ne, (x2). 
(x=) is a * MBJNNB for N(2*) = 
(x,) is a fuzzy neighborhood base for N,,_(x,), 
x*) is an *-interval-valued fuzzy neighborhood base for N}_(x*), 
iii) B(a#2) is a o-fuzzy neighborhood base for Ne, (x2). ° 
,T)isao-Cy => 
(i) (X,7,,) is a fuzzy Cy; (See [?]), 
(ii) (x, T,,) is an interval-valued fuzzy C7, i.e., each 2, € IV Fp(X) has 
a countable interval-valued fuzzy neighborhood base for N; 5 (ta) 
(iii) (X,7,) is a fuzzy o-C7, i.e., each 2° € Fip(X) has a suntaels o-fuzzy 
neighborhood base for Ne, (x°). 
(4) (X,7) isa*Cr <= 
(i) (X,7,,) is a fuzzy Cr, 
(ii) (X,7,) is an interval-valued fuzzy *-C7, i.e., each x, € IV F'p(X) has 
a countable *-interval-valued fuzzy neighborhood base for N7_(x*), 
(iii) (X,7,) is a fuzzy o-Cy;. : 


Definition 5.16. Let (X,7) be a o-MBJ-neutrosophc topological space or *-MBJ-neutrosophe 
topological space, let x2, x* € MBJNp(X) and let Bg(x °) C No(x 2); Bg (« =) C No(« Es 

(i) Bo(x a) is called a o-MBJ-neutrosophic Q- perpen ool base aieny o- “MBJNQNB) for 
Nog(« °), if for each A € Nog (x °), there is B € BQ(x2) such that BC A. 

(ii) ‘Bola ) is called a *- MBI peuirosophie Q- sieediboniool base (briefly, + MBJNQNB) for 
No(« *), if for each A € Ng (x *), there is B € BQ(zx%) such that B € A. 

(iit) (X,7T) is said to satiety the o-Q-first axiom of countability or to be o-Q-Cy, if each 
a2 € MBJNp(X) has a countable o-MBJNQNB. 

(iv) (X,7) is said to satisfy the *-first axiom of countability or to be *-Q-C7, if each ve € 
MBJNp(X) has a countable *+-MBJNQNB. 


From Remark [4.9] we can rewrite Definition as followings. 


Remark 5.17. Let 8(x,) C Nz, (@,), B(#z) C Ny, (@), CN GD, pe) ene @. 


Then we have 
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(1) Ba(a2) is a oo MBJNQNB for N(#2) = 
(i) Bq(«,) is a fuzzy Q-neighborhood base for N,,/.Q(2.); 
(ii) Bg(x,) is an interval-valued fuzzy Q-neighborhood base for Nr. OCr)s 
(iii) BQ(x2) is a o-fuzzy Q-neighborhood base for N? (@): 
v*) is a *MBJNQNB for Noa(2*) = 
(i x,) is a fuzzy Q-neighborhood base for N. Ty Qa =F 
(ii) 6Q(z*) is an +-interval-valued fuzzy Q-neighborhood base for Nz Q(@*), 
(iii) Bg(a#2) is a o-fuzzy Q-neighborhood base for Nz Q(z). 
(3) (X,7) is a 0-Q-C; —> 
(i) (X,7,,) is a fuzzy Q-Cy7 (See [16]), 
ii) (X,7,) is an interval-valued fuzzy Q-C7, i.e., each 2, € IVF p(X) has 
a countable interval-valued fuzzy Q-neighborhood base for Nr, ole), 
(iii) (X,7,) is a fuzzy o-Q-Cy7, i.e., each x° € Fp(X) has a sbanvable o-Q-fuzzy 
neighborhood base for Nz Q(@) 
(4) (X,7) is a *-Q-C; <> 
(i) (X,7,,) is a fuzzy Q-C7, 
(ii) (X,7,) is an interval-valued fuzzy *-Q-C7, i.e., each 2, € IV Fp(X) has 
a countable *-interval-valued fuzzy Q-neighborhood base for Ne Q(@*), 
(iii) (X,7,) is a fuzzy o-@-C7. 


Example 5.18. (1) Let X = {x,y} and let r = {0,X,A1, Az, A3, As, As, Ao, Az, Az, Ao} 
be the o-MBJ-neutrosophic topology on X given in Example (3). Consider two families 
No(«2) and No(y2)of MBJ-neutrosophic sets in X defined by: 

a b 


No(a2) = {A € MBJINS(X): A.C A} 


and 
Noa(y2) ={A€ MBINS(X):A, TC A}, 
b 
where @ >° AS(x) = (0.5, (0.4,0.5],0.7), ie, a > 0.5, @ > [0.40.5], a < 0.7 and 5 >° 
Af (y) = (0.4, [0.3, 0.4], 0.3), ie., a > 0.4, a@ > [0.3, 0.4], @ < 0.3. Then we can easily see that 


No(« e) and Naty?) are MBJ-neutrosophic neighborhood system of ae and ye with respect to 
T saapeutively: Now consider the subfamily 8g(x2) [resp. Be(y°)] of Noe 2) [resp. No(y2)] 

a b a b 
given by: for each n € N, 


Bo(#2) = {A € No(a’) :4 = (0542 [044-054 ~}07-=)} 


resp. Bolu?) = {A € Noly2) +b = (0444 03+ =,04+4 1,03 Nh 
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Then it is obvious that BQ (a2) [resp. Ba(¥e)] is a oo MBJNQNB for Na(z2) [resp. Na(y2)]- 
Moreover, Ba(x2) [resp. Ba(v2)] is a countable o-MBJNQNB. Note that if there is no condition 
for MBJNN a, then Na(z2) = {X} for each zr. € MBJNp(X). Thus (X,7) is 0-Q-Cy. Note 
that by placing constraints on MBJNN @, we can make No (x2) have more members of 7. 

(2) Let X = {x,y} and let tr = {0,X,A1, Ao, Az, As, As, Ag, A7, Ag, Ag} be the *MBJ- 
neutrosophic topology on X given in Example (4). Consider the family Noa(2®) of MBJ- 


neutrosophic sets in X defined by: 
Nog(a2) ={A € MBJINS(X) : Az € A} 


and 


Na(yt) = {A € MBINS(X) : Ap € A}, 


where & >* AS(x) = (0.4, [0.3, 0.4], 0.4), Le., a > 0.4, @ < [0.3,0.4], a < 0.4 and b >* AS(y) = 
(0.7, [0.4, 0.6],0.6), ic, a > 0.7, @ < [0.4,0.6], a < 0.6. Then we can easily check that 
Noa(z®) and Naty: ) are MBJ-neutrosophic neighborhood system of a: and ye with respect to 
T respectively. Now consider the subfamily 8Q(x*) [resp. Bo)| of Noa(2®) [resp. Nol: )| 
given by: for each n € N, 


Bala?) = {AE Nola!) :@= (04+ =,[03 Oa= =) )} 


resp. Bolus) = {Ae Natu?) +b = (0.7 + 5. [0.4 0.6 *),0.6 ~ )} 


Then it is clear that SQ(x=) [resp. Ba(yz)] is a + MBJNQNB for Noa(2?) [resp. Naty?) 
Furthermore, Ba (a) [resp. BQ(y*)] is a countable +-MBJNQNB. Also, note that if there is 
no condition for MBJNN a, then No(x*) = {X} for each zr. € MBJNp(X). Thus (X,7) is 
*-Q-C. Also, note that by placing constraints on MBJNN @, we can make Noa(2®) have more 
members of T. 

(3) Let X be an infinite set and let 7 be the MBJ-neutrosophic o-[resp. *-|cofinite topology 
on X. Assume that B(x2) = {B, : n € N} is a o-MBJNNB for x2. Let y2 € MBJINp(X) 
such that 2 # y. Then clearly, ye Ee N (x2). Thus there is n € N such that ye ¢ Bn. So 


NnenB, = {x2}. On the other hand, we have 


22° = (MnenBnl® = UnenBS. 


0,c 


Since BS is o-finite for each n € N, UnenBF is countable. So 2° is countable. This is a 


a 


contradiction. Hence (X,7) is not o-C;. Similarly, we can check that (X,7) is not *-C7. 


Proposition 5.19. Let (X,rT) be a o-MBJ-neutrosophc topological space. If (X,7) is o-Cy, 
then it is o-Q-C7. 
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Proof. Suppose (X,7) is o-Cy. It is well-known (Proposition 3.1, (16}) that if (X,7,,) is fuzzy 
C7, then it is fuzzy Q-C7. 


Let x, € IV Fp(X). Consider a sequence {@,, = [a7, a;*]}nen of interval numbers converging 


n> 
to a° = [1—a*,1—a_] and interval-valued fuzzy points x, in X, where a, € (1—at,1] and 
a, € (1—a’,]]. Since (X,7) is o-C7, by Remark|5.15] (3), (X,7,) is interval-valued fuzzy C7. 
Then for each n € N, there is a countable interval-valued open neighborhood base §,,(2,_ ). 
Thus for each B € Buz, )s B(x) > Gn > a. SoBE Co Let 6(x,) be the collection 
of all the members of all 6,(a,,). It is clear that 8(2,) is a family of interval-valued fuzzy 
open Q-neighborhoods of x,. Let A€ Nr, .q(z,). Then clearly, A(x) > @€. Since {Gn}nen 
is convergent to a°, there is m € N such that A(z) > Gm > a°, ie, cz, € A and A is an 
interval-valued fuzzy open neighborhood of x,_. Thus there is Be Br(xz,) C Baz) such that 
Bc Aand B(x) > Gm > G. So B (x,) is a countable interval-valued fuzzy Q-neighborhood of 
x. Hence (X, Ts) is interval-valued fuzzy Q-C7. 

Now let x& € Fip(X). Consider a sequence {Gn }nen in [0,a°) converging to a° and a o-fuzzy 
points 2° in X. Since (X,7) is o-Cy, by Remark {5.15] (3), (X,7,) is o-fuzzy Cy. Then for 
each n € N, there is a countable o-fuzzy closed neighborhood base Br(xe ). Thus for each 
Be B(x? ), Blt) <& < a. SoBe NP (®): Let G(x) be the collection of all the 
members of all 8,(x,,). It is clear that G(x°) is a family of o-fuzzy closed Q-neighborhoods 
of ze. Let A € N-, Q(x2). Then clearly, A(x) < a°. Since {@n}nen is convergent to a°, there 
is m € N such that A(x) < Gm < @, ie., ag A and A is a o-fuzzy closed neighborhood 
of z= . Thus there is B € 8,(x2 ) C B(x%) such that BD A and B(x) < Gm < a®. So B(x) 
is a countable o-fuzzy Q-neighborhood of xe. Hence (X,7,) is o-fuzzy Q-Cy. Therefore by 


Remark |5.15} (X,7) is o-Q-C7. 


Proposition 5.20. Let (X,T) be a *-MBJ-neutrosophc topological space. If (X,7) is *-Cy, 
then it is *-Q-C7. 


Proof. Suppose (X,7) is a *-C;. Then from the proof of Proposition {5.19} the conditions 
(i) and (iii) of Remark It is sufficient to show that (ii) of Remark holds. Let 
z* € IVF p(X). Consider a sequence {@n}nen of interval numbers converging to a° and a 
«-interval-valued fuzzy points «* in X, where a, € [0,1— aj) and a; € [0,1—a,,). Since 
(X,7) is *-Cy, by Remark (4), (X,7,) is a *-interval-valued fuzzy Cy. Then for each 
n €N, there is a countable +-interval-valued fuzzy closed neighborhood base Bn(xz ). Thus 
for each B € Bn(x* ), B(x) < Gn < @&. So Be Nr* Q(t): Let B(x*) be the collection of 
all the members of all Bn(x* ). It is clear that 6(x*) is a family of *-interval-valued fuzzy 


closed Q-neighborhoods of x=. Let A € N* g(z*). Then clearly, A(x) < a®. Since {Gn }nen 
a B’ a 


is convergent to a°, there is m € N such that A(z) S Gm < 0°, 1¢., 2 © A and A isa 
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«-interval-valued fuzzy closed neighborhood of xz. Thus there is Be Bn(x= ) C B(x) such 
that B > widetildeA and B(x) < Gm < @. So B(x*) is a countable *-interval-valued fuzzy 
@-neighborhood of x. Hence (X,7,) is *-interval-valued fuzzy Q-Cy7. Therefore by Remark 


5.15} (X,7) is *-Q-C7. 


Definition 5.21. Let (X,7) be a o-MBJ-neutrosophc topological space or *-MBJ-neutrosophe 
topological space. 

(i) (X,7) is said to satisfy the o-second axiom of countability or to be o-Cyy, if there is a 
countable o-base 6 for T. 

(ii) (X,7) is said to satisfy the *-second axiom of countability or to be *-C7r, if there is a 


countable +-base £ for T. 


From Remark (5), and Definitions and we can rewrite Definition (i) as 


followings. 


Remark 5.22. Let (X,7) be a o-MBJ-neutrosophc topological space or *-MBJ-neutrosophe 
topological space. 

(1) (X,7) is 0-Cyr == 

(i) (X,7,,) is fuzzy C7, ie., there is a countable fuzzy base (y, for 7,,, 

(ii) (X, B) is interval-valued fuzzy Cry, i.e., there is a countable 

interval-valued fuzzy base 6x for Ts) 

(iii) (X,7,) is o-fuzzy C7, i.e., there is a countable o-fuzzy base 6,7 for 7,. 

(2) (X,7) is *Cyy <> 


(i) (X,7,,) is fuzzy C7, i.e., there is a countable fuzzy base 3) for 7, 


>'M 1? 


(ii) (X, B) is +interval-valued fuzzy Cy, i.e., there is a countable +-interval- 
valued fuzzy base {5 for 7, 


(iii) (X,7,) is o-fuzzy C77, i.e., there is a countable o-fuzzy base 67 for T,. 


Proposition 5.23. Let (X,7T) be a o-MBJ-neutrosophc topological space or a *-MBJ- 
neutrosophc topological space. 

(1) If (X,7) ts o-Crz, then it is o-Cy. 

(2) If (X,7) is *-Cyz, then it is *-C7. 


Proof. (1) Suppose (X,7) is o-C7;. It is well-known (Theorem 3.3, [14]) that if (X,7,,) is fuzzy 
C7,, then it is fuzzy Cy. Thus (X,7,,) satisfies the condition (i) of Remark [5.15] (3). 

Let «, € IVF p(X). Then by the hypothesis and Remark (1), there is a countable 
interval-valued fuzzy base 6% for T,,. Let B Bae be the subfamily of 6% given by 6 a = {B53 
TS Be Bx}. Then clearly, 6 Bias is soudtable: Let AE Fe such that x, € A. Since Bs is an 
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interval-valued fuzzy base for 7, by Theorem [5.10] there is B € 6 such that x, € Bew, 
Then by the definition of BR a> Be PR y- Thus (X, T, is interval-valued fuzzy Cy. So (X, = 
satisfies the condition (ii) of Remark [5.15] (3). 

Now let 22 € Fp(X). Then by the hypothesis and Remark [5.23| (1), there is a countable 
o-fuzzy base 87 for 7,. Let Brae be the subfamily of 6; defined by By02 ={B:a°e Be Bj}. 
Then clearly, 67 ,cire is countable. Let A € 7, such that x° € A. Since 8; is a o-fuzzy base for 
Feqs0y Theorem 5.10 there is B € 87 such that 22 € BD A. Then by the definition of Byx2 5 
B € Byee. Thus (X,7, is o-fuzzy Cy. So (X,7, satisfies the condition (iii) of Remark [5.15] 
(3). Hence (X,T) is 0-Cy. 

(2) Suppose (X,7) is *Cy;. From (1), it is obvious that the conditions (i) and (iii) of 
Remark [5.15] (4). It is sufficient to prove that (ii) of Remark [5.15] (4) holds. 


The following is an immediate consequence of Propositions |5.19} and 


Corollary 5.24. Let (X,7T) be ao-MBJ-neutrosophc topological space or a *-MBJ-neutrosophc 
topological space. 

(1) If (X,7) is o-Cry, then it is o-Q-Cr. 

(2) If (X,7) is *-Cyz, then it is *-Q-Cy. 


The converse of Proposition does not hold in general (See Example|5.33). 


Definition 5.25 ( |37|). Let X be a classical topological space and let A: X + I bea 
mapping. 

(i) A is said to be lower semi-continuous [resp. upper semi-continuous] at a € X, if for each 
h < A(a) [resp. k > A(a)], there is a neighborhood V of a such that h < A(z) [resp. k > A(z)] 
for each x € V. 

(ii) A is said to be lower semi-continuous |resp. upper semi-continuous] on X, if it is lower 


semi-continuous [resp. upper semi-continuous] at each a € X. 


It is well-known (6.2, (37]) that A is continuous on X if and only if A is both upper and 
lower semi-continuous on X. Moreover, A is lower semi-continuous on X if and only if 1 — A 


is upper semi-continuous on X. 


For a fuzzy set A in a set X and any a € J, the weak |resp. strong] a-cut or a-level set of A, 
denoted by [A]q [resp. [A]*], is a subset of X defined as follows: 


[Ala = {x € X : A(x) > a} [resp.[A]* = {2 € X : A(x) > a} (See (14]). 
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Definition 5.26 ( ). Let (X,T) be a classical topological space. Then the induced fuzzy 


topology on X, denoted by F(T), is a family of fuzzy sets in X given as follows: 


F(T) ={A€I* : A is lower semi-continuous}. 


It is well-known (Proposition 3.3, (15}) that for a classical topological space (X,7) and 
A € 1%, A is fuzzy open [resp. closed] in (X, F(T)) if and only if for each a € J, [A]* € T 
[resp. [A]q € T°]. Then from Definition and the above fact, 


F(T) ={Ael: [A}* eT, a€ I} and CF(T) ={Ae PF : [A €T, ac hh, 


where C'F'(T) will be called the induced fuzzy cotopology on X. Furthermore, we can easily see 
that the family {[A, A] ©¢ IVF‘S(X) : A € F(T)} is an interval-valued fuzzy topology on X, 
and it will be called the induced interval-valued fuzzy topology on X and denoted by IV F(T). 
Also, CIVF(T) = {[A, A] © IVF'S(X) : A € CF(T)} is an interval-valued fuzzy cotopology 
on X. 


Remark 5.27. Let (X,7) be a classical topological space and consider the families 7 and 7 
of MBJ-neutrosophic sets in X defined as follows: 


7 ={A€ MBJINS(X):M,€ F(T), Ba €IVF(T), Ja € CF(T)}, 
n={Ae€ MBJINS(X):M,€ F(T), Ba € CIVF(T), Ja € CF(T)}. 
Then clearly, 7 € MBJNT°(X) and n € MBJNT*(X). In this case, we will call 7 and 7 as 


the induced o-MBJ-neutrosophic topology and the induced *-MBJ-neutrosophic topology on X. 


Result 5.28 (See Lemma 3.1, (16]). Let (X,7T) be a classical complete regular topological 
space. Then for each B € F(T), there is a family 8 C I* each member of which is continuous 
with respect to T, such that B= Uy- gp 4. In other words, the family 


bp={AeE I* : Ais continuous on IT} 


forms a fuzzy base for F(T). 


Remark 5.29. Let (X,7) be a classical complete regular topological space and consider the 
following families: 
Bive = 4A, A] € IVE(X): A € Br}, 
8% ={AeI* : A® is continuous on J}, 
Bivp = {IA, A] € IVF(X) : A€ 3}. 
Then from Result [5.28] we can easily see that Bry r, 8% and 87,,, form an interval-valued fuzzy 
base for IV F(T), a o-fuzzy base for CF(T) and a *-interval-valued fuzzy base for CIV F(T) 


respectively. 
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From Remarks |5.5 [5.5] (1) , [5.27] and [5.29 5.29| and Result |5.28| we have the following. 


Lemma 5.30. Let (X,T) be a classical complete regular topological space and consider the 


following families: 
B={A€ MBJNS(X): Ma € Br, Ba € Bivr, Ja € Bo}, 


B* ={A€ MBJNS(X): Ma € Br, Ba € Biyp, Ja € BS}. 


(1) 6 forms a o-MBJNB for rT. 
(2) B* forms a *-MBJNB for 1. 


Result 5.31 (See Theorem 3.1, [16]). Let (X,T) be the subspace J of the real axis and let 
F(T) be the induced fuzzy topology for T. Then (X, F(T) is fuzzy Cy; but not fuzzy Cy. 


Lemma 5.32 (See Theorem 3.1, [16}). Let (X,T) be the subspace I of the real axis. 
(1) (X,IVF(T)) is interval-valued fuzzy Cr, but not interval-valued fuzzy Cr. 
(2) (X,CF(L)) is o-fuzzy Crr but not o-fuzzy Cr. 
(3) (X, CIVF(T)) is *-interval-valued fuzzy Cr, but not *-interval-valued fuzzy Cr. 


Proof. The proofs are similar to Result 


From Remark |5.26} Lemmas and |5.32| and Result |5.31, we can give as an example 
which the converse of Proposition does not hold. 


Example 5.33. Let (X,T) be the subspace J of the real axis. 
(1) (X,7) is o-Cy; but not o-Cy. 
(2) (X,7) is *-Cy, but not *-Cy. 


6. Conclusions 


Through the study, we obtained several results as follows: 

(1) (MBJNS(X),U,n,°,0,X) and (MBJNS(X),U,m,°',@,X) form Boolean algebras 
except the condition (13) of Proposition [3.7| 

(2) An MBJ-neutrosophic neighborhood system generates an MBJ-neutrosophic topology 
(See Theorem and (4-18). 

(3) The characterization of MBJ-neutrosophic base (See Theorems [5.6] and [5.8). 

(4) A necessary and sufficient condition for a set of MB J-neutrosophic sets to be an MBJ- 
neutrosophic topology (See Theorems and [5.10). 

(5) The relationships among 0-C7, *-C7, o-Cy; and *-C7y. 

Before conducting our research, we came across an interesting paper written by Al-shami 


during a literature search. By defining soft separation axioms in soft topological spaces, he 
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proposed an algorithm for decision-making problems. In the future, we try to study separation 
axioms based on MBJ-neutrosophic sets and to apply them to decision-making problems. 
Moreover, we expect that one can apply MBJ-neutrosophic sets to a category theory, a graph 


theory, a group theory, etc. 
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Abstract: As a generalization of trapezoidal fuzzy neutrosophic numbers (TFNNs), credibility 
trapezoidal fuzzy neutrosophic numbers (C-TFNNs) can independently describe true, false, and 
indeterminate membership degrees and their credibility levels in uncertain and inconsistent 
scenarios. Since the true, false, and indeterminate membership degrees are closely related to their 
credibility levels, C-TFNN can ensure the credibility of TFNN, which shows its clear merit. 
However, C-TFNNs cannot expresses the interval membership degrees of the truth, falsity and 
indeterminacy and the uncertain credibility levels, which are produced due to human cognitive 
vagueness, incompleteness, and uncertainty. Furthermore, existing decision models of C-TFNNs 
cannot perform such a DM issue with both ITFNNs and uncertain credibility levels, which reveals 
agap. To compensates for this gap. this paper extends C-TFNNs to credibility interval TFNNs (C- 
ITFNNs), which strengthens the expression capability of uncertain information. Then, the 
operational laws and score function of C-ITFNNs are defined to solve the aggregation and sorting 
issues of C-ITFNNs in decision-making (DM) problems. Subsequently, the C-ITFNN weighted 
geometric averaging (C-ITFNNWGA) and C-ITFNN weighted arithmetic averaging (C- 
ITFNNWAA) operators are proposed in view of operational laws of C-ITFNNs. Furthermore, a 
multi-attribute DM model is established in terms of the two aggregation operators and the score 
function in the C-ITFNN circumstance. Finally, a DM case of landslide control design schemes is 
used to reveal the applicability of the proposed DM model in the C-ITFNN scenario. By comparative 
analysis, the main superiority of our new DM model is that it not only compensates for the gap of 
existing DM models, but also is more reliable and versatile than existing DM models. 


Keywords: Credibility interval trapezoidal fuzzy neutrosophic number, credibility interval 
trapezoidal fuzzy neutrosophic number weighted arithmetic averaging operator, credibility interval 
trapezoidal fuzzy neutrosophic number weighted geometric averaging operator, decision making, 
landslide control design scheme 
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1. Introduction 


In real life, there are many uncertainties and ambiguities, which it is difficult to measure by crisp 
concepts. Then, fuzzy sets [1] can represent them by membership degrees belonging to [0, 1]. Due to 
the uncertainty of the membership degrees, they are difficultly described by exact fuzzy values, so 
the concept of interval-valued fuzzy sets (IVFSs) was proposed to solve this issue [2]. However, since 
there is true and false information in real life, Atanassov [3] proposed the concept of intuitionistic 
fuzzy sets (IFSs). Subsequently, IFSs were generalized to interval-valued IFSs (IVIFSs) [4] to facilitate 
the representation of incomplete and uncertain information. Although IFSs and IVIFSs can better 
express true and false membership degrees belonging to [0, 1], they cannot represent true, false, and 
indeterminate membership degrees independently and indeterminate and inconsistent information. 
To solve these issues, the neutrosophic sets (NSs) presented by Smarandache [5] are the extension of 
various fuzzy sets. Since NS can easily describe indeterminate and inconsistent information in terms 
of true, false, and indeterminate membership degrees, it reveals obvious merits. Due to the diversity 
of neutrosophic expressions (including fuzzy sets, IVFSs, IFSs, IVIFSs), neutrosophic theory has also 
become a research hotspot of scholars in recent years and has been widely used in many fields, such 
as risk assessment [6, 7], image processing (segmentation, denoising, and thresholding) [8-10], 
decision-making (DM) [11-14], and so on. As subsets of NSs, interval NSs (INSs) and single-valued 
NSs (SVNSs) were proposed by Wang et al. [15, 16]. Then SVNSs and INSs have been widely used in 
DM problems [17-21], risk assessment [22, 23], and medical diagnosis [24-26] in neutrosophic 
environments. 

In order to extend discrete fuzzy information to continuous fuzzy information, Wang and Zhong 
[27] proposed the concept of intuitionistic trapezoidal fuzzy numbers (ITFNs) based on true and false 
trapezoidal fuzzy numbers (TFNs) and defined their operational laws and the weighted geometric 
and arithmetic averaging operators for DM. Wan and Dong [28] proposed a multi-attribute group 
DM approach of ITFNs. Li [29] proposed interval-valued intuitionistic trapezoidal fuzzy numbers 
(IVITFNs) as a further extension of ITFNs. Subsequently, Ye [30] proposed the concept of trapezoidal 
fuzzy neutrosophic numbers (TFNNs) in view of true, false and indeterminate TFNs and defined 
some weighted aggregation operators of TNNs for DM. Then, the concept of interval trapezoidal 
fuzzy neutrosophic numbers (ITFNNs) [31] were proposed to solve the problems of multi-attribute 
DM [32-34] in the setting of ITFNNs. As a special case of TFNNs, Deli and Subas [35] introduced the 
weighted geometric operators of triangular fuzzy neutrosophic numbers and applied them to DM 
problems. 

However, decision makers are not completely familiar with various attributes ina DM problem 
when they evaluate them. The accuracy of the evaluation given by decision makers to unfamiliar 
attributes is not as high as that of familiar attributes, so it will affect the accuracy of the DM results. 
For this case, we need to consider the decision maker's credibility level to ensure the credibility of the 
assessment value to each attribute in a DM problem. Therefore, Ye et al. [36] proposed the concept of 
fuzzy credibility numbers (FCNs) to enrich the evaluation information of multi-attribute DM 
problems and to ensure their DM credibility. Then, Ye et al. [37] further proposed the concept of 
credibility TFNNs (C-TFNNs) and established a multi-attribute DM model using the C-TFNN 
weighted geometric averaging (C-TFNNWGA) and C-TFNN weighted arithmetic averaging (C- 
TFNNWAA) operators to solve DM problems with C-TFNNs. 

In the C-TFNN situation, it is difficult for decision makers to give exact C-TFNNs, but they easily 
provide ITFNNs and uncertain credibility levels in indeterminate DM problems to meet the uncertain 
judgments and expressions of decision makers. However, the existing various DM techniques cannot 
handle such a DM issue with both ITFNNs and uncertain credibility levels. Therefore, we need to 
make up for this gap. To do so, this paper aims to: (a) propose the concept of credibility ITFNNs (C- 
ITFNNs) and the C-ITFNN score function and sorting rules, (b) present two basic aggregation 
operators of C-ITFNNs, (c) establish a multi-attribute DM model in the scenario of C-ITFNNs, and 
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(d) apply the established DM model to an actual DM case of landslide control design schemes 
(LCDSs) in the C-ITFNN scenario. 

In this original study, the contributions and advantages of this paper are revealed as follows: 

(1) The proposed C-ITFNNs can overcome the defect of single-valued/exact C-TFNNs in the 
expression of indeterminate information. 

(2) The proposed C-ITFNN makes the expression of uncertain information more reasonable 
and reliable. 

(3) The proposed C-ITFNNWAA and C-ITFNNWGA operators and score function provide 
effective DM tools for handling multi-attribute DM problems with C-ITFNNs. 

(4) The DM model established in the C-ITFNN setting has stronger DM credibility and more 
general DM capabilities. 

The rest of the paper is given as follows. Section 2 introduces the related concepts of INS and C- 
TFNNs, the weighted geometric and arithmetic averaging operators of C-TFNNs, and the scoring 
function of C-TFNN as preliminaries in this study. Section 3 presents some new concepts of C- 
ITFNNs, including operational laws, score function, and sorting rules of C-ITFNNs. Section 4 
introduces the weighted geometric averaging (C-ITFNNWGA) and weighted arithmetic averaging 
(C-ITFNNWAA) operators for C-ITFNNs and their characteristics. In Section 5, a multi-attribute DM 
model is established in light of the C-ITFNNWAA and C-ITFNNWGA operators and score function. 
Section 6 demonstrates the applicability of the proposed DM model through an actual DM case of 
LCDSs in the C-ITFNN scenarios. Section 7 summarizes the conclusions of this article and future 
research. 


2. Preliminaries 
Definition 1 [15]. Let X be a non-empty set. An INS P inXis given by 
nS {%, (T(x), L(x), Fs(2),) x € x}, 


where T; (x)C [0,1] , T;(x) ie [0,1] , and F; (x) c [0,1] are the true, indeterminate, and false 
membership functions and then their membership degrees are _ subject to 
0 <sup(T;,(x)) +sup(/,(x)) +sup( F(x) <3. 

Definition 2 [37]. Let *X be a non-empty set. A C-TFNN s_ is denoted by 
s= (((g1, 85785) Bi) Le (Bly lO) Px (x), (My Megs By, hy);T, (x), 1, («), Fy (x))) . Then, it’s 


true, indeterminate, and false membership functions are denoted as follows: 


i= 
81 Tp Oe Oy 
§2— 8&1 


Ty, 25 SX B, 
Ty (x) = Hee is 


g,-Xx 
4 T, 85< XS 8, 
84 83 


0, otherwise 
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8, —X+14(x-2,) 
§2— 81 
Oe ee ee Oe 


» 2,2xX< 2, 


Ty (x) = 
x-g,+I]y(g4—-%X) 
SS eee ey, 
§4— 83 
1, otherwise 
8, —X+Fy(x-8,) 
2 N VY, 8S x< 2), 
§2— &1 
Fg, 5X5 @,, 
PON ane ® 
ny 1 oa 
§4— 83 
1, otherwise 


and it’s true, indeterminate, and false credibility measure functions are denoted as follows: 


eee eee 


h, 
Lylgsx shy 


T, (x)= 
Mod exch 
y Sly 
h, —h, 
0, otherwise 
te PGI) 5 ey 
h,-h 
Tjh<x<h, 
T(x) = ult i 
x—h, + if BEE), cep 
h, —h, 
1, otherwise 
fy SOA) ey a, 
h,—h, 
FA,<x<h,, 
F, (x)= a 
x—h, + A kal A ese 
h, —h, 
1, otherwise 
where 7,,1,, Fy €,19, T,,1,,F, €@,16, OST, +1, + Fy $3, OST, +1,+F, $3, and 
gy hk e€ R (k = 1, 2, 3, 4). Then, a C-TFNN s is simply denoted as 


7 ((( 1/827 85 81): Tu tne Fy) (hy Ay Nyy hy) iT Ly, i) 
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rv Aiur Bias Sinz Bia ee Eine Pe) 
Definition 3 [37]. Let s, = and 


(uy, Muy, Iy3, Iya ye ly F,;) 
(So § 227 8237 8 24 VeT yes Toi Fay 


Sy = be two C-TFNNs and 4 >(0. The operational laws are 
(Ce Iayy 1 gg, Nog ee Lio F ip ) 


defined as follows: 
(81 t+ $517 812 + 8097 813 + 8037 S14 + ey) 
Ty +Tyo —Ty Tyo tle Pl ye 


(hy + Nyy, Myy + gg, yg + Iry3, My a 


(1) 8, Bs, = 
G a To = Tilia Lilia PF 


Fyn t+ Five — Fu lve 


(ees 8128 297 8138 237 814424 ); 
Pylyor ti + Ly —E uly y 


(2) 8,@s, = , 
ay Fishy Ply, hy3My3, bilo); 
TT hy, Ty te Tio = Lilia, 
Fit Fro — Fi Fis 
(su, [8191 A813 Agi); 
1-(1-Ty) Thy Fi, 
(3) 
(Ah, Alyy, Alyy, Als ); 
1-(1-7,,)',14,F4 
. {geet eh, 84 )sTA-(1-In)’1-(1- Fin)’, 
(4) (s,) = 


((ri hi hb, hi); T1-(1-1,,) A-(1-Fx)") 


(Sar Siar 837 ia ilo 


Regarding a series of C-TFNNs 5; = 
(hia, lio, his, hig yy Ti, Lis Fy) 


(i= 1, 2,..., J) subject 


J 
to the weight A, of si with O</A, <1 and yA =1, the C-TFNNWAA and C-TFNNWGA 
i=l 

operators [37] are introduced as follows: 


Wanlu Du, Shigui Du, Jun Ye, Some Aggregation Operators of Credibility Interval Trapezoidal Fuzzy Neutrosophic 
Numbers and Their Decision-Making Application of Landslide Control Design Schemes 


Neutrosophic Sets and Systems, Vol. 53, 2023 


aL 
C-TFNNWAA(5;,53/..-,5,) = > A,5; = 


i=l 


J 


C-TFNNWGA (5,,53,-45) ) = I] gia 


t 


u 


a 


1- 


( 


i=l 


a 


‘i 


i=l 


J J J J 
Aes Ye > Aes, Ati} 
i= 


i=1 i=l 


y J J 
Ai F% 
SLL As TY 


i=l i= 


J J J 
Ahi, » A, had Alia), AN } 


i=l i= i=1 


J J 


1-T]@- 


J 
\ A; A 
Jol [7] | Fi 


i=l i=1 i=l 


A, 


gi 


J J J 
htt 


i=l i=l i=l 


i=l 


J 
H Ty A- 'A-[]G-Fy 
at i=1 
, Il Il 
uf A; Z A; 
fn nt (1-1,,)' 1-[]Q-F,) 


i=l 


i=l 


Definition 4 [37]. To compare C-TFNNs, the score function of C-TFNN is defined as 


PAS) ea 


The following sorting rules are given by the score function: 


1) If S(s,)<S(s,), then s,<s,; 


2) If S(s,) =S(s,), then s, =s,. 


1 (8: + 82+ 83+ 84)*(24+Ty oe 
(1, +h, +h, +h,)x(2+T, -1, 


-F,, )x 
—F,) 


} O<S(s)<1. 


54 


, (1) 


- (2) 


(3) 


Particularly, when we ignore credibility degrees in C-TFNNs, C-TFNNs becomes TFNNs. Thus, 
Eqs. (1)-(3) become the TFNN weighted arithmetic averaging (TFNNWAA) and TFNN weighted 
geometric averaging (TFNNWGA) operators and the score function [30]: 


TFNNWAA ( ( S5Sppsi ae . 


)= Das 
J 

= (x Air ES ek 
ia ial i i=l 


J 
A 
)=T]s" 


i= 


TFNNWGA (5,,55,..- 


J J 
lthotentete)t (Mew 


L 


Tye 


i=1 


_ 
TU TT 
=] 


i= 


(4) 


J J » ©) 
=[iG= In)" A-T[Q- fn) 
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”" 1 ”" 
S"(s) aon (i + 8 +g,+8,)x(2+Ty aly -F,)),S (s)e [0,1]. (6) 


If there are no credibility degrees, g1 = g2 = g3 = g4= 1 and hi = ho=hs=hs= 1 (without considering 
TFNs) in C-TFNNs, C-TFNNs become single-valued neutrosophic numbers (SVNNs). Thus, Eqs. (1)- 
(3) become the SVNN weighted arithmetic averaging (GVNNWAA) and SVNN weighted geometric 
averaging (SVNNWGA) operators and the score function [19]: 


J J J nA 
SVNNWAA(5,,83)--15,)= 48, = A-T10~1,) Tete } re 
i=l i=l i=1 


i=l 


i=1 i i=l 


J J J J 
SVNNWGA(5,,55,.5,) =] [57 -(f1 Ti 1-[][Q- Iu) A-T]0-F)* (8) 
i=l 


S'(s) ==(24+Ty —Iy — Fy ),S(s) €[0,]]. (9) 


3. C-ITFNNs 


As an extension of C-TFNNs, this section proposes C-ITFNNs, some operational laws of C- 
ITFNNs, and a score function for comparing C-TFNNs. 
Definition 5. Set X as a non-empty set. A C-ITFNN 4 _ can _ be defined as 


G=(( (Sr 821 837 Ba) Ty (Ly (x) Fy), ((Ity I hay ly) Ty (2), £, (2), F,(2))) for x © X. Then, 


it’s true, indeterminate, and false membership functions and their corresponding credibility measure 
functions are indicated, respectively, as follows: 


x fo wy 
ae yd 81 fi bases 
| 82 8&1 §2— 81 


Lily |, Bp= ee ge, 


sl SRR ee Bao Te | &3<X S84, 
L&4— 83 §4— §3 
&, 09 otherwise 
lg tl aoe) aes 
portly (88) Bo— x4 In| Da sx<ay 
L 827 8&1 §2~ 8 
2 | ee el ee oe 
Fy(ayaqh MN HSE eS ; 
8, +15 (8i-%) 2-85 +1, (8-2) 
3 N 4 : 3 N 4 Pee aie 
L §4— §3 §4— 83 
A, 19 otherwise 
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8 —x+ Fy (x-8,) 8. —x+ Fy (x- 81) 
L 82 &1 &2~ 81 
[Pols eee bus 


jasxces 


Fy (x) =4~- Ms az , 
—g,+Fy(g,- —g,+Fy(g,- 
x= 85+ Fry (@s~2) 4-834 Fy(8e 2) gers 
L 84 &3 §4— 83 
A, 19 otherwise 


and it’s true, indeterminate and false credibility measure functions are indicated as follows: 


ReMi a is |hsxehy 


fe PE pe pe, 
| hy — hy h, —h, 
&,09 otherwise 


[iy -x+ I (ah) by— x4 Tih) 
L h,—h h,—h 
\i-,i* |n<x<h, 
I(x) =3b* i je x h, : : 
a ee 
h, —h, h,—h, 
A, 19 otherwise 
fee) Tek, (x-h) - hexeh; 
L h, —h, h,—h, 
: | F-,F* |,h, <x<h, 
F,(x)= we tlh x h, z ; 
x-h,+F, eh) nay BoD Lh cxshy 
h, —h, h, —h, 

A, 19 otherwise 
where [Boty (=(Olb ie ty | S[Oa)) | Fy |S [0.1] and 
kegel &[01) a7; T| © (01), Fe FF | c[0,1] are the true, indeterminate, false interval 


membership degrees and credibility levels in the C-ITFNN @ subjectto 0<7T/+/;+F,{ <3 and 


Js 


O< res + ir + F* <3, then gk, hk € R (k= 1, 2, 3, 4) are the parameters of ITFNNs in the C-ITFNN a 


For the convenient representation of the C-ITFNN 4d , it is simply expressed as 
a= (((a1, Bor 837 Sa) Ty ly Fy i (A, hy, hs, hy);T,, 1, F,)) . 

Then, the two special cases of C-ITFNN are indicated below: 

(1) If the upper and lower endpoints of the interval values be i i [7 ne I Fal | F; ih FY ] , 


[tT |, [trti |, and | Fy, F; | inthe C-ITENN @ are equal, C-ITFNN becomes C-TENN. 
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(2) If gi = 92 = 93 = gt = 1 and In = ho = h3 = ha = 1 in the C-ITFNN 4, C-ITFNN becomes the 
credibility interval neutrosophic number. 


. (7 S127 8137 Bu); atl de Le j| Fir Fi) 
Definition 6. Let a, = and 


(Mir Ma hy, Wig) Dineen bel ae Fl Ene Fi; )} 
i 3 (Gin Bis Biss Bis) Tea Tale noel ene |) 
(It leg liselig | Teele Al Ts | Eres Ee) 


Then, their operational laws are satisfied below: 


be two C-ITFNNs and A>0. 


(811 + Sor B12 + 8207 813 + 8237 81a + Ba) 
| tiv +Ty» —TylyoTm + Ty Shyla |; , 


[Fale Dili |) FoaFn FonFee | 


(Pyy + Py yy + Mg, Ig + My3, yy + Mg4); 


| Fin +7, -T Th, Ti as Ti on Tilia |: 


Heol taed rales | Prabal | 


(SHSo0 §128 227 8138 237 8148 24 i wit 27 jens |, 


[ 7- T- J- 7- r+ T+ ra 7+ 
| iva + Live — Liv var Em + Ly — lel , 


(CsFons MyyMyy, My3ho3, Myylyy ) ; kee evi ] , 


[7- ,f7- 7-J- Jt .7t r+ 7+ 
| faa + Ln Lilia tin + ia — LI tile 


| Fig + Fo - FF, Fit Fy - FPS | 


AB AB: AB, AB); 1-(1- Fea) A-(1-F5)' |, 


( 

| (Fa) (En) || (Fa) (Fay | 
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(4) (a) = ss 
(Iisa, ei, tea)s] (Fa) (Fa) 

|1-(1- 75)" A-(1-F)' | 

j1~-(1- Fi)" A-(1- Fay | 


To compare C-ITFNNs, the score function and sorting rules of C-ITFNNs are defined in terms 
of the score function of C-TFNN [37]. 


(7 827 837 g.):[fu-Fe [fn Fe Fe Ae )) 
(a Ny, hy ); [Este |) kz i), kz F;)) 


function is defined below: 


Definition 7. Set Gd= as C-ITFNN. The score 


es | Ge ae ee ee ee 
S(&)= 5 ((si+ 824 83+ 84)x(44Ty +7 [j=1) =F; Fy ))x 


1 a ae 
sg \(n tla thy thy )x(440, +0) Ty TF, F;)) (10) 
Bi +8, +83+84)x(44Ty + Ty -1, -1, - Fy - Fi) 


1 
~ al 
((m +h +hy+hy)x(447, +7 [,-If-F,; F)). 
For two C-ITFNNs G, and d,, if S(d,)>S(a,), then @,>4,; if S(a@,)=S(d,), then 


a, = a. 


ee 
Example 1. Set two C-ITFNNsas 4, = and 


((0.3,0.4,0.5,0.6);[0.5,0.6], [0.2,0.3],[0.1,0.2]) 
_  {((0.5,0.6,0.7,0.8);[0.6,0.8],[0.3, 0.5], [0.1,0.2]); 
a = 
* | ((0.6,0.7,0.8,0.9);[0.5,0.7], [0.2, 0.3], [0.1, 0.3]) 
by the score function of Eq. (10): 
. 1 ((0.4+0.5+0.6+0.7)x(4+0.7+0.9-0.1-0.3-0.2-0.3) 
Since S(@) = —. 
576| x(0.3+ 0.4+0.5+0.6)x(4+0.5+ 0.6—0.2—0.3-0.1-0.2) 
1 ((0.5+0.6+0.7+0.8)x(4+0.6 +0.8-0.3-0.5—0.1-0.2) 
and S(d,) SESE 
x(0.6 +0.7+0.8+0.9)x(4+0.5+0.7—0.2-0.3-0.1-0.3) 


576 
sorting of both is da, <d,. 


} Thus, the two C-ITFNNs are sorted 


= 0.1389 


}-02 the 


4. Two Basic Aggregation Operators of C-ITFNNs 
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As an important tool of aggregation operators for DM modeling, this section proposes two basic 
aggregation operators for C-ITFNNs by extending the weighted arithmetic and geometric averaging 
operators of C-TFNNs proposed by Ye et al. [37]. 


(giv Siar 8i37 Bids (Ti Teele ney Ease 


(hy lin Nis, Nig ); ber Bes i , Be F;)) 


Definition 8. Set a, = 


J 

group of C-ITENNs with the weight 4, of d, for OSA, <1 and }’ A, =1. The C-ITFNNWAA 
i=l 

operator is defined as follows: 


J 
C -ITFNNWAA(Gi, @iy,...,4,) = A, . (11) 
i=l 


In view of the operational laws of C-ITFNNs and Eq. (11), we can obtain the C-ITFNNWAA 
operator. 


7 \( Bip Biirearei) Ey Sa balan ae ne |) 
Theorem 1. Set gd. = (i =1,2,...,J) asa 


| (hy Pins Nis) Nig ); Faees: | fae i, EZ Fi} 


J 

group of C-ITFNNs with the weight 2, of d, for O< A, <1 and 3 A, =1.On the basis of Eq. (11) 
i=l 

and the operational laws of C-ITFNNs, the C-ITFNNWAA operator can be expressed as follows: 


J J J J 
>, AB iar A852 Ake by Asti} 
ial i=l i=l ial 


r ieee eee eee chico i te an A 
| les trey Ie ey | fc 
C-ITFNNWAA(A,@,,..4,)=4a,=| 7" i 
5 YA Ale AiNi3, yA} 
i=1 i=1 i=1 i=l 
1-[](l-f)" A Tt T;;) | 
L ial i=l 


Proof: Here, Theorem 1 is proved in light of mathematical induction. 
(1) When J = 2, the aggregated result of the two C-ITFNNs is obtained as follows: 
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C —ITFNNWAA(4,,4,) = >. A,a, = 4,4, ® 4,4, 
i=1 
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(2) If J =n, the aggregated result of n C-ITFNNs is given as follows: 


Wanlu Du, Shigui Du, Jun Ye, Some Aggregation Operators of Credibility Interval Trapezoidal Fuzzy Neutrosophic 
Numbers and Their Decision-Making Application of Landslide Control Design Schemes 


Neutrosophic Sets and Systems, Vol. 53, 2023 


61 


Asta SAB Stor Sy Anta} 
i=1 i=1 i=1 i=l 
1-[]0~Za)" a-[] ats)" | | 
L i=1 i=l 
[2 ~ \4 yrs \4 “(meV ee V4 
: TH(4) TT (4) } es) TTA) (14) 
C -ITFNNWAA(G,, 4,,...4,)=44,=| 7 - . 
: At Ata tos She} 
i=1 i=1 i=1 i=1 
1 T1 Tay ate ti)" 
L i=l i=l 
[ n a Aj n ~, Aj n 5 Aj n ~ Ai 
Fuca’ Tyee) Fey Te) 
(3) If J=n+1, according to Eqs. (12) and (13), we can get the following result: 
C -ITENNWAA(G; iy...) = 3 4B = SAG, OAalic 
i=l i=l 
Satin SAB Sto Au f 
i=1 i=l i=l i=1 
1 ate f,)° +1-(1-f4) i T Fa) |(t-(t-Teea)") 
i=1 i=1 
& Tf)! +1-(0-Fi.a)” t TI Fi)" \ft-0-fin)”) 
i=1 i=1 
[ntl BON, n+1 on A n+1 eK n+l ate A 
Tico sua e (Gane om 
3 Ah 3 Aad 
i=1 i=1 i=1 i=1 
Pm 2) a ake z ae cf Sie: (15) 
1-[[(0~10)" +1-(0~fi.0)* -[1-T] 0-72)" ](0-(-725)") 
i=1 i=1 
1 Tl Fz)" +1-(1-Fi4)" f : (1 fi) \(t-(-ti.)”) 
i=1 i=1 
Hed Se A n os nl A n+l A 
Fey heey | ey ey | 


In view of the above results, Eq. (1 


Then, the C-ITFNNWAA operator of Eq. (12) has the following characteristics: 


n+] n+ n+1 n+] 
> Alia, >» Als, Alis>, Alig , 
i=l i=l i=l i=l 


2) is true for any J. 


(1) Idempotency: Let dG, (i=1,2,..., J) bea group of C-ITFNNs. If a, =a fori=1,2,..., J, there 


is C—ITFNNWAA( Gi, Gy,...,4,) =. 
(2) Boundedness: Let a, (i = 1, 2, ..., J) be a group of C-ITFNNs and let the minimum and 


maximum C-ITFNNs: 
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min 


min(h,), min(/4,),min(/;), min(/4,)); 
min(7;),min(7:3)}[ max(Z,,), max( 7) | [ mex (Fi) mF) 
(max (¢,,),max(gi2),max(g,5),max(g,.)) 
| \[ex(fi)-max (Zi) | [prin (Fn) min (7s,)} [min (Fa) min Fi) || 
mY rg (2% (Pa), amare) | | 
| max(7;;),max(7;;) ],| min(i,),min(7;) || min(#;),min( A) 


Then Gg, SC —ITFNNWAA (Gi, dy, ..-, Gy) S Gio 
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(3) Monotonicity: Let a, (i= 1, 2, ..., J) be a group of C-ITFNNs. If da, < Gi, fori=1,2,..., J, 


there is C—ITFNNWAA( Gi, Gy,...,, ) < C- ITFNNWAA( a, ../d). 


Proof: (1) Let a, =a fori=1,2,..., J. Then, the aggregated result of Eq. (12) is given below: 
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J. 
C -ITFNNWAA(4,, 4,,...,4,) = > Ad, 


i=1 


Yat Lge LAen DAti } 

i=l i=l i i=1 

[ J yA J wets 

1-[] (1-7) A-T] (1-5) | 
| 


J 3 
vA ae LA . icbak 
i=1 i= i= i 
[ J J o 
TF) A-T] (0-7) a 
eae ay 


Co il il 
J i J J 

Lama mys edAp 
id = = i=l 


=a. 


((r arborhy);[1-(1-% 1-0-7) | [ie LAF) 


ie: eee 


) Since and d,,, are the minimum and maximum C-ITFNNs, respectively, there is 
Ain = S Ae, » then ae 2) AG ees also exists. On the basis of the 
. . . ark < J A ae < bang . 
characteristic (1), there is nin & es iA; S Any , i.e., 
Grin < C —ITFNNWAA (Gi,, Gy, .4,G,) S Gre 
alee 4 wiht ‘ ; ae Go 33 
(3) Owning to da,<d, for i = 1, 2, ..., J, there is om AG, < oa Ad, , namely, 


C—ITFNNWAA(4,,a,,..,d,)< C—ITFNNWAA( 4), a, a). 
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((0.2,0.3,0.4,0.5);[0.1, 0.2], [0.2, 0.3], [0.3,0.4]), 
((0.3,0.4,0.5,0.6);[0.1, 0.3], [0.2, 0.4], [0.3,0.5]) 


Example 2. Set two C-ITFNNs as @, = | and 


((0.4,0.5,0.6,0.7);[0.2,0.4],[0.1,0.3],[0.5,0.7]), 
a, = with their weight values 0.3 and 0.7. 
((0.5,0.6,0.7,0.8);[0.2, 0.3], [0.3,0.4],[0.4,0.5]) 


Then, the calculational result using Eq. (12) is given below: 


2 
C-ITFNVWAA(4,,4,)= >. A,G, = 1,4, ® 4,4, 
i=1 


y 


0.2x0.3+0.4x0.7,0.3x0.3+0.5x 0.7, 
0.4x0.3+0.6x0.7,0.5x0.3+0.7 0.7 


1-(1-0.1)"x(1-0.2)",1-(1-0.2)"x(1-04)"”], J, 


0:2"? «0.197. 0:3""% a3", [.0.3°° x0.5°7,0.4°° x 07" | 


y 


0.3x0.3+0.5x0.7,0.4«0.3+ 0.6 x 0.7, 
0.5x0.3+0.7 x0.7,0.6x0.3+0.8x0.7 


1=(1=0.1)""x(1=0.2)"" 1-(1=0.3)"’ x(1- 03)", 


02°? «0:.3°7 04 x 0.4°7 |, fos” x0.4°7,0.5°° x 05. 


((0.34, 0.44, 0.54, 0.64);[0.171, 0.346], [0.123, 0.3], [0.429, 0.592), 
((0.44,0.54, 0.64, 0.74); [0.171, 0.3], [0.266, 0.4], [0.367,0.5]) 


_NGeevteed erie eee). 
Definition 4.2. Set a; = nee gd RAN, "SO aSeite ar 8 Vat (=1,2,...,J)asa 
(hiv Wahi) folate || |) 


J 

group of C-ITENNs with the weight A, of G, for OSA, <1 and ) A, =1. The C-ITFNNWGA 
i=1 

operator is defined as follows: 


J 
C-ITFNNWGA(G,,4,,...,4,) =|] a”. (16) 
i=1 


In terms of the operational laws of C-ITFNNs and Eq. (16), we can obtain the C-ITFNNWGA 
operator. 


7 (or 8av 818i) | Tarln | [trl Fee Pel) ; 
Theorem 2. Set da; = eee ae Roe + £4 bis (i= 1, 2, ..., J) asa 
(hi Nyy Nz, Nig ); kee Ee ;; | y LE Fi) 


J 
group of C-ITFNNs with the weight 2, of d, for 0< A, <1 and dA, =1. On the basis of Eq. 
i=l 


(16) and the operational laws of C-ITFNNs, the C-ITFNNWGA operator can be expressed as follows: 
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J 
C-ITFNNWGA (4, d,,...,4,) =] [a 


i=1 


et Tetd et] Te’ } 


Tomi canite M-‘ay'A-T]0-4a)" J.) 
Jf \ Ae) 0A) | . 


Cn mi Te TDD :) 


Since the proof method of Theorem 2 is similar to that of Theorem 1, it can also be proved in 
light of mathematical induction, which will not be repeated here. 
Then, the C-ITFNNWGA operator has the following characteristics: 


Idempotency: Let d; (i=1,2,..., J) bea group of C-ITFNNs. If dG, =a fori=1, 2, ..., J, there is 
C-ITFNNWGA( Gi, diy,..-,d; ) = G. 

Boundedness: Let d ; (i=1,2,...,J) be a group of C-ITFNNs and let the minimum and maximum 
C-ITFNNs: 


| 
J\= | : 
: h,),min(.),min(h,,),min(h,.)); 
Nat ri) 


sma) [min Zs) (is) nF) min 


max 8),max(82)-max(g,s),max(8,.)); 
ie 
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For @ <a (i = 1 2 ., J, there is >) 4a,<> "Aa , namely, 
C-ITFNNWGA (4, ,d,,..,d, ) SC —ITFNNWGA (Gi, @,,..,, ). 
However, the proof method of the C-ITFNNWGA operator is similar to that of the C- 
ITFNNWAA operator, which is omitted here. 
((0.4,0.5,0.6,0.7);[0.1,0.4],[0.2, 0.5], [0.3,0.6]), 


cE eRe rer nee Te 
Example 3. Set two C-ITFNNs as 


((0.3,0.4,0.5,0.6);[0.1,0.2], [0.10.3], [0.1,0.4]), 
((0.6,0.7,0.8,0.9);[0.2, 0.5],[0.3, 0.6], [0.4,0.7]) 


and 


2 


| with their weight values 0.4 and 0.6. Then, the 
calculational result using Eq. (17) is given below: 
2 


C -ITFNNWGA(4,,4,)=| | a* =a @a? 


i=1 
(0.4° x0.3°°,0.5°4 x 0.4°°, 0.6°* x 0.5°°, 0.7°" x 0.6°°); 
0:19 01-04 x 0.274, 


[1-(1-0.2)"*x(1-0.1)"",1-(1-0.5)"" x(1-0.3)"* |, 
|1-(1-0.3)"*x(1-0.1)"",1-(1-0.6)"* x(1-0.4)"* | 

(0.5°* x0.6"°, 0.64 x 0.7°°, 0.74 x 0.8°*, 0.8% x0.9°° ); 
LO22*x0:2"°30:3 "x05" |, 

[1-(1-0.3)"* x(1-0.3)"",1-(1-0.4)"" x(1-0.6)* |, 


[1-(1- ay e204) 12 = 05)" 07)"] 


((0.558, 0.658, 0.758, 0.859); [0.2, 0.408], [0.3, 0.53], [0.4, 0.632]) 


Particularly, when there are no credibility degrees in C-ITFNNs, C-ITFNNs become ITFNNs. 
Thus, Eqs. (12), (17), and (10) become the ITFNN weighted arithmetic averaging (ITFNNWAA) and 
ITFNN weighted geometric averaging (ITFNNWGA) operators and the score function: 


Leen ee 


J 
ITFNNWAA(G,, G,,...,) = > Ad, 


i=l 


J J J J J Bw ~ 
(Asn DAgoDAeo LAeu)|1-T]-F) a-T](0~t)" , (18) 
il i=l i=l i=l i= 
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J 
ITFNNWGA(4,,4,,...,4, ) = | | a 


i=l 


[det Let Tet Cet) ) La) | oT 


L 


I aoe J a 
[fe Te-iaya- (1-i;,) 
i=1 i= 
S'(a)= w((site tate) x(4+Ty +Ty i, -i° -F, Fy )),S"(@) €[0,1]. 20) 


5. DM Model with C-ITFNNs 


In this section, we use the C-ITFNNWAA and C-ITFNNWGA operators and the score function 
to establish the multi-attribute DM model in the C-ITFNN circumstance. 

Let a set of alternatives be E = {e1, e2, ..., ep} and a set of attributes be G = {g1, 92, ..., gj}. The weight 
vector of the attributes is 2 = (A1, Az, ..., 4), which indicates the importance of various attributes. 
Decision makers can give their satisfactory linguistic evaluation values and credibility degrees 
through the set of linguistic terms L = {Very bad, Bad, Fairly bad, Medium, Fairly good, Good, Very 
good}. In view of Table 1, we can obtain the linguistic values of each alternative er (r= 1, 2, ..., p) over 
the attributes gi (i= 1, 2, ..., J) and express them as the following C-ITFNN: 


(( Sys 8 yi27 8 ri37 Bia )s key vie iF be fer | Ee Fs ]), 
a,; = 
(tach) FoF \ ew Be, UR Fe) 


Thus, we can establish the C-ITFNN decision matrix N = (4, yg . 


Table 1. Linguistic terms and linguistic values of ITFNNs 


Linguistic term Linguistic value of ITFNNs 
Very bad (VB) <(0.1,0.1,0.1,0.1);[0.1,0.2],[0.9,1.0],[0.9,1.0]> 
Bad (B) <(0.2,0.3,0.4,0.5);[0.2,0.3],[0.8,0.9],[0.8,0.9]> 
Fairy bad (FB) <(0.3,0.4,0.5,0.6);[0.3,0.4],[0.7,0.8],[0.7,0.8]> 
Medium (M) <(0.4,0.5,0.6,0.7);[0.5,0.6],[0.4,0.6],[0.4,0.6]> 
Fairy good (FG) <(0.5,0.6,0.7,0.8);[0.7,0.8],[0.2,0.3],[0.2,0.3]> 
Good (G) <(0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2],[0.1,0.2]> 


Very good (VG) <(1.0,1.0,1.0,1.0);[0.9,1],[0,0.1],[0,0.1]> 


Then, we use C-ITFNNWAA and C-ITFNNWGA operators and the score function to establish 
the multi-attribute DM model with C-ITFNN information and to select the best alternative. The DM 
process is indicated below. 


Step 1: Give the aggregated C-ITFNNs 4d, for CATH=L 2 ap) by the C-ITNNWAA 
operator or the C-ITNNWGA operator: 
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J 
a, = C—ITFNNWAA(G,,,4,>,...4,,) = > A,4,, 
i=l 


J J J J 
Ft Fo Aton Ata} 
zs i= i=l = 

J ; an 
iz Belltes Aha -TT(- E) | 
; a A ; aT. A 
leaps 0 Fd TL 


i= i=l i i=l 


J J 
Yah DA hardy aha Sal} } 
i=l i=l 
J J 


(21) 


1-[]-#.,)' a-T]0-4;,)* 


J 
i, = C—ITFNNWGA(G1,4,»,-.4,,) =| | 4, 


J - J J 
Tei Test Let] } 
i= i=l i=l i=l 
A J 2. hj d é 
Ge Nri mW bite } [10-4 phic IT(G- a) |} 
i=1 


i=1 i=1 


‘i h-ty(0-#,) jA- [- Ae) ] 


> J J J J 
[|] vil I] legs his, | [nis 
i=1 i= i= i= 
fete eee te] 


(22) 


i= i=1 i= i= 


Step 2: Calculate the score values of the aggregated values a, by Eq. (10). 
Step 3: Sort the alternatives and determine the optimal one with the largest score value. 
Step 4: End. 


6. Actual DM Example 


6.1 DM Case of LCDSs 


With the rapid development of China economy in recent years, the scale of engineering activities 
has become larger and larger, and the problem of landslides has become more and more serious. This 
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section gives an actual DM case of LCDSs to illustrate the feasibility and applicability of the proposed 
DM model in the C-ITFNN scenario. The terrain of the landslide area is high in the west and low in 
the east, high in the north and low in the south, generally inclined from west to east, and the terrain 
fluctuates greatly. Referring to the experience of landslide control, four potential LVDSs are provided 
for some landslide treatment in Shaoxing City, China, which are indicated by a set of the four 
alternatives E = {e1, €2, e3, ea}. In the scheme e1, graded slope toes and retaining wall and lattices are 
used in the central and northern areas, while slope unloading, anti-sliding piles and anchor-cable 
anti-sliding piles in the southern area. In the scheme e2, graded slope toes, retaining wall, and anchor 
rod lattice are used in the central and northern areas, and double-row anti-sliding piles and anchor- 
cable anti-sliding piles are used in the southern area. In the scheme es, graded slope toes and 
supporting anti-sliding piles are used in the central and northern areas, and anchor-cable anti-sliding 
piles are used in the southern area. In the scheme ez, graded slope toes and retaining walls and anchor 
rod lattices are used in the central and northern areas, and anchor cable anti-sliding piles are used in 
the southern area. Then, a satisfactory evaluation of the four alternatives is subject to the three 
important conditions (attributes): technical difficulty (g1), environmental impact (gz), and governance 
cost (g3). The importance of the three conditions is assigned by the weight vector / = (0.2, 0.3, 0.5). 

In the DM issue of LCDSs, experts are invited to give the satisfactory degrees and credibility 
levels of the four alternatives with respect to the three attributes by the linguistic terms obtained from 
the set of linguistic terms L = {Very bad, Bad, Fairly bad, Medium, Fairly good, Good, Very good}, 
then the given linguistic terms are shown in Table 2. 


Table 2. Linguistic terms of the satisfactory degrees and credibility levels 


gi 8 $3 
e1 (B, M) (EB, G) (FG, G) 
e2 (G, VG) (FG, G) (EB, G) 
e3 (B, FG) (GG) (M, VG) 
es (FG, M) (VB, FG) (EB, FG) 


Thus, the linguistic terms of the satisfactory degrees and credibility levels in Table 2 can be 
converted into C-ITFNNs in view of the corresponding linguistic values in Table 1, which are 
constructed as the decision matrix: 


| ( ((0.2,0.3,0.4,0.5); [0.2,0.3],[0.8, 0.9], [0.8,0.9]), ((0.3,0.4,0.5,0.6); [0.3,0.4],[0.7,0.8], [0.7,0.8]),) ( ((0.5,0.6, 0.7,0.8);[0.7, 0.8], [0.2,0.3],[0.2,0.3]), ) 
((0.4,0.5,0.6,0.7);[0.5,0.6],[0.4,0.6],[0.4,0.6]) } | ((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2],[0.1,0.2]) J} | ((0.6,0.7,0.8,0.9);[0.8, 0.9],[0.1,0.2], [0.1,0.2]) 
((0.6,0.7,0.8, 0.9); [0.8,0.9],[0.1,0.2], [0.1,0.2]}, ( (0.5,0.6,0.7,0.8);[0.7,0.8],[0.2,0.3],[0.2,0.3]),) { ((0.3,0.4,0.5,0.6);[0.3, 0.4], [0.7, 0.8],[0.7,0.8]}, 
((1.0,1.0,1.0,1.0);[0.9,1.0], [0,0.1],[0, 0.1]) ((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2],[0.1,0.2]) } (((0.6,0.7,0.8,0.9);[0.8, 0.9], [0.1,0.2], [0.1,0.2]) 

a ((0.2,0.3,0.4,0.5);[0.2,0.3],[0.8,0.9], [0.8,0.9]), le .6,0.7,0.8,0.9);[0.8, 0.9], [0.1,0.2], [0.1,0.2]),) { ((0.4,0.5,0.6,0.7);[0.5, 0.6],[0.4, 0.6], [0.4,0.6]), 

((0.5,0.6,0.7,0.8);[0.7, 0.8],[0.2,0.3], [0.2,0.3]) } | ((0.6,0.7,0.8,0.9);[0.8, 0.9], [0.1,0.2],[0.1,0.2]) } | ((1-0,1.0,1.0,1.0);[0.9,1.0], [0, 0.1], [0, 0.1]) 
((0.5,0.6,0.7,0.8);[0.7,0.8],[0.2,0.3],[0.2,0.3]), oe .1,0.1,0.1,0.1);[0.1,0.2], [0.9,1],[0.9,1]), ((0.3,0.4,0.5,0.6);[0.3, 0.4], [0.7,0.8],[0.7,0.8]), 

| ((0-4,0.5,0.6,0.7);[0.5, 0.6], [0.4,0.6],[0.4,0.6]) } | ((0.5,0.6,0.7,0.8);[0.7,0.8], [0.2,0.3],[0.2,0.3]) } | ((0.5,0.6,0.7,0.8);[0.7,0.8], [0.2,0.3],[0.2,0.3]) ) 
To deal with the DM problem, we give the following decision process. 


Step 1: Utilize the C-ITFNNWAA operator of Eq. (21) and get the aggregated values d, for er 
(r=1, 2, ..., p): 


0.38, 0.48, 0.58, 0.68 
0.56, 0.66, 0.76, 0.86 


;0.5298, 0.64279 [0.3843, 0.5016], [0.3843, 0.5016)]), 
;[0.7598, 0.868], [0.132, 0.2491], [0.132, 0.2491]) 


0.42,0.52, 0.62, 0.72 
0.68, 0.76, 0.84, 0.92 


;0.5774, 0.6984@[0.3257, 0.4517], [0.3257,0.4517]), 
;[0.8259,1],[0,0.1741],[0,0.1741]} 


a, = 


{( 
aK 
(( 
(( 


foe ee ee ee 
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_ { ((0.42,0.48, 0.58, 0.68) ;€0.5827, 0.70489 [0.3031, 0.468],[0.3031, 0.468]), 
- | ((0.78, 0.83, 0.88, 0.93);[0.8466,1], [0, 0.1534], [0, 0.1534]) 
( 


__ (((0.28,0.48, 0.58, 0.68) ;<.3628, 0.47499 [0.5875, 0.703], [0.5875,0.703]), 
= ((0.48, 0.58, 0.68, 0.78) ;[0.6677, 0.7703], [ 0.2297, 0.3446], [0.2297,0.3446]} 
Or use the C-ITFNNWGA operator of Eq. (22) and get the aggregated values da, for er (r =1, 2, 
wey P)! 
7 ((0. 3571, 0.4625, 0.5658, 0. 668); &).4226,0. 534190. 5483, 0. 6743], [0. 5483, 0. 6743), 
7 ((0. 5533, 0.6544, 0.7553, 0. 8559); [0. 7282, 0. 8299], [0. 1701,0. 3036], [0. 1701,0. 3036]) } 
( 


___ {((0.4017, 0.5052, 0.6076, 0.7093); 0.4707, 0.57929 [0.4984, 0.6157], [0.4984, 0.6157]), 
* | ((0.6645,0.7518, 0.8365, 0.9192); [0.8191, 0.9192], [0.0808, 0.1809], [0.0808, 0.1809]) 


; 0.4798, 0.58999 [0.4561, 0.6268], [0.4561, 0.6268)), 


_{ ((0.3983,0.4994, 0.6031, 0.7057 
U( ;[0.8262, 0.9266], [0.0734, 0.1738], [0.0734,0.1738]) | 


(0.7469, 0.8113, 0.8709, 0.9266 


) 
) 
; - (0.239, 0.2862, 0.33, 0.3713) ;<0.2556, 0.37329 [0.7375, 1], [0.7375,1]), 
4 


((0.4782, 0.5785, 0.6787,0.7789);[0.6544, 0.7553], [0.2447, 0.3741], [0.2447, 0. ee 


Step 2: Use Eq. (10) and calculate the score values of the aggregated values d, (r=, 2, .. 
S(a,) =0.1729, S(a,)=0.2582, S(d,) =0.2661, and S(a,)=0.0855. 
Or $(d,)=0.1164, S(a,)=0.1802, S(a,)=0.1954, and S(d,) =0.0258. 


Step 3: Give the sorting of the four LCDSs: e3 > e2 > e1 > es. Hence, the optimal choice is the scheme 
e3. 

It can be found that the sorting and optimal choice results obtained by the C-ITFNNWAAA 
operator and the C-ITFNNWGA operator are consistent. 


6.2 Comparison of the Proposed DM Model with Previous DM Models in the Scenarios of C-TFNNs, 
ITFNNs, TFNNs, and SVNNs 


To indicate the efficiency of the proposed DM model in the C-ITFNN scenarios, we compare the 
DM model proposed in this paper with the previous DM models in the C-TFNN, ITFNN, TFNN and 
SVNN scenarios. Since the previous DM models cannot perform the DM issue of C-ITFNNs, we only 
consider the situations of C-TFNNs, ITFNNs, TFNNs, and SVNNs as four special cases of C-ITFNNs 
for convenient comparison. Therefore, we assume that all interval values in the C-ITFNN decision 
matrix N are converted into their average values to produce the C-TFNN matrix Nc-renn: 


| ( ((0.2,0.3,0.4,0.5);0.25,0.85,0.85),) {((0.3,0.4,0.5,0.6);0.35, 0.75,0.75),) { ((0.5,0.6,0.7,0.8);0.75, 0.25, 0.25), 
((0.4,0.5, 0.6, 0.7); 0.55, 0.5, 0.5) ((0.6,0.7,0.8, 0.9); 0.85,0.15, 0.15) ie 6,0.7,0.8,0.9);0.85,0.15, 0.15) 
((0.6,0.7,0.8,0.9);0.85,0.15,0.15), | { ((0.5,0.6, 0.7, 0.8);0.75,0.25,0.25),| ( ((0.3,0.4, 0.5, 0.6); 0.35, 0.75,0.75), ) | 
((1.0,1.0,1.0,1.0); 0.95, 0.05, 0.05) ((0.6,0.7, 0.8, 0.9); 0.85, 0.15, 0.15) te 0.7,0.8,0.9); 0.85, 0.15, He 

aa ((0.2,0.3,0.4,0.5); 0.25, 0.85,0.85),) _ {((0.6,0.7,0.8,0.9);0.85,0.15,0.15),) _ ((0.4,0.5,0.6,0.7);0.55,0.5,0.5), 

((0.5,0.6,0.7,0.8);0.75,0.25,0.25) } | ((0.6,0.7, 0.8, 0.9); 0.85, 0.15, 0.15) i 1.0,1.0,1.0,1.0);0. a 
((0.5,0.6,0.7,0.8);0.75,0.25,0.25), | { ((0.1,0.1,0.1,0.1);0.15,0.95,0.95),) _{ ((0.3,0.4, 0.5, 0.6) ;0.35, 0.75,0.75), 
((0.4,0.5,0.6,0.7); 0.55, 0.5, 0.5) ((0. ees be 5,0.6,0.7,0.8);0.75, 0.25, 0.25) | 
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If we do not consider the credibility levels in N, N becomes the ITFNN matrix Nirenn: 
((0.2,0.3,0.4,0.5);[0.2,0.3],[0.8,0.9],[0.8,0.9]) ((0.3,0.4,0.5,0.6);[0.3, 0.4], [0.7,0.8],[0.7,0.8]) ((0.5,0.6,0.7,0.8);[0.7,0.8],[0.2, 0.3], [0.2,0.3 
((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2],[0.1,0.2]) ((0.5,0.6,0.7,0.8);[0.7,0.8], [0.2,0.3],[0.2,0.3]) ((0.3,0.4, 0.5, 0.6); [0.3,0.4],[0.7, 0.8], [0.7,0.8 

a ee ((0.2,0.3,0.4,0.5);[0.2, 0.3], [0.8,0.9],[0.8,0.9]) ((0.6,0.7,0.8,0.9);[0.8,0.9],[0.1,0.2],[0.1,0.2]) ((0.4,0.5,0.6,0.7);[0.5,0.6], [0.4, 0.6], [0.4, 0.6 
((0.5,0.6,0.7,0.8);[0.7,0.8],[0.2,0.3],[0.2,0.3])  ((0.1,0.1,0.1,0.1);[0.1,0.2],[0.9,1],[0.9,1]) _ ((0.3,0.4,0.5,0.6);[0.3, 0.4], [0.7, 0.8], [0.7,0.8 


eK 


) 
) 
) 
) 
If we do not consider the credibility levels in Nc-tewn, Nc-rrvn becomes the TENN matrix Nrenn: 
((0.2,0.3, 0.4, 0.5);0.25,0.85,0.85) ((0.3,0.4,0.5,0.6);0.35,0.75,0.75) ((0.5,0.6,0.7, 0.8); 0.75, 0.25, 0.25) 
ae ((0.6,0.7,0.8,0.9);0.85,0.15,0.15) ((0.5,0.6,0.7,0.8);0.75,0.25,0.25) ((0.3,0.4, 0.5, 0.6); 0.35, 0.75, 0.75) |- 
mY | ((0.2, 0.3, 0.4, 0.5); 0.25, 0.85,0.85) ((0.6,0.7,0.8,0.9);0.85,0.15,0.15) (0.4, 0.5,0.6, 0.7); 0.55, 0.5, 0.5) 
((0.5,0.6,0.7,0.8);0.75,0.25,0.25) ((0.1,0.1,0.1,0.1);0.15,0.95,0.95) _((0.3,0.4, 0.5, 0.6); 0.35, 0.75, 0.75) 


If we do not consider TFNs in Nrenn, Nrenn becomes the SVNN matrix Nsvnn: 


(0.25, 0.85,0.85) (0.35, 0.75, 0.75) (0.75, 0.25,0.25) 
o (0.85, 0.15, 0.15) (0.75, 0.25, 0.25) (0.35, 0.75,0.75) 
SYN | (0.25,0.85,0.85) (0.85,0.15,0.15) — (0.55,0.5,0.5) 

(0.75, 0.25, 0.25) (0.15, 0.95, 0.95) (0.35, 0.75,0.75) 
In the scenarios of C-TFNNs, ITFNNs, TFNNs, and SVNNs, we apply Eqs. (1), (2), (18), (19), (4), 
(5), (7), and (8) for the decision matrices of C-TFNNs, ITFNNs, TFNNs, and SVNNs to obtain their 
aggregated values. Then, the score values of their aggregated values are obtained by the score 
functions of Eqs. (3), (6), (9), and (20) in the corresponding scenarios. For clear comparison, all 


decision results are given in Table 3. 
Table 3. Decision results based on different DM models in the scenarios of SVNNs, TFNNs, ITFNNs, C- 


TFNNs, and C-ITFNNs 


Method Score value Sorting Optimal one 
DM model using the 0.5657,0.618,0.6223,0.3752 €3 > €2>€1> e4 e3 
SVNNWAA operator [19] 
DM model using the 0.4203,0.4711,0.4856,0.2335 €3 > €2>€1> e4 e3 
SVNNWGA operator [19] 
DM model using the 0.2998, 0.3523,0.336,0.1895 €2 > €3 > €1> e4 €2 
TFNNWAA operator [30] 
DM model using the 0.2158,0.2619,0.2673,0.0716 €3 > €2>€1> e4 e3 
TFNNWGA operator [30] 
DM model using the 0.3004,0.3535,0.3371,0.1899 €2>€3 > e1> e4 €2 
ITFNNWAA operator [34] 
DM model using the 0.2149,0.2615,0.2663,0.059 e3 > €2 > €1> e4 e3 
ITFNNWAA operator [34] 
DM model using the C- 0.1725,0.2479,0.2597,0.0853 e3 > €2 > €1> e4 e3 
TFNNWAA operator [37] 
DM model using the C- 0.1170,0.1805,0.1965,0.0313 €3 > €2 >e1> e4 €3 
TFNNWGA operator [37] 
DM model using the C- 0.1729,0.2582,0.2661,0.0855 €3 > €2>€1> e4 e3 
ITFNNWAA operator 
DM model using the C- 0.1164,0.1802,0.1954,0.0258 €3 > €2>€1> e4 e3 
ITFNNWGA operator 
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From the sorting results in Table 3, it can be seen that there are differences in the DM results 
obtained based on different aggregation operators of SVNNs, TFNNs, C-TFNNs, and C-ITFNNs. In 
the cases of TFNNs and ITFNNs, the optimal schemes obtained by different aggregation operators 
are inconsistent, where the optimal scheme obtained by using the weighted arithmetic averaging 
operators is ez and the optimal scheme obtained by using the weighted geometric averaging operators 
is es. Moreover, the optimal DM result obtained in the scenarios of SVNNs, C-TFNNs and C-ITFNNs 
is es. However, the level of credibility plays a key role in the sorting of the alternatives because it can 
ensure the credibility of the assessment information of TFNNs and ITFNNs. The previous DM models 
with SVNNs, TFNNs, ITFNNs [19, 30, 34] may result in unreasonable/distorted DM results because 
they are difficult to ensure the credibility of SVNNs, TFNNs, and ITFNNs. In addition, in the 
scenarios of C-TFNNs and C-ITFNNs, the proposed DM model of C-ITFNNs obtains the same DM 
results as the DM model of C-TFNNs [37], which also proves the rationality and efficiency of the 
proposed DM model in the scenario of C-ITFNNs. The reason is that the C-TFNN matrix obtained by 
taking the average value of the interval values in C-ITFNNs is only a special case of the C-ITFNN 
matrix. Therefore, it can be seen that the proposed DM model of C-ITFNNs generalizes the previous 
DM model of C-TFNNs [37], while the previous DM model of C-TFNNs [37] is only a special case of 
the proposed DM model of C-ITFNNs. In general, the proposed DM model of C-ITFNNs makes DM 
applications more general and practical, demonstrating the clear advantages in the setting of C- 
ITFNNs. 


7. Conclusion 


As an extension of C-TFNNs, this paper first proposed C-ITFNNs in view of ITFNNs and 
credibility levels, which are expressed by an ordered pair of ITFNNs. Then, we defined some 
operational laws of C-ITFNNs and the score function of C-ITFNN and presented the C-ITFNNWAA 
and C-ITFNNWGA operators and their properties. Furthermore, the C-ITFNNWAA and C- 
ITFNNWGA operators and the score function were used for a multi-attribute DM model of C- 
ITFNNs. Lastly, the proposed DM model was applied to the DM case of LCDSs in the scenario of C- 
ITFNNs and verified its feasibility. By comparative analysis of the different DM models in the 
scenarios of C-ITFNNs, C-TFNNs, TFNNs, and SVNNs, the proposed DM model revealed the 
superiority of DM generalization in the scenario of C-ITFNNs since the previous DM models are only 
the special cases of the proposed DM model of C-ITFNNs. 

Generally, the information representation, operation and DM techniques of C-ITFNNs reveal 
their original contributions in this study. Then, the main superiority of our new DM model is that it 
not only compensates for the gap of existing DM models, but also is more reliable and versatile than 
existing DM models. As future research, the techniques proposed in this paper can be extended to 
slope stability/risk assessment, mine risk/safety assessment, and image processing in a C-ITFNN 
circumstance. 
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Abstract: In the process of the rapid development of big data and the Internet of Things in recent 
years, in order to create a "strong transportation” construction goals, intelligent transportation 
projects have become the key carrier of the development of China's transportation industry, the 
national and local transportation level, economic development and the improvement of people's 
living standards have an important role. However, although the construction of intelligent 
transportation projects around the world is in full swing, but the actual operation effect is not ideal. 
The comprehensive evaluation of urban smart traffic management systems (USTMS) is a classical 
MADM issues. In this paper, the MADM issues are studied with defined 2-tuple linguistic 
neutrosophic sets (2TLNSs). Then, connected traditional GRA with 2TLNSs, the 2TLNN-GRA 
method is elaborated for MADM. Finally, an example for comprehensive evaluation of USTMS was 
given and some comparisons was elaborated the 2TLNN-GRA method 


Keywords: Multiple attribute decision making (MADM); 2TLNS; GRA method; Urban smart traffic 
management system(USTMS) 


1. Introduction 


Generally speaking, decision making refers to making a decision based on the realization of 
conditions, whether it is a major decision made by the state or corporate policy, or a decision made 
by people in ordinary daily life[1-3]. Therefore, decision making is widely elaborated in various fields 
of life and production, and has gained more and more attention, such as a company needs to improve 
anew product, a government department bidding activity, or an individual's choice of occupation or 
the purchase of goods, all of which are of decision making significance[4-7]. In fact, human beings 


inevitably face a variety of complex decision-making problems, involving artificial intelligence and 
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other fields, network data, granularity of computing[8-11]. Nowadays, decision making is one of the 
quite common activities in people's daily life, which aims at ranking a limited number of alternatives 
by the decision maker according to the value of the evaluation index of each alternative[12-16]. Multi- 
Attribute Decision Making (MADM) is a branch of decision making that is considered as a cognitive- 
based human activity. The first step in decision-making is to build mathematical models to describe 
the uncertain information from different levels, and MADM is one of the processes to find the best 
solution among all feasible alternatives[17-19]. According to certain attributes, decision information 
of all alternatives, their corresponding values are represented by some precise value, however, it is 
believed that most real-life decisions are made in environments with inaccurate or imprecise goals 
and constraints, which are inherently ambiguous and thus cannot represent preferences with precise 
values, and most decision makers, due to time decision pressure and lack of full data, may have 
limited information processing capabilities [20-27]. To cope with this situation, fuzzy set theory has 
been widely used to deal with uncertainty and vague information [28-32]. After the successful 
application of fuzzy set decision theory, researchers have worked on the extensions and applications 
of fuzzy set theory, among which intuitionistic fuzzy sets(IFSs) [33-43]and neutrosophic sets (NSs) 
[44-55] theory is one of the most important extensions and has been fully applied to MADM. 
Furthermore, Wang, Wei and Wei [56] devised the 2TLNSs which fuzzy decision information are 
elaborated with 2TLs[57-63]. 


With the acceleration of China's urbanization process, urban population, housing and industrial 
agglomeration on a large scale, urban traffic problems are becoming more and more prominent: traffic 
congestion is serious, resulting in increased travel time and huge energy consumption; traffic safety 
problems are serious, accidents are frequent; vehicle emissions and environmental pollution and traffic 
noise pollution more serious; the increase in vehicle ownership brings parking facilities gradually 
intensify the contradiction between supply and demand, etc.. Intelligent transportation is proposed in 
this context, but whether the development of intelligent transportation in a city meets the target 
requirements requires a complete evaluation system to judge. At present, the concept of intelligent 
transportation, the technology required for intelligent transportation, intelligent transportation 
evaluation system and standards are not in-depth research, how to develop intelligent transportation, 
how to establish an appropriate intelligent transportation evaluation system is an urgent issue to be 
solved. The problems of comprehensive evaluation of USTMS are MADM problems. In this elaborated 
paper, the 2TLNN-GRA is constructed based on GRA [64-70] and 2TLNSs. Finally, an example for 
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comprehensive evaluation of USTMS was given and some comparisons were elaborated the 2TLNN- 
GRA. In order to conduct so, the reminder of such paper elaborates. The definition of 2TLNNSs is 
elaborated in Sec. 2. The 2TLNN-GRA is elaborated for MADM are elaborated in Sec. 3. An example for 
comprehensive evaluation of USTMS is elaborated the 2TLNN-GRA in Sec. 4. Sec. 5 lists the 


conclusions. 


2. Preliminaries 


Wang et al. [56] elaborated the 2TLNSs. 

Definition 1 [56]. Let f5={fs,|i=0,1,2,---,H} be the LTSs. The fs, elaborates a possible 
linguistic value, and fo= { fs, = exceedingly terrible, fs, = very terrible, 
fs, = terrible, fs, = medium, fs, = well, fs, =very well, fs, = exceedingly well. , then the 2TLNSs 
is described as: 

F5=((fs A) fs AC fs (1) 
where A*(fi,, fa,),A7(fs,,fB)»A"(fs,,fx)€[0,H] elaborate truth membership, 
indeterminacy membership and falsity membership with 2-tuple linguistic decision information, 
0<A" (fi, f9)+A7 (fi, f9)+ 4" (fy, fy) S3H- 

Definition 2[56]. Let f6,= (( fe, Rol h) ay u)) 
f 5, =((f5, Faz), A, :)/( A, £22), the given operation is elaborated: 


o[o| “A A“(fs,,fa,,) A"(f,, fa,,) | 


H a a aed - 
(1) f6,® f6, = : ; : | 
[of ees 2th)) (5 (4,.f%) A Sela) 
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al alo (4, fa,,) a Ate) 


H H 
(2) (6 @f6,=sA\ H A'(8, fA) 4’ (BSB) A" (4,8) (8 £6) 
1 2 H H H H aii 
A| H Wh nd ees | 
H H H H 


(3) Af 6, -_ 4 A > 0; 


Definition 31711. Let F,=((Birten) By FB) Bete) 


fo,= (( fs, Pea ie, f Po eae FX )). then the Euclidean distance is: 


A“(fs,,fa,)-A"(,,fa,)| |a*(fs,,8,)-47(4,-£6,)) 


2: 

+ 
AH H 
(2) 


ED(f6,, f6,)= 


OlR 


H 


+ 


Definition 4[56]. Let fd = (( Barf a,),( Bir f B), ( S84 f x))) the score and accuracy functions of 


f 6 is elaborated: 


(2H +A” (fs,, fa,)-A~ (fs,, f B)-A” (fs, fx) 
3H 


SF (1d) = _ SF (fd) €[0,1] (3) 


HF (15) = —(a" (fs, fa,)-A" (fs, fx)), HF (f5)e[-1,1] (4) 


For f0,and f0,, then 
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(1) if SF(f6,)<SF(f6,), f6,< f5,; 
(2) if SF(f6,)=SF(f6,),HF(f6,)<HF(f6,), f6,<f6,; 
(3) if SF(f6,)=SF(f6,),HF (f6,)=HF(fo6,), fd, = fo,. 


3. 2TLNN-GRA method for MADM 
The 2TLNN-GRA is elaborated for MADM. Suppose m defined decision alternatives 


{DA, DA,,...,DA,,\ , N_ given attributes {GO,, GO,,...,GO, | ) fw=(fw, fir, ++, fw, ) is 
weight GO ;, Where fw; = [0,1] : SS fw; =1.The 2TLNN-GRA for MADM are elaborated. 
jal 


Step 1. Elaborate the 2TLNN-matrix F = [ Fi d; | 


mxn 


GO, GO, ... GO, 
DA[ fh: fhe fn 
relia ePs|'M the 18 ; 
DAL ba ft 1m 
(6) 
£4; ={( Bi, fe%,),( $5, £ By), (Bf 20) 
Step 2. Elaborate normalized F =| fg, | to NF =([nf¢,| 
Aimed at benefit decision attributes: 
rBis-((orp mtd nyo Phe ars} . 


={(f5, #){ fy OL fy Que 
Aimed at cost decision attributes: 
nf d, ={(nfs,, -nf a, ),(nfs, nf B, ). (nfs, nf x,)| 
A(H-A7(fs,,.fa,)),A(H-4"(f5,,FB)))- (8) 
A(H-A7(fs,,.f%)) 


Step 3. Elaborate the 2TLNN positive ideal alternative (2TLNNPIA) and 2TLNN negative ideal 
alternative (2TLNNNIA) with Eq. (9-14): 


2TLNNPIA = {2TLNNPIA i (9) 
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2TLNNNIA = {2TLNNNIA | 
2TLNNPIA, = {( ts; fer), (nfs; nf B;),(nfs; nf x} )} 
2TLNNNIA, = {( xs, nf ar; ), (nfs, nf Bj ),(nfs;, nf Xi )}. 
SV |( nfs; nfo), (nfs; nf B; ),(nfs;, nf x3) 
= max SV ({(nvs,nF,), (nf, nF B,), (of, 00 z)}) 
SV (nfs, nf; (nfs; nf B; ), (nfs; nf x; 
= mins ({(nfs, nt, ) (nts, nf B,) (nfs, nf 2,)}) 


Step 4. Elaborate the grey rational coefficients (GRC) from the 2TLNNPIA and 2TLNNNIA as: 


2TLNNPIAGRC (&;) 


2TLNNNIAGRC ( &; | 


min ED (nf ¢;,2TLNNNIA, |+ pmax ED(nf ¢;,2TLNNNIA, ) 


— l<i<m 


ED(nf $;,2TLNNNIA, )+ pmax ED(nf $;,2TLNNNIA, ) 
Step 5. Elaborate the grey relation degree (GRD) for 2TLNNPIA and 2TLNNNIA: 


2TLNNPIAGRD (é,)= y fw, 2TLNNPIAGRC (é; ) 


j=l 


2TLNNNIAGRD (é,) = >} fw, 2TLNNNIAGRC (&, ) 
j=l 


Step 6. Obtain the defined 2TLNN relative relational degree (2TLNNRRD) for 2TLNNPIA: 


_ 2TLNNNIAGRD (&,) 
~ 2TLNNPIAGRD (é,) + 2TLNNNIAGRD (6) 


2TLNNRRD (€,) 


Step 7. The optimal alternative is obtained with higher 2TLNNRRD ( €, ) value. 


4, An example and comparisons 


4.1. An example for comprehensive evaluation of USTMS 


min ED (nf ¢,,2TLNNPIA, | + pmax ED (nf ¢,,2TLNNPIA, | 
ED(nf ;, 2TLNNPIS ;| + prpax ED (nf $,, 2TLNNPIA, | 


80 


(10) 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 
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Since the invention of the automobile, human beings have continuously conducted research on 
urban transportation and its evaluation. In traditional urban transportation planning, the evaluation 
has focused on the ability and level of the transportation system to solve traffic problems. In the 1930s, 
since Greenshields proposed the traffic flow theory, people began to use speed, flow, density and 
other traffic indicators to analyze and study the traffic operation. The idea of traffic demand 
prediction theory is to make traffic trip OD generation prediction and traffic demand prediction by 
establishing the basic relationship between traffic and land use, combining with land use information, 
and then applying network analysis techniques to allocate traffic (shortest path traffic allocation and 
multi-path traffic allocation) and formulate road traffic planning schemes. With the continuous 
development of urban transportation, traffic problems also emerge, and in order to solve various 
traffic problems that appear at different development stages, different traffic development concepts 
are proposed one after another, and even multiple traffic development concepts appear at the same 
time in one period. The new transportation development concept is proposed and involved in the 
construction of transportation, there must be a corresponding evaluation system to judge the 
development status to better guide the practice. For example, green transportation and low-carbon 
transportation are proposed on the basis of serious traffic pollution and high carbon emissions from 
motor vehicles, both of which have in common the concept of focusing on the development of public 
transportation, reducing energy consumption and achieving environmentally friendly development. 
Their evaluation systems, in addition to traffic function evaluation, mainly focus on traffic demand, 
improvement of environmental quality, and rational use of resources. Intelligent transportation is a 
transportation development concept proposed in the context of serious traffic congestion and road 
resource scarcity, focusing on the use of information technology and sensors to achieve a highly 
efficient and intelligent transportation system. Its evaluation focuses on the level of road 
infrastructure development, the level of intelligence, etc. Nowadays, the evaluation of urban 
transportation system is very rich and contains many aspects: traffic impact evaluation, traffic 
function evaluation, road traffic infrastructure level evaluation, traffic economic benefit evaluation, 
environmental impact evaluation, traffic management evaluation, road traffic safety evaluation, etc., 


involving all aspects of transportation. Although the evaluation contents are various and diverse, the 
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evaluation objects and evaluation purposes are the same. The evaluation objects are all urban traffic 
systems, and the evaluation purposes are to diagnose the current situation of urban traffic 
development and provide reference opinions for further development, so as to promote the benign 
development of urban traffic in the target direction. The problems of comprehensive evaluation of 
USTMS are classical MADM problems. In this elaborated section, we provide an example about 


Comprehensive evaluation of USTMS with 2TLNN-GRA. Aimed at five possible USTMSs 


DA, (i =1,2,3, 4,5) to be elaborated with four attributes: 


PQ is the information service level: The realization of intelligent transportation requires 
various types of IoT infrastructure, as well as various sensing equipment to collect traffic information. 
Therefore, the state of basic infrastructure directly affects the rapid development speed of intelligent 
transportation, which is the most basic content of intelligent transportation evaluation, and is also 
the key content of evaluation. 

@DC is the transport infrastructure: Intelligent transportation is supported by a new generation 
of information technology, which gives transportation "wisdom" and provides people with 
"humanized" transportation information services. To provide people with "humanized" traffic 
information services, so the level of information services of intelligent transportation is the most 
important basis for judging the level of rapid development of intelligent transportation. The level of 
information service includes the strength of people's attention to traffic information, the diversity of 
government related departments to provide traffic information channels of diversity, real-time and 
accuracy, people's satisfaction with public transport services The level of information service includes 
people's attention to transportation information, the diversity, real-time and accuracy of 
transportation information channels provided by government departments, and people's satisfaction 
with public transportation services. 

(SL is the green environmental protection level: Intelligent transportation inherits the 
advantages of green transportation, low-carbon transportation and sustainable transportation 
environment Environmentally friendly, reduce carbon emissions and other advantages to achieve 


green transportation and sustainable development of transportation. Therefore, the evaluation of 
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green environment protection. The evaluation of green level is also an aspect of the evaluation of 
intelligent transportation. 

@EP is the security condition evaluation: Nowadays, with the surge in the number of motor 
vehicles, traffic accidents occur and have a great threat to people's lives. The problem of traffic safety 
cannot be ignored at any time. Smart transportation provides real-time and accurate traffic 
information to travelers by improving road. The smart traffic can achieve traffic safety by improving 
road infrastructure, providing real-time and accurate traffic information to travelers, and improving 
vehicle design. Only by focusing on safety and reducing traffic accidents can intelligent 


transportation develop in a positive way. 


The five possible USTMSs DA, (i =], 23/479) are to be elaborated with defined 2TLNNs 


under elaborated four attributes with fw= (0.19, 0.26,0.32,13) . The 2TLNN-GRA is elaborated 


to cope with the comprehensive evaluation of USTMS. 


Step 1. Elaborate the built 2TLNN-matrix F = | £4; | (See Table 1). 


mx. 


Table 1. 2TLNN matrix F =| f¢; | 


mxn 


PQ DC 
DAi {(fs3, 0.21), (fsa, 0.03), (fs2, 0.34)} {(£s3, 0.26), (£35, 0.12), (fs2, 0.15)} 
DA2 {(fs4, 0.07), (fs1, 0.15), (fs2, 0.27)} {(£s5, 0.03), (fss, 0.23), (fs2, 0.15)} 
DAs {(fs3, 0.31), (fs2, 0.04), (fs5, 0.29)} {(fs1, 0.05), (fss, 0.16), (fs4, 0.07)} 
DAs {(fs2, 0.31), (fsa, 0.06), (fs1, 0.19)} {(£s3, 0.04), (fs5, 0.23), (fs2, 0.37)} 
DAs {(£s2, 0.32), (fs3, 0.14), (fs4, 0.08)} {(£s4, 0.03), (fs2, 0.06), (fs1, 0.19)} 
SL EP 

DAi {(fs5, 0.42), (fs2, 0.07), (fs1, 0.16)} {(£52,0.13), (fs4, 0.05), (fs3, 0.03)} 
DA2 {(fs4, 0.14), (fs3, 0.08), (fs1, 0.11)} {(£s4, 0.16), (£52, 0.24), (fs1, 0.18)} 
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DAs 


DAs 


DAs 


Step 2. Normalize F = | 4; | 


{(fs1, 0.31), (£2, 0.04), (fs4, 0.03)} 


{(fs2, 0.16), (fs2, 0.12), (fs3, 0.03)} 


{(fs2, 0.32), (£81, 0.01), (ss, 0.05)} 


mxn 


defined decision normalization is omitted. 


DAi 


DA2 


DAs 


DA 


DAs 


DAi 


DA2 


DA3 


DA4 


DAs 


Step 3. Elaborate the 2TLNNPIA and 2TLNNNIA (See Table 3). 


{(£s2, 0.06), (fs4, 0.15), (fss, 0.17)} 


{(fs2, 0.18), (fs4, 0.09), (fs3, 0.12)} 


{(£s2, 0.07), (£83, 0.06), (fs4, 0.09)} 


to NF = [of d; | , for all the defined attributes are benefit, the 


Table 2. 2TLNN matrix NF = [ fd; | 


PQ 


{(fs3, 0.21), (£84, 0.03), (fs2, 0.34)} 


{(£s4, 0.07), (fs1, 0.15), (£52, 0.27)} 


{(fs3, 0.31), (fs2, 0.04), (fss, 0.29)} 


{(fs2, 0.31), (£84, 0.06), (fs1, 0.19)} 


{(fs2, 0.32), (fs3, 0.14), (fs4, 0.08)} 


SL 


{(fs5, 0.42), (£82, 0.07), (fs1, 0.16)} 


{(fs4, 0.14), (fs3, 0.08), (fs1, 0.11)} 


{(fs1, 0.31), (£82, 0.04), (fs4, 0.03)} 


{(fs2, 0.16), (£82, 0.12), (fs3, 0.03)} 


{(fs2, 0.32), (fs1, 0.01), (fs5, 0.05)} 


DC 


{(£s3, 0.26), (fss, 0.12), (fs2, 0.15)} 


{(£ss, 0.03), (fs3, 0.23), (fs2, 0.15)} 


{(fs1, 0.05), (£83, 0.16), (fs4, 0.07)} 


{(fs3, 0.04), (ss, 0.23), (£s2, 0.37)} 


{(£s4, 0.03), (fs2, 0.06), (fs1, 0.19)} 
EP 


{(£s2,0.13), (fs4, 0.05), (fs3, 0.03)} 


{(fsa, 0.16), (fs2, 0.24), (fs1, 0.18)} 


{(£s2, 0.06), (fs4, 0.15), (fss, 0.17)} 


{(fs2, 0.18), (fs4, 0.09), (fs3, 0.12)} 


{(£s2, 0.07), (£83, 0.06), (fs4, 0.09)} 


Table 3. The 2TLNNPIS and 2TLNNNIS 
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2TLNNPIA 


2TLNNNIA 


2TLNNPIS 


2TLNNNIS 


PQ 


{(£s4, 0.07), (fs1, 0.15), (£52, 0.27)} 


{(fs2, 0.32), (£83, 0.14), (fs4, 0.08)} 


SL 


{(fs5, 0.42), (£82, 0.07), (fs1, 0.16)} 


{(fs1, 0.31), (£82, 0.04), (fs4, 0.03)} 


85 


DC 


{(fss, 0.03), (fs3, 0.23), (fs2, 0.15)} 


{(fs1, 0.05), (£83, 0.16), (fs4, 0.07)} 


EP 


{(fs4, 0.16), (fs2, 0.24), (fs1, 0.18)} 


{(fs2, 0.07), (fs3, 0.06), (fs4, 0.09)} 


Step 4. Compute the 2TLNNPIAGRC(&;,) and 2TLNNNIAGRC(&;) (See Table 4-5). 


Table 4. The 2TLNNPIAGRC ( &;} 


Alternatives PQ DC SL EP 
DA 0.5902 1.0000 0.2410 0.3172 
DA2 0.4520 0.3420 0.3252 0.4020 
DA3 0.6126 0.5902 1.0000 1.0000 
DAs 0.4258 0.4020 0.3420 0.3908 
DAs 1.0000 0.3420 0.3252 0.4258 

Table 5. The 2TLNNNIAGRC ( &;; 

Alternatives PQ DC SL EP 
DA 0.6493 0.4809 0.5488 0.5866 
DA2 0.9216 1.0000 1.0000 0.9654 
DA3 0.5733 0.4980 0.4654 0.5268 
DAs 1.0000 0.6493 0.8464 1.0000 
DAs 0.5607 0.5866 0.6160 0.6090 


Step 5. Compute the 2TLNNPIAGRD(€,) and 2TLNNNIAGRD(€,) (See Table 6): 


Table 6. The 2TLNNPIAGRD(€,) and 2TLNNNIAGRD (4, ) 
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2TLNNPIAGRD (&, ) 2TLNNNIAGRD (&, ) 
DA 0.3236 0.3082 
DA2 0.4420 0.5744 
DAs 0.6570 0.2912 
DAa 0.3880 0.1905 
DAs 0.4077 0.2726 


Step 6. Compute the 2TLNNRRD (é,) (See Table 7). 


Table 7. The 2TLNNRRD (6, ) 


2TLNNRRD (é,) Order 
DA 0.5069 2 
DA2 0.5877 1 
DAs 0.3186 5 
DAs 0.3366 4 
DAs 0.4144 3 


Step 7. Form 2TLNNRRD ( &, ) , the decision order is: DA, > DA, > DA, > DA, > DA, and DA, 
is the best USTMSs. 
4.2. Comparing 2TLNN-GRA with defined 2TLNNs decision operators 

The 2TLNN-GRA is fully compared with 2TLNWHM and 2TLNWDHM operator[72]. The fused 


information values are elaborated within Table 8. 


Table 8. The comparisons with 2TLNNs operators 


2TLNWHM 2TLNWDHM 
DAt {(fs2, 0.23), (fs2, 0.18), (83, 0.12)} {(fs3, 0.17), (£85, 0.27), (52, 0.42)} 
DA2 {(fs5, 0.49), (fs2, 0.12), (fs1, 0.25)} {(fss, 0.15), (£53, 0.29), (fs2, 0.21)} 
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DAs {(fs5, 0.46), (£52, 0.16), (fs1, 0.21)} {(fs4, 0.16), (£52, 0.09), (fs1, 0.23)} 
DAa {(fs1, 0.36), (£52, 0.22), (fs4, 0.08)} {(fs1, 0.11), (£53, 0.26), (fs4, 0.29)} 
DAs {(fs4, 0.18), (£53, 0.17), (fs1, 0.19)} {(fs3, 0.28), (£55, 0.09), (52, 0.03)} 


According to score of 2TLNNs, the score is elaborated in Table 9. 
Table 9. Scores of given USTMSs 


2TLNWHM 2TLNWDHM 
SF (DA, ) 0.7494 0.4464 
SF (DA,) 0.8678 0.6126 
SF (DA,) 0.7828 0.5294 
SF (DA,) 0.6738 0.4259 
SF (DA,) 0.7635 0.5108 


The order is elaborated in Table 10. 


Table 10. Order by 2TLNNs operators 


order 
2TLNWHM operator [72] DA, > DA, > DA; > DA, > DA, 
2TLNWDHM operator [72] DA, > DA, > DA, > DA, > DA, 
2TLNN-GRA method DA, > DA, > DA, > DA, > DA, 


Comparing the results of the 2TLNN-GRA method with 2TLNWHM & 2TLNWDHM fused 


operators, the obtained results are slightly different and the chosen best USTMS is same. 


5. Conclusion 
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With the continuous development of China's economy, people's income level is increasing, and 
more and more families have the ability to buy private cars, which leads to a sharp increase in the 
number and frequency of urban motor vehicle ownership and use, and the contradiction between the 
effective supply and demand of people, vehicles and roads is becoming more and more prominent, 
resulting in urban traffic congestion and other urban traffic problems are becoming more and more 
obvious. The traditional methods of alleviating traffic problems are no longer applicable to the 
contradiction between people's traffic demand and traffic infrastructure supply in modern times. 
Recently, in the context of smart cities, scholars at home and abroad have started to study smart 
transportation, and with rapid development of new generation technologies such as cloud computing, 
Internet of Things, big data and 5G, more and more scholars have started to study smart 
transportation, which is an important part of smart cities. The comprehensive evaluation of USTMS 
is the MADM. In this elaborated paper, the 2TLNN-GRA is elaborated for MADM. Finally, an 
example for comprehensive evaluation of USTMS was given to elaborate the 2TLNN-GRA and the 
elaborated comparisons are also executed to elaborate the 2TLNN-GRA. In the future works, the 
2TLNN-GRA shall be applied to existed risk decision [73-76], existed selection decision[77-83] and 
other existed MADM under different uncertain environments[84-88]. 
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Abstract: Recently, colleges/universities have paid a lot of attention to the teaching quality 
evaluation (TQE) of teachers in China. TQE is an essential way to improve teachers’ teaching ability 
and quality in the teaching process. Then, the TQE of teaching supervisors is a multi-attribute 
decision-making (MADM) problem with vague, inconsistent, and indeterminate information. The 
simplified neutrosophic indeterminate set/element (SNIS/SNIE) is an appropriate form to express 
the indeterminate decision-making information in the TQE process. Therefore, this article presents 
an improved ranking method based on maximizing deviations principle and technique for order of 
preference by similarity (TOPSIS) for SNIS and applies it to evaluate teachers' teaching quality. 
First, the Hamming distance between two SNIEs is defined. Then, attribute weights are obtained 
by maximizing deviation method and the TOPSIS method-based decision-making model is 
developed for the MADM applications with unknown attribute weights. Finally, we perform the 
developed MADM model for a TQE case and compare it with existing related models to indicate 
the feasibility and rationality of the proposed model with unknown attribute weights in the SNIE 
circumstance. 


Keywords: simplified neutrosophic indeterminate set; maximizing deviation; TOPSIS method; 
teaching quality evaluation 


1. Introduction 


Cultivating qualified talents is the central task of colleges/universities. During the talent 
training process, the teaching quality evaluation (TQE) is a key task. Then, TQE is one of the main 
tasks of teaching administration in various colleges/universities. A teaching evaluation system 
includes two aspects: evaluation framework and evaluation method. However, TQE is a 
multi-attribute decision-making (MADM) problem, which implies vagueness and uncertainty in the 
evaluation process. In recent years, various fuzzy evaluation methods have been applied to TQE 
[1-5]. 

Recently, neutrosophic set (NS) [6] has become the most popular topic for describing 
indeterminate and inconsistent information. The true, indeterminate, and false membership 
functions in NS are independent components. Compared with a fuzzy set (FS) [7] and an 
intuitionistic FS (IFS) [8, 9], NS can be used to express the corresponding inconsistent, 
indeterminate, and incomplete information in real decision-making (DM) problems. In practical 
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applications, NS has been simplified into many forms, for example, single-valued NS (SvNS) [10], 
interval NS (INS) [11], and simplified NS (SNS) [12]. They are widely used in engineering and 
science fields. However, the true, indeterminate, and false membership degrees are specified by 
single values or interval values in SNS. In complicated MADM problems, the true, indeterminate, 
and false membership degrees may be partly certain and partly uncertain. In this case, a 
neutrosophic number (NN) [13] can describe them by p = p + wé for p, wp € Rand € € [E, &*], where p 
is the certain term and pé is the uncertain term. Du et al. [14] put forward a simplified neutrosophic 
indeterminate set/element (SNIS/SNIE) combining SNS with NN. Each SNIE consists of the true NN, 
the false NN, and the indeterminate NN. SNIS can be transformed to SVNS or INS according to €= 
& or € # &* with the value/range of indeterminacy € € [€; &*]. 

The TOPSIS method proposed by Hwang and Yoon [15] is a kind of distance-based rank 
method. Better choices are closer to positive ideals and farther away from negative ideals. Then, it 
has been applied to various fuzzy DM environments. For example, the TOPSIS method was used to 
solve the supplier selection problem in intuitionistic fuzzy environment [16]. Later, many 
researchers [17-20] developed the DM methods using TOPSIS methods in hesitant FS, IFS, and 
interval-valued IFS environments. In indeterminate and inconsistent circumstances, Sahin and 
Yiider [21] introduced a modified TOPSIS method with SvNSs for the group DM. Chi and Liu [22] 
extended the TOPSIS method to the INS environment. 

Although some researchers have developed several operational rules for SNIEs and SNIS. 
Existing SNIS decision-making (DM) methods [14, 23, 24] used a specified weight vector of attributes 
to solve the MADM problems of SNISs. So far, no researchers consider the influence of 
indeterminate degrees on attribute weights in MADM problems of SNISs. In a real DM situation, the 
weights of attributes may be indeterminate or unknown. In this article, we extend a MADM model 
which combines the determining method of unknown attribute weights with the TOPSIS method of 
SNISs and use it for TQE. The rest of the article is as follows. 

In Section 2, the Hamming distance of SNIEs is introduced. Section 3 presents a method for 
determining unknown attribute weights and an extended TOPSIS method for SNISEs. In Section 4, 
we apply the proposed model to a TQE case and analyze the influence of indeterminate ranges in 
SNISEs on decision results. Then, the extend TOPSIS method is compared with the related models in 
Section 5. The article is summarized in Section 6. 


2. Distance of SNIEs 


This section presents the Hamming distance between SNIEs and its properties. 

First, we introduce the notions of SNIS and SNIE [14]. 
Definition 1 [14]. Let S = {s1, s2, ..., sn} be a universe set. ASNIS B in S is described as B = {<sk, P(sk, €), 
N(sx, €), Q(sk, E)>|sk € S}, where P(ss, €) = pete < [0, 1], N(s, €) = det De < [0, 1], and Q(sx, €) = ActveE 
c [0, 1] for sk e S (k=1,2,...,n) and € € [&, &]. Then, P(sk, €), N(sx, €), and Q(sx, €) are the true NN, 
the indeterminate NN, and the false NN. Each component <si, P(sx, €), N(sk, €), Q(sk, €)> in B is called 
SNIE, which can be represented as the simple form bk = <Px(E), Ni), Qe E)> = <prtpcé, Ox Dré, 
Artvn&>. 

Then, we present the Hamming distance of SNIEs below. 
Definition 2. Suppose that bi = <P1(€), Ni(é), Q1(€)> = <pirt wig, d1t D1€, Artvig> and b2 = <P2(E), N2(é), 
Q2(E)> = <p2tp2é, d2+D2, Az+v2E> are two SNIEs for € € [€; é*]. Thus, the Hamming distance 
between bi and U2 are defined as follows: 
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1{|ACE> -BCED 
6| |N,CE*) - NAC E°) 


+|RCE*) - PCED +|NCED -NCED]+ 
+106 ED - OE |+|Q,CE9 -9,(E | 
4 Pr P2® (t4- Mr) | + Py Pr (Mba )E ee 
6| |5,- 5,0(4- & )é°|+|4,- 2,0(Y4y- v2) E]+|A,-2,0(14- v2 )E| 


Proposition 1. Set bi = <P:(E), Ni(€), Qu(E)> = <p1t pig, 61+ Pi€, Ai + vi€>, b2 = <P2(E), N2(E), Q2(€)> = 

<p2+ p2é, d2+ Pr, Arz+ vw >, and bs = <P3(E), N3(€), Q3(E)> = <pa t+ ps, 63+ PsE, As+ v3E > as three 

SNIEs for € € [E> &*]. The Hamming distance between them meets the following properties: 

(1) 0 < Ix(bi, bz) <1; 

(2) la(b1, bz) = la(be, b1); 

(3) la(b1, bs) < la(b1, b2) + lx(b2, bs). 

Proof: 

(1) Since P(E), N(E), Q(E) € 10, 1], IPE) = PAE)I, IPE) — PAE)L, INE) — NEL INE) 
N2(é-)1, | Qi(E*) — Q2(E*) 1, 1Q1(E-) — Q2(E) Ic [0, 1], then there is 0 < /x(b1, bz) <1. 

(2) The proof is obvious. 

(3) Since there is the following inequality: 


ae 1 ICED - PCED +|RCED - BCE 
6 INCE) -N,CE)|+10,0ED -O,(E)|+]0,(E9 -O,1E9 
RCE) -RCED+ RCE) -PBCED|+|BCED -BCED+ BCE) - BCE) 
o- INCED -N EDEN CED -NED|+|M(ED -NCED4NCED -NLED 
ACE) -O,E) 40,9 -O,6E]+1O(E -O,1E9 40,1E9 - 9,069 
PCED -P(ED|+|BCED -P(ED|+|BCE) - PCED BCE) - PCE) 
NED -NCEDH|NCED -NCED|+[N,CED -NCEDNCE®) - NCE 
OCE) - OED 0,6ED -O,E9|+]0E9 -2,EDH]O,CED -0,0E9 
1[ [RCE -PCED|+|PCED - PCED] +|N,CED -N,CED]4+]N,(E9 -N,CE9 
6 +102 -0,CE +1929 - 9,02 | 
1{ PCED -PBCE|+|PCE9 - PCE] +|N,CED -NACED|+|N, CED -NACE 
6 CED - 9,6 E)|+]0,0E9 -O,CE9 
1, (b,.b;) + Ly (Dy»Ds) 


+|N,CED -N,CE9|+ 


+ 


+ 


+ 


+ 


+ 


Thus /x(b1, bs) < In(b1, b2) + la(b2, bs) holds. 


3. An Extended TOPSIS Method for SNIEs 


For a MADM problem, suppose that E = {E1, Ez, ..., Em} and C = {C1, C2, ..., Cu} are a set of 
alternatives and a set of attributes, respectively. But the attribute weight vector 6 = {61, 2, ..., Bu} is 
unknown for )";,5;= 1 and fj € [0,1]. The decision matrix is B = [bij]m xn, where bi = <Pi(E), Ni(E), Qi(E)> 
= <pitpijéE, d+ Oye, Aytviié> is SNIE as the assessment value of the alternative Ei on the attribute Cj. 
The MADM method is described by the following steps. 
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Step 1. Normalize SNIEs for different attribute types. 

In the DM problems, attributes were classified as benefit and cost. For the benefit type, it is 
better with a higher attribute value; For the cost type, it is worse with a higher attribute value. We 
generally adopt the beneficial type in most DM situations. If the attribute Cjis the cost type, the 
SNIE bi needs to be converted to its complement bi by bi = <[AitviE AgtviE*], [1-(6j+ DE"), 
1-(dj+DiE-)], [pit pid, pirtwie*]>. 

Step 2. Determine attribute weights by the maximizing deviation model. 

When the attribute weight information is incomplete or completely unknown in MADM 
problems. The maximizing deviation model [25] is a commonly used method to determine attribute 
weights. The model is based on the following principle. In MADM, the evaluation values of all 
alternatives for each attribute are generally different. For an attribute, the difference between the 
assessment values of all alternatives demonstrates the importance of the attribute. The greater the 
deviation between attribute values, the greater influence this attribute will have on the ranking of 
alternatives. Thus, this attribute is set as a higher weight. On the contrary, the smaller the deviation 
between attribute values, the lower the weight. 

We determine the weight vector in view of the following steps: 

(i) Define the deviation of Ei (i= 1, 2, ..., m) to all alternatives for the attribute Cj (j = 1, 2, ..., n) by 


m 


L, (2; => lab, 8, (2) 


(ii) Define the deviation of all the alternatives for the attribute Cj for (j = 1, 2, ..., n) by 
£(B,)= Lbs (B))= Llu O48, (3) 
i= i=l k= 
(iii) Define the deviation for all attributes by 
L(B,)= DE (B)= (B= Oy by B, (4) 
j=l jal i=l j=l i=l k=l 
(iv) Construct a model that maximizes all deviations to determine the weights by 


max L(B,)= dy (by by )B, (5) 


j=l i=l k=l 


Se = 
jal 
0<f,<1,j=1,2,...0 


(v) Construct a Lagrange function by 


n m m 


(BP) = LY Ob, VB, 0S} -1) 6 


j=l i=l k=l 


(vi) Take the partial derivative with respect to Bj; and @ by 


os 7 m om 
SE EP) SS 1, (by by 2 9B, =0 
Of, i=l k=1 


OS(Bi,P) _ 1 Se ee 
Se gD =0 
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B i (7) 
(vii) Normalize the attribute weights by 
2 dali (Oj by) 
B, a ae (8) 
D1 dsta Op Py) 
j=l i=l k=1 


Step 3. Rank all alternatives with the TOPSIS method. 
(i) Determine two sets of positive and negative ideal solutions b* =ob’,b>,...,b°© and 
Pp 8 19% n 


b= ob, ,b, oe @by the following equations: 
bj =<| max P,(6-),max P,(é")], [min (&-) min, (E") |, | ming,(¢),ming,(") |>, ©) 
b; =<| min, (-),minP,(é") |, | max, (),max N,(é") |, | max Q,(E),mexQ,(6")]> (40) 


(ii) Calculate the weighted distances of all alternatives to the positive ideal set 
h* =oh, ,hy,...,h,© and the weighted distances of all alternatives to the negative ideal set 
h =oh, ,hy,...,h,® by 


_ (5,53) 


(11) 
> B; ly (b ag 
(iii) Calculate the correlation coefficient h, for each alternative by 
h, 
= (12) 
h, +h, 


(iv) Rank alternatives 
Alternatives are ranked according to their correlation coefficient values. 


4. An Indeterminate DM Case about TOE 


4.1 Problem Description of a TQE Case 


This study is to apply the proposed TOPSIS method to TQE in the teaching assessment of 
teachers. Teaching skill competitions are often held in universities to promote teaching quality and 
improve teaching level. Teachers participating in the competition hold open classes based on their 
courses. In China, each university usually establishes a teaching evaluation system and specifies a 
group of teaching experts as an assessment committee. In the assessment process, teaching 
evaluation system commonly includes the attributes/criteria of teaching content, method, and 
attitude. Each attribute is briefly described as follows. 

The teaching content means the rationality of teaching design. An excellent teaching design can 
strengthen the key points and important knowledge of the teaching content, which should be 
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related to the knowledge levels and the learning ability of students. 

The teaching method reflects that heuristic teaching is adopted. The teachers focus on teaching 
feedback and ability cultivation. Various teaching means are used in the classroom to maintain a 
good classroom atmosphere. 

The teaching attitude is reflected in good appearance, good manners and fluent teaching 
language. Teachers must strictly adhere to the teaching norms. Teachers must be strict with 
students and manage classroom order well. 

In the TQE case, the School of Mechanical and Electrical Engineering of Shaoxing University in 
China will offer teaching excellence awards to outstanding teachers among the four finalists F1, E2, 
Es and Es (the four alternatives) in the final round. Teaching supervisors observe their teaching one 
time in any class. Experts give their assessments according to the three attributes: C: (the teaching 
content design), C2 (the teaching method), and Cs (the teaching attitude). The teaching experts were 
invited to assess each teacher participating in the competition process. However, since the weights 
of the three attributes are not specified, they are unknown. Then, they give the assessment values of 
the SNIEs bi = <Pi(E), Ni(E), Qi(E)> = <pit mE, Ot DE, AjtviE> (i = 1, 2, 3, 4; 7 = 1, 2, 3) for € € [0, 1.5]. 
The decision matrix is indicated as below. 

<0.7+0.2€,0.2+0.14,0.2+0.2E> <0.7+0.2€,0.1+0.34,0.1+0.1E> <0.6+0.2E,0.240.2E,0.2+0.2E > 
<0.7+0.2€,0.2+0.14,0.3+0.1E> <0.8+0.1¢,0.140.2E,0.1+0.3E> <0.7+0.1E,0.2+0.2é,0.14+ 0.1E > 
<0.8+0.1,0.2+0.1,0.140.2E> <0.7+0.14,0.2+0.1E,0.140.2E> <0.7+0.2E,0.3+0.1¢,0.2+0.1é > 
<0.7+0.14,0.1+0.2€,0.2+0.1€> <0.8+0.1€,0.140.24,0.2+01E> <0.7+0.1E,0.2+0.14,0.2+0.2é > 


4.2 Ranking the Alternatives 


The proposed TOPSIS method is applied to the TQE case and gives the following steps. 
Step 1. Since the attributes are all benefit types in this case, their assessed values do not need to be 
converted. 

Firstly, we assume that € is an indeterminate range of € € [0, 0.5], then the decision matrix is 
produced as follows: 


<[0.7,0.8],[0.2,0.25],[0.2,0.3]>  <[0.7,0.8],[0.1,0.25],[0.10.15]> <[0.6,0.7],[0.2,0.3], [0.2.0.3] > 

<[0.7,0.8], [0.2,0.25],[0.3,0.35] > <[0.7,0.85],[0.1,0.2],[0.1,0.25]> <[0.7,0.75],[0.2,0.3], [0.10.15] > 
<[0.8,0.85],[0.2,0.25],[0.10.2]> <[0.7,0.75],[0.2,0.25],[0.1.0.2]> <[0.7,0.8], [0.30.35], [0.2,0.25] > 
<[0.7,0.75],[0.1,0.2], [0.20.25] > <[0.8,0.85],[0.1,0.2],[0.2,0.25]> <[0.7,0.75],[0.2,0.25], [0.2,0.3] > 


Bo= 


Step 2. Calculate and normalize the attribute weights fj. 
(i) According to Eq. (2), we calculate the Hamming distances between bi and bij, which are listed in 
Table 1. 
(ii) According to Eq. (9), we can get the normalized attribute weights 
Bi= 0.3554, B2= 0.3140, and Bs= 0.3306. 
Step 3. Rank the alternatives with the TOPSIS method. 
(i) According to Eqs. (10)-(11) and the decision matrix B*, we can determine two sets of the positive 
and negative ideal solutions b* and b-: 
b+ = {<[0.8,0.85],[0.1,0.2],[0.1,0.2]>,<[0.8,0.85],[0.1,0.2],[0.1,0.15]>,<[0.7,0.8].[0.20,0.25],[0.10,0.15]>}, 
b- = {<(0.7,0.75],[0.2,0.25],[0.3,0.35]>,<[0.7,0.75],[0.2,0.25],[0.2,0.25]>,<[0.6,0.7].[0.3,0.35],[0.2,0.3]>} 
(ii) According to Eq. (12), we calculate the weighted distances of all alternatives to the positive 
negative ideal solutions: 
hi* = 0.0676, h2* = 0.0492, hst = 0.0519, and hat = 0.0477; 
hr = 0.0384, ho = 0.0568, hs = 0.0542, and ha = 0.0583. 
(iii) By Eq. (13), we get the correlation coefficient h, as follows: 
hi = 0.3623, h2 = 0.5357, hs = 0.5110, and ha = 0.5500. 
(iv) In terms of the ranking rules, the alternative is better if the coefficient value is greater. Therefore, 
the ranking order from the best to worst is E4 > E2 > E3 > E1. The best teacher is Es when the 
indeterminacy € is in the range of [0, 0.5]. 
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Table 1. The Hamming distances between bj and bij 


Lu(bij, bij) 
j=l j=2 j=3 
iol kol 0.0000 0.0000 0.0000 
ko2 0.0250 0.0500 0.0667 
ko3 0.0583 0.0333 0.0667 
ko4 0.0417 0.0667 0.0333 
io2 kol 0.0250 0.0500 0.0667 
ko2 0.0000 0.0000 0.0000 
ko3 0.0833 0.0667 0.0667 
ko4 0.0667 0.0167 0.0500 
i103 kol 0.0583 0.0333 0.0667 
ko2 0.0833 0.0667 0.0667 
ko3 0.0000 0.0000 0.0000 
ko4 0.0833 0.0833 0.0500 
io4 kol 0.0417 0.0667 0.0333 
ko2 0.0667 0.0167 0.0500 
ko3 0.0833 0.0833 0.0500 
k=4 0.0000 0.0000 0.0000 


4.3 Sensitivity Analysis 


In the MADM method proposed above, by sensitivity analysis, we reveal that different 
indeterminate ranges of € can change weight values and decision results. 

The relationship between the indeterminate range of € and the weight value is shown in Fig. 1. 
The corresponding relationship between the indeterminate range of € and the decision result is 
exhibited in Fig. 2. Fig. 1 reflects that the weight values will change slightly as the indeterminate 
range of € changes. In Fig.2, when the range of € is less than [0, 0.6], the ranking order of the 
alternatives is Es > E2 > E3 > E1. Then, the ranking order of the alternatives becomes E2 > E4 > E3 > E1 
when the range of € is between [0, 0.7] and [0, 1.2]. In other ranges of €, the ranking order is E3 > E2 > 
Ea4> E1. 


5. Comparison with Existing Related MADM Models 


We compare the developed TOPSIS method with existing MADM models of SNIEs [14, 23]. In 
the existing DM models [14, 23], the weight vector 6 = (f1, 62, B3) is specified as B = (0.30,0.36,0.34), 
which is not related to the indeterminate range of €. It is seen from Table 2 that the ranking results of 
the developed TOPSIS method are mostly different from those of existing DM methods [14, 23]. 
Comparing the results of Fig. 1 and Fig. 2, we find that the ranking order is E2> E4> E3 > E1when the 
range of € is between [0, 0.7] and [0, 1.2], while the corresponding weight vector in Fig. 1 is gradually 
close to the specified weight vector 6 = (0.30,0.36,0.34). The decision result of this extended TOPSIS 
method is almost the same as that of other aggregation approaches regarding the same weight 
vector. It demonstrates that the developed method is effective. 

In DM problems of SINEs, the decision results change with the change in the indeterminate 
range of €, but the existing DM models all use a specified weight vector, which is not related to the 
indeterminate range. Then, the developed DM model fully reflects the influence of the range of € on 
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the weight vector and the ranking order. This new approach demonstrates the importance of 
decision makers’ indeterminate levels. Obviously, there are three kinds of indeterminate levels in the 
TQE case, such as the low indeterminate level for € e€ {[0, 0], [0, 0.6]}, the moderate indeterminate 
level for € € {[0, 0.7], [0, 1.2]}, and the high indeterminate level for € ¢€ {[0, 1.3], [0, 1.5]}. Since 
different indeterminate levels reflect different ranking orders, decision makers can choose the 
decision result based on some indeterminate level. 


Fig. 1. Relationship between the range of € and the weight values 


r 
OIC 
’ 


oefficient of 


the correlation coe 


0.1 


Fig. 2. Relationship between the range of € and the decision results 
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Table 2. Ranking results of different methods 


Ranking order with different indeterminacy & 


Approaches 

&= [0,0] &= [0,0.5] &= [0,1] &= [0,1.5] 
SNIEWAA [14] E2> Ea> Es> E1. E2> Es> Es> Ex, = E2> Es Es> E1 = Ex> E3s> E> E11 
SNIEWGA [14] E2> Ea> Es> E1. E2> Es> Es> Ei = =9Es> Ex> Es> Ei ~— E3> Ea> Ex> E11 
SNIEEWA [23] E2> Ea> Es> E1. Ex> Ea> E3> Ex, = =E2> Ea Es> E1 = Ex> E3s> E> E11 
SNIEEWG [23] E2> Ea> Es> E1. E2x> Es> Es> Ei = =9E2> Ea> Es> Ei ~—E3> Ea> Ex> E11 


TOPSIS Ea> Eo> Es> Ex. Ea> Eo> Es> Ex. E2> Ea> Es> E1 E3> Eo> Es Ei 
6. Conclusions 


This paper first defined the Hamming distance between two SNIEs. According to the distance of 
SNIEs, we proposed the maximizing deviation method for determining the weight vector and the 
TOPSIS method for ranking alternatives. Then, the extended TOPSIS method-based MADM model 
was developed in the SNIE circumstance. Next, the developed MADM model was applied to a TQE 
case. By the case analysis, we not only obtained the decision results corresponding to the specified 
indeterminate ranges of €, but also analyzed the influence of the indeterminate range of € on the 
weight vector and the ranking order. Through comparing the developed model and the existing 
models, the results demonstrated that the developed model with unknown weights is valid by 
considering the weight vector obtained in the indeterminate range of €. The extended TOPSIS 
method-based MADM model can be widely used for these areas such as quality evaluation, service 
evaluation, project optimization in the environment of SNIEs. 
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Abstract. It is well known that H,,-groups and groups are connected through regular relations. The purpose 
of this paper is to find a similar connection between neutrosophic H,,-groups and neutrosophic groups by using 
the concept of fundamental relations on Hv-groups. First, we characterize the complete parts of neutrosophic 


Hv-groups. Then we study their (strongly) regular relations. Finally, we find their fundamental group. 


Keywords: neutrosophic quadruple number; neutrosophic quadruple H,-group; fundamental group; complete 


part 


1. Introduction 


Fuzzy set theory |1| has many real-world applications, but it is not suitable for simulate 
an indeterminate issue in an abstract situation. By giving indeterminates representation, 
neutrosophic theory has advanced an important concept. One of the essential aspects in 
practically all problems in the real world is uncertainty or indeterminacy. Fuzzy theory is used 
to model uncertainty, whereas neutrosophic theory is employed to represent indeterminacy. 
In 1995, F. Smarandache created the concept of neutrosophy to represent problems involving 
indeterminates. For further background on neutrosophy and neutrosophic algebraic structures, 
see [2H6}. By assuming that the result of ”interaction” between two elements of a non-empty 
set is a non-void set of elements, one is obviously generalizing the definition of a group. (and not 


only one element, as for groups), A hypergroup was first proposed in 1934 at the eighth congress 
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of Scandinavian mathematicians by the French mathematician Frederic Marty (7). The rule 
that describes such a structure is known as a ”hyperoperation”, and the theory of algebraic 
structures with at least one multi-valued operation is recognized as the Hyperstructure Theory. 
Marty’s motivation to introduce hypergroups is that the quotient of a group modulo any 
subgroup (not necessarily normal) is a hypergroup. This theory has been studied in the 
following decades and nowadays by many mathematicians. As a generalization of algebraic 
hyperstructures, Vougiouklis, in 1990, at the fourth A.H.A. congress |8/9| introduced the notion 
of H,,-structures. 

Our paper presents a connection between hypergroups, fundamental groups and neutrosophy 
and it is constructed as follows: After an Introduction, in Section 2, we present some definitions 
related to (weak) hyperstructures that are used throughout the paper. In Section 3, we use the 
concept of neutrosophic H,,-group, defined by the authors in and classify its complete parts 
and its (strongly) regular relations. Finally, in Section 4, we find the fundamental neutrosophic 


group of neutrosophic H,,-groups. 


2. Complete parts and regular relations in neurtosphic H,,-groups 


We use the notion of neutrosophic H_,,-group, defined by the authors in and classify its 
complete parts as well as its (strongly) regular relations. For basic definitions about algebraic 
hyperstructures we refer to (11}/14). In neutrosophy, < X >, < antiX >, and < neutX > are 
paired two by two, as well as all three at once, to create the NeutroSynthesis. Neutrosophy 
lays out the universal relationships between < X >, < antiX >, and < neutX >. < X > is 
the thesis, < antiX > the antithesis, and < neutX > the neutrothesis (neither < X > nor 
< antiX >, but the neutrality in between them). 


Definition 2.1. Let B be a nonempty set. A neutrosophic quadruple B-number is 
an ordered quadruple (01, b2T, b3I,b4F’) where 61, b2,b3,b4 € B and T,J,F have their usual 
neutrosophic logic meanings. 


The set of all neutrosophic quadruple B-numbers is denoted by NQ(B), that is, 
NQ(B) = {(61, b42T, b3I, ba F’) : b1, bz, b3, ba € BH. 
Let (H ,+) be an H,,-group with identity “0” and define “®” on NQ(H#_) as follows: 


(x1, 22T, x31, c4F) @ (yn, yoT, ysl, ysF) 
= {(a,bT,cl,dF): a€ay+y1,0€ t2+y2,c€ 13 +y3,d € 14+ ys}. 


Throughout this section, (H,+) is an H,,-group with identity “0” and 0+0=0. 


Theorem 2.2. [10] Let H_ be any set with a hyperoperation +. Then (NQ(H),®) is a 
neutrosophic quadruple H.,,-group if and only if (H,+) is an H,,-group with identity “0 ¢ H ” 
and0+0=0. 
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Theorem 2.3. [10] Let H_ be any set with a hyperoperation +. Then (NQ(H),®) is a 
neutrosophic quadruple hypergroup if and only if (H,+) is a hypergroup with identity “0 © H” 
and0+0=0. 


Theorem 2.4. Let (H,+) be an H,,-group with identity “0”, 0+0 = 0 and X be a non 
empty subset of NQ(H). Then X is a complete part in NQ(H) if and only if there exist 
Aj, Az, A3,A4 C H such that X = {(a,bT,cl,dF) : a € Ai,b € Ag,c € A3,d € Ag} and that 
A; is a complete part in H_ fori =1,2,3,4. 


Proof. Let X be a complete part in NQ(H). Then there exist A;, A2,A3,A4 C H such that 
X = {(a,bT,cI,dF):a€ A,,b € Ag,c € A3,d € Aq}. We prove that A; is a complete part in 
H and the others are done in a similar manner. Let x € Ay, P #0. Then there exist x; € H 


with 17 =1,2,...,k such that x € a1 +...+a,. Let y € Ao, z € Ag and w € Ay. It is clear 
that 


(2, yT, zl,wF) € XO (21, yT, 21, wF) © (#2, OT, OF,0F) ©... (a, OT, OF, OF )). 


The latter and having X a complete part in NQ(H) imply that ((21,yT,zI,wF) ® 
(x2, 0T, OF,0F)...® (ap, 0T, 0F,0F) C X. Consequently, we get x) +... + 2% C Aj. 
Conversely, let A;,A2,A3,A, CG H be complete parts in H , X = {(a,bT,clI,dF) : 
a € Aj,b € Ag,c € Az,d € Ag} and (a,bT,cI,dF) € XN (x1, yT, al,wif) ®...® 
(tp, YET, Zl, weF)). Then a € AyN(a14+...+2,~),b € AaN(yit..-+y~), C€ ArN(z1 +... +2) 
and d€ Ay N(wi+...+ wp). Having A; a complete part in H for i = 1,2,3,4 implies that 
tit... + ap C Ar, yr t... + yp C Ao, 21+... + 2% C Ag and wi +...+ we C Ay. The latter 
implies that (71, yiT, 211,wi Ff) ®...® (xp, yl, 2el, WEF) CX. 


Corollary 2.5. Let (H,+) be an H,,-group with identity “0” and0+0 = 0 and A be a complete 
part in H . Then NQ(A) is a complete part in NQ(H). 


Proof. By setting A; = A for i = 1,2,3,4 and X = {(a,bT,clI,dF):a€ A1,b € Ao, c € Az, d€ 
Ag}, Theorem [2.4] asserts that NQ(A) = X is a complete part in NQ(H). 


The authors in considered the set of arithmetic functions H and defined a hyper- 


operation + on it as follows: 
n 
a+ B(n) = ta(d) + B(5) : din}. 


Let 0,(n) = 0 for alln EN. It is clear that 0, +0, = 0,. The authors proved that (H,+) isa 


hypergroup with identity 0, and characterized all complete parts in H as: S= (J) A, where 
reM 
M is anon empty subset of the set of complex numbers C and A, = {a € H: a(1) =r}. 
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Proposition 2.6. Let (H,+) be the hypergroup of arithmetic functions under the above hy- 
peroperation. Then (NQ(H),®) is a neutrosophic hypergroup. 


Proof. The proof follows from Theorem [2.3} 


Proposition 2.7. Let (H,+) be the hypergroup of arithmetic functions defined in [16] and X 
be a complete part in NQ(H). Then there exist non empty subsets M; of C with i = 1,2,3,4 
such that X = {(a,bT,cI,dF) : a € S1,b € So,c € S3,d € Sa} and S; = Urem,Ar for 
i=1,2,3,4. 


Proof. The proof follows from Theorem |2.4 


Corollary 2.8. Let (H,+) be the hypergroup of arithmetic functions defined in [16] and r be 
any complez number. Then NQ(A,) is a complete part in NQ(H). 


Let (H,+) be an H,,-group with identity “0”, 0+ 0 = 0 and R; be a relation on H for 
i = 1,2,3,4. We define p on NQ(#) as follows: 


(a, bT, cl, dF)p(a',U'T,c'I,d' F) = aR,a', bRob', cR3c¢,dRad’. 


Proposition 2.9. Let (H,+) be an H,,-group with identity “0” and0+0=0. Then p is 
an equivalence relation on NQ(H) if and only if R; is an equivalence relation on H* for 


¢=1,2,3,4. 


Proof. The proof is straightforward. 


Theorem 2.10. Let (H,+) be an H,,-group with identity “0” and0+0=0. Then p is a 
regular relation on NQ(HA) if and only if R; is a regular relation on H_ for i = 1,2,3,4. 


Proof. Let p be a regular relation on NQ(H) and a,a’ € H with aR,a’. Then 

(a, 0T, 07, 0F)p(a’,0T,07,0F) (as 0R;0 for i = 2,3,4). We need to show that a+ xR a’ +x 
and «+ aR,x +a’ for all « € H. We prove that a+ aR,a' +2. Let b € a+a. Then 
(b,0T,01,0F) € (a,0T, 01, 0F) @ (x, 0T,07,0F). Having (a,0T,01,0F)p(a’,0T, 07, 0F) and p 
a regular relation on NQ(H) imply that 


(a, OT, OL, OF) @ (x, OT, OL, 0F )p(a’, OT, OL, OF) @ (a, OT, OF, OF). 


The latter implies that there exist (y,0T,0/,0F) € (a’,0T,0/,0F) 6 (x, 0T, 0, 0F) such that 
(z, 0T, OF, 0F )p(y, OT, OF,0F') for every (z,0T,02,0F) € (a,0T, 07, 0F') © (x, 0T,07,0F). We 
get now that for every z € a+ 2 there exists y € a’ + 2 such that zR,y. Thus, R, is a regular 
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relation on H . In a similar manner, we can prove that R; is a regular relation on H_ for 
(= 3,34, 
Conversely, let R; be a regular relation on H_ for i = 1,2,3,4, 
(a, oT, cI,dF)p(a',v'T, cI, d'F) and (2, yT, zI,wF) € NQ(A). 
We need to show that 
(a, bT, cl, dF) ® (2, yT, zI, wF)p(a’,0'T, cI, d'F) @ (2, yT, zI, wF). 

Let (e, fT, 91, hF) € (a, bT, cl, dF) @ (x, yT, zI,wF). Thene€a+z, feéb+y,gect+z and 
hed+w. Having aR,a’, bRob’, cR3c’, dR4d' and R; a regular relation on H for i = 1,2,3,4 
imply that a+ 2R,a' +2, b+yRob'+y, c+ zR3¢ +2, d+wRad' + w. The latter implies 
that there exist e’ € a’ +2, fie Ut+y, g € d +z, h' € d'+w such that eRe’, fRof', 
gR3g' and hR4h’. We get now that (e’, f’T, g/I,h’F) € (a, UT, cI, dF) 6 (2, yT, zI, wF) with 
(e, fT ol, AP ple .f'T,g Tn F). 


Theorem 2.11. Let (H,+) be an H,,-group with identity “0” and0+0=0. Then p is a 
strongly regular relation on NQ(H) if and only if Ri is a strongly regular relation on H_ for 
i=1,2,3,4. 


Proof. Let p be a strongly regular relation on NQ(H) and a,a’ € H with aR,a’. Then 
(a, 0T,0/,0F)p(a’,0T,07,0F) (as 0R;0 for i = 2,3,4). We need to show that a+ aka’ +2 
and x + aRx +a’ for all x € H. We prove that a+ aRia! + a and the other is done in 
a similar manner. Let b € a+. Then (0,07,0/,0F) € (a,0T,01,0F) © (a, 0T, 0/,0F). 
Having (a, 0T, 0/,0F)p(a’, 0T,07,0F) and pa strongly regular relation on NQ(H) imply that 
(a, OT, OF,0F) @ (2, OT, OF, OF )p(a’, OT, OF, 0F) 6 (x, 0T,07,0F). The latter implies that for all 
(y, OT, OF, 0F) € (a’, OT, OF, 0F) & (x, OT, OF, OF) and for all (z,0T, 07, 0F) € (a,0T,0/,0F') ® 
(x, 0T,0I,0F), we have (z,0T,0/,0F)p(y, OT, 0F,0F). We get now that for every z € a+ 
and for all y € a’ + x such that zR ,y. Thus, R, is a strongly regular relation on H*. In a 
similar manner, we can prove that R; is a strongly regular relation on H_ for i = 2,3, 4. 
Conversely, let R; be a strongly regular relation on H_ for i = 1,2,3,4, 

(a, bT,cl,dF)p(a’,0'T,¢I,d'F) and (z,yT,zI,wF) € NQ(H). We need to show that 
(a,bT,cl,dF) © (2, yT, zI,wF )p(a',UT,cI,d'F) ® (x, yT,zI,wF). Let (e,fT,gI,hF) € 
(a,bT,cI,dF) @ (a, yT,zI,wF). Thene € at+a2z, febt+y,gectzandhed+uw. 
Having aR,a’, bRob’, cR3c’, dRad’ and R; a strongly regular relation on H for i = 1,2,3,4 
imply that a + aka’ +2, b+ yRob' +y, e+ zR3c + z,d+ wR4d' +w. The latter im- 
plies that for all e’ € a’ +2, fe U+y, g E€d+z2z, hh’ €d+w, we have eRe’, fRof"', 
gR3g' and hR4h’. We get now that (e’, f'T, g/I,h’F) € (a, UT, cI,d' F) ® (a, yT, 21, wF) with 
(e, fT, gI, hF)p(e', f'T, oI, h'F). 
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Example 2.12. Let Q be the set of rational numbers, (H,+) be the hypergroup of arithmetic 
functions and define the strongly regular equivalence relation R; for i = 1,2,3,4 on H as 
follows: 
aRiy all) =71) +g¢€Q 
and for i = 2,3,4 
aRiy = a(1) = (1). 

Applying Theorem [2.11] we get p a strongly regular equivalence relation on NQ(H), where p 
is defined as follows: 

(a, BT, v1, AF )p(a', BT, YI, NF) 

 a(1) =a’(1) +954 € QA) = 61), ¥1) = (1), A) = A’). 


3. Fundamental group of neutrosophic quadruple H,,-groups 


In this part, we investigate the fundamental relation on neutrosophic H  v-groups and 
determine its fundamental neutrosophic group.. 
In I, Akinleye et. al. conducted their investigation of neutrosophic quadruple algebraic 
structures on quadruple numbers based on the set of real numbers. And they proved that 
if G is a group of real numbers then NQ(G) = {(g1, 92T, 931, g4F') : 91,92,93,94 € Gh isa 


neutrosophic group under the operation “@®” given by: 
91, 92T, 931, 94F) ® (91', 92'T, g3' I, ga'F) = (91 + 94, (92 + 92')T, (93 + 93')I, (94 + 94')F). 
The following theorem generalizes their result to any group. 


Theorem 3.1. Let G be a set with operation + and0 € G. Then (NQ(G),®) is a group if 
and only if (G,+) is a group. 


Proof. The proof is similar to that of Theorem 2.1 in [3]. 


Proposition 3.2. Let (G,+) and (G’,+’) be isomorphic groups. Then (NQ(G),®) and 
(NQ(G’),®’) are isomorphic neutrosophic groups. 


Proof. Let (G,+) and (G’,+’) be isomorphic groups. Then there exists a group isomorphism 
f:G—>G’. Let ¢: NQ(G) — NQ(G’) be defined as follows: 


(a, OT, cI, dF’)) = (F(a), FO)T, FOL, FQ) F). 


One can easily see that ¢ is a group isomorphism. 
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Definition 3.3. For all n > 1, we define the relation 8, on a semihypergroup (H, 0) as 
follows: 


nm 
rBny if there exist a1,...,@, in H such that {x,y} C |] a; 
i=l 


and we set 8 = LU Gn, where 8; = {(x,2z) | x € H} is the diagonal relation on H*. 
n>1 


This relation was established by Koskas and studied by many authors. Clearly, the 
relation { is reflexive and symmetric. Denote by §* the transitive closure of (. 


Throughout this section, 8,8* are the relations on H and Gy, 8x, are the relations on 


NQ(H). 


Theorem 3.4. Let (H,+) be an H,,-group with identity “0” and 0+ 0 = 0 and let 
a,a',b,b',c,¢,d,d’ € H. Then (a,bT,cI,dF)8n(a',U'T,cI,d'F) if and only if aBa', 660’, 
cBc' and dBd'. 


Proof. Let (a,bT,cl,dF)Gn(a',0'T,¢I,d'F). Then there exist (2;,y%:7T,2J,w;F) with 
i = 1,...,k such that {(a,0T,clI,dF),(a’,0'T,cI,d'F)} C (21,ym7T,211,wiF) ®... ® 
(tp, YRl, Zl, wyF'). The latter implies that a,a’ € 21 +...+ 2%, 6,0' © yr +... + Up, 
ccd e€zat...+z, anddé€w,+...+w,. Thus, afa’, 8b’, cbc and d, d' Gd’. 

Conversely, let a8a’, bGb’, c8c’ and dGd’. Then there exist ky, ko, k3,k4 € N and 24,...,2r,, 
Yl) +++ Yor Z1.+++)2kg, W1,-+-,Wk, © H such that a,a’ € a1 +...+2%,,0,0 Cyr t+... + Yin; 
ce, € at... + 2, and d,d’ € wit...+ we,. By setting k = max{ki, ko, k3,k4} and 
x, = 0 for ky <i< k, y, = 0 for kg <i< k, z = 0 for kg <i< k and w; = 0 for 
kg <i<k and using the fact that 7 €0+2M2+0 for all x € H, we get a,a’ € 2, +...+ 2, 
bb Cyt... ty, od € zit...+z, and dd € wi t+...+ wp. The latter implies 
that {(a, bT,cI,dF),(a’,V/T,c'I,d'F)} C (a1, mT, 21,wiF)®...8 (xx, yeT, 21, we FP’). Thus, 
(a, bT,cI,dF)By(a',v/T, cI, d'F). 


Theorem 3.5. Let (H ,+) be an H*-group with identity 0” and 0+ 0 = 0 and let 
a,a’',b,b',c,c,d,d’ € H. Then (a,bT,clI,dF)B%,(a',0T,cI,d'F) if and only if aB*a', bB*b’, 
c8*c and dB*d’. 


Proof. Let (a,bT,cI,dF)6%,(a',v'T,cI,d’F). Then there exist (a, yiT, zJ,wik) € NQ(H) 
with i=1,...,k such that 

(a,0T, cl, dF)Gn(21, mT, 2l,uiF), (oi, wT, 2, wiF) Bn (ei, vit, ail, waif) for i = 
1,...,4 —1 and (xx, yeT, 2el, weF) Bn (a',UT,CI,d'F). Theorem implies that aG71, 
2,041 fori=1,...,k—1, cp Ba’, bBy1, yiGyiga fori =1,...,k—1, yp 8b’, cB21, 218241 for 
i=1,...,k—1, 2p8c, dBw, wiGwi4, fori =1,...,k —1, we Gd’. Thus, a8*a’, bG*b', cB*c' 
and dp*d'. 
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Conversely, let a8*a’, b8*b', c8*c’ and dB*d'. Then there exist 2;, yj, z;,w; € H such that 
aBxi, Pxi41 fori = 1,...,k—1, rp Ba’, bByi, Weyer for += 1,...,4— 1, yi Bo, cBz1, 
“B24 fori =1,...,m—1, 2mBe, d8ui, w8wi41 fori = 1,...,s —1, w,8d’. By setting 
t= max{ k,n, s) end a — a ior k <7 <i; =—0 fort <4 <i, a= form <4 <= band 
w; =d' for s<i<t. The latter implies that 

(a,6T,cl,dF)Gn (21, mT, al,wiF), (vi, wT, al,wiF) Bn (ris, yisiT, zigit, wit F), 
fori =1,...,t—1 and 
(x2, HT, 21, wiF)Bn(a',v'T, cI, dF). 
Thus, (a, 07, cI, dF) 8%,(a',0'T,cI,d' F). 


Theorem 3.6. Let (H ,+) be an H;-group with identity “0” and0+0 = 0. Then 
NQ(A)/Bx = NQ(A/6*). 
Proof. Let ¢: NQ(H)/6x, + NQ(H/8*) be defined as 

(Bn ((a, OT, cI, dF))) = (8*(a), B*(b)T, B*(c)I, B*(d)F). 


Theorem [3.5]implies that ¢ is well-defined and one-to-one. Also, it is clear that ¢ is onto. We 


need to show that ¢ is a group homomorphism. Since 


BN ((a, OT, cl, dF)) B By((a', UT, cI, d'F)) = Bx (2, yT, 21, wP)) 


where (z,yT,zI,wF) € (a,bT,clI,dF) @ (a',UT,cI,d'F) = (a+a’,(b+0)T, (c+ 2)I, ( 
d')F'), it follows that ¢(6%,((a, bT, cI,dF)) 8 Bx ((a',UT,cI,dF))) = $((2,yT, zl, wF) 
(8*(z), B*()T, B*(2)1,6*(w)F). Having 6*(x) = 6*(a) B B*(d), By) = BO) BB 
B*(z) = B*(c) B B*(c) and B*(w) = 6*(d) B B*(d’) imply that o(4X((a, oT, cl, dF) 
BY((a', UT, cI, d'F))) = o(Bx((a, OT, cl, dF)) &! (8X (a, UT, CT, d'F))). 


d+ 
) 


Y), 
HY’ 


( 
) 


Theorem 3.7. Let (H,+) be an H}-group with identity “0” and0+0=0. If G is the fun- 
damental group of H* (up to isomorphism) then NQ(G) is the fundamental group of NQ(H) 


(up to isomorphism). 


Proof. Since G is the fundamental group of H (up to isomorphism), it follows that H/3* = G. 
The latter and Proposition [3.2] imply that NQ(H/6*) = NQ(G). Theorem|3.6] completes the 


proof. 


Example 3.8. Let (H,+) be the hypergroup of arithmetic functions defined in with the 
group of complex numbers (C,+) under standard addition as a fundamental group (up to 


isomorphism). Then (NQ(C),+) is the fundamental group of NQ(H) up to isomorphism. 
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Corollary 3.9. Let (H,+) be an H,,-group with identity “0” and0+0=0. If H has a 
trivial fundamental group then NQ(H) has a trivial fundamental group. 


Proof. The proof is straightforward by applying Corollary 


Example 3.10. Let H, = {0,1} and define (Hj, +1) as follows: 


+,/0); 1 
0 /}0}] 1 
1 )/1) mi 


Then (NQ(H;),®) is a quadruple H.,,-group. Since 0,1 € 1+; 1, it follows that xy for all 
x,y € Hy. Thus, Hj has trivial fundamental group. Corollary [3.9] asserts that (NQ(H1),®) 


has trivial fundamental group. 


Theorem 3.11. Let (H,+) be an H,-group with identity “0” and0+0=0 and wy be the 
heart of H . Then NQ(wy#) is the heart of NQ(H#). 


Proof. Let wy = {x € H : B*(x) = 8*(0)} be the heart of H . Having wyq Hy) = 
{(a,bT,cl,dF) € NQ(A) : BX ((a, bT,cl,dF)) = BX (0,0T,01,0F)} and applying Theorem 
3.5} we get that B*(a) = 6*(b) = B*(c) = B*(d) = 8*(0). Thus, wyaqcx) = {(a, bT, cl, dF) € 
NQ(H) :a,6,c,d € wo} = NQ(wz). 


Example 3.12. Let (H,+) be the hypergroup of arithmetic functions defined in (15). Then 
NQ(Ao) is the heart of NQ(H). 


4. Conclusion 


This paper connected neutrosophic H,,-groups and neutrosophic groups by means of com- 
plete parts and regular relations. More precisely, it used the complete parts and the funda- 
mental relation of H,,-groupls to reach its main results that are summarized in Theorems 4.6 
and 4.7. The results were supported by non-trivial illustrative examples. For future research, 
it is interesting to find a connection between other types of neutrosophic H,,-structures and 
neutrosophic algebraic structures. One can investigate the connection between neutrosophic 
#,,-rings and neutrosophic rings or the connection between neutrosophic H,,-modules and 
neutrosophic modules. 

Funding: This research received no external funding. 

Acknowledgments:The authors appreciate the referees’ informative comments and excellent 
suggestions, which helped to strengthen the article. 

Conflicts of Interest: On behalf of all authors, the corresponding author states that there 


is no conflict of interest. 


Madeleine Al Tahan, Bijan Davvaz, Florentin Smarandache and Saba Al-Kaseasbeh, 
Fundamental group and complete parts of Neutrosophic Quadruple H,,-groups. 


Neutrosophic Sets and Systems, Vol. 53, 2023 re] 


R 


1 
2 


eferences 


. L. A. Zadeh, Fuzzy sets, Inform and control 8 (1965), 338-353. 

. A. A. A. Agboola, B. Davvaz and F. Smarandache, Neutrosophic quadruple algebraic hyperstructures, Ann. 
Fuzzy Math. Inform. 14 (2017) 29-42. 

S. A. Akinleye, F. Smarandache and A. A. A. Agboola, On neutrosophic quadruple algebraic structures, 
Neutrosophic Sets Syst. 12 (2016) 122-126. 

Y. B. Jun , S-Z. Song, F. Smarandache and H.Bordbar, Neutrosophic Quadruple BCK/BCI-Algebras, Ax- 
ioms 7(41), (2018), doi:10.3390/axioms7020041. 

F. Smarandache, Neutrosophy, neutrosophic probability, set, and logic, American Research Press, USA, 
1998. 

F. Smarandache, Neutrosophic quadruple numbers, refined neutrosophic quadruple numbers, absorbance law, 


and the multiplication of neutrosophic quadruple numbers, Neutrosophic Sets and Systems 10 (2015) 96-98. 


7. F. Marty, Sur une generalization de la notion de group, In 8th Congress Math. Scandenaves, (1934) 45-49. 


8. T. Vougiouklis, Hyperstructures and their representations, Hadronic Press Monographs in Mathematics, 


10. 


As. 


12. 


13. 
14. 


15. 


16. 


17 


Hadronic Press, Inc., Palm Harbor, FL, 1994. 

T. Vougiouklis, The fundamental relation in hyperrings. The general hyperfield, Algebraic hyperstructures 
and applications (Xanthi, 1990), 203-211, World Sci. Publ., Teaneck, NJ, 1991. 

M. Al-Tahan and B. Davvaz, On neutrosophic quadruple H}-groups and their properties, Southeast asian 
Bulletin of Mathematics, 44 (2020), 613-625. 

P. Corsini and V. Leoreanu, Applications of hyperstructures theory, Advances in Mathematics, Kluwer 
Academic Publisher, 2003. 

B. Davvaz, Polygroup Theory and Related Systems, World Scientific Publishing Co. Pte. Ltd., Hackensack, 
NJ, 2013. viii+-200 pp. 

B. Davvaz, Semihypergroup Theory, Elsevier/Academic Press, London, 2016. viiit156 pp. 

B. Davvaz, V. Leoreanu-Fotea, Hyperring Theory and Applications, International Academic Press, U.S.A., 
2007. 

M. Al-Tahan, B. Davvaz, On the existence of hyperrings associated to arithmetic functions, J.Number 
Theory 174 (2017) 136-149. 

M. Al-Tahan and B. Davvaz, Strongly regular relations of arithmetic functions, Journal of Number Theory, 
187 (2018) 391-402. 

. M. Koskas, Groupoides, demi-hypergroupes et hypergroupes, J. Math. Pure Appl., (9) 49 (1970) 155-192. 


Received: Sep 11, 2022. Accepted: Dec 20, 2022 


Madeleine Al Tahan, Bijan Davvaz, Florentin Smarandache and Saba Al-Kaseasbeh, 
Fundamental group and complete parts of Neutrosophic Quadruple H*-groups. 


Neutrosophic Sets and Systems, Vol. 53, 2023 
T T, University of New Mexico 


yy a 


Possibility Neutrosophic Hypersoft Set (PNHSS) 


Sumyyah Al-Hijjawi| and Shawkat Alkhazaleh 7 
! Department of Mathematics, Faculty of Science, Zarqa University, Zarqa, Jordan, 
E-mail: shijawi@zu.edu.jo 
2 Department of Mathematics, Faculty of Science and Information Technology, Jadara University, Jordan, 
Email: shmk79@gmail.com 


Abstract: Soft set developed by Smarandache in 2018 to Hypersoft set (HSS) to deal with mullti- 
argument approximate functions. The soft set cannot deal with cases when attributes are required 
to be further divided into disjoint attribute-valued sets. Neutrosophic Hypersoft Set (NHSS) is the 
most effective and useful method to handle the environment which involved more than one 
attribute. Neutrosophic Hypersoft Set introduced by combining Hypersoft Set and Neutrosophic 
Soft Set. In this paper, we first define the concept of Possibility Neutrosophic Hypersoft Set 
(PNHSS in short) which is combination of PNSS and HSS. Certain essential basic characteristics as 
subset, equal and complement are studied with illustrative examples. Basic operations such as: 
union, intersection and some properties such as commutative, associative, distributive low and De 
Morgans low are discussing. Also, we introduce AND and OR operation of PNHSS with suitable 
examples and some propositions. 


Keywords: Soft Set, Neutrosophic Soft Set, Hypersoft Set, Neutrosophic Hypersoft Set, Possibility 
Neutrosophic Set and Possibility Neutrosophic Hybersoft Set. 


1. Introduction 


Fuzzy sets were developed by Zadeh [1] to solve problems which contain uncertain 
information. Some cases cannot deal with fuzzy set, so Turksen [2] introduced interval-valued 
fuzzy set. Atanassove [3] extended fuzzy set to Intuitionistic fuzzy set. Which more general than 
fuzzy set. 

Neutrosophy introduced by Smarandache [4] which is a new tool for dealing with problems 
containing imprecise, indeterminacy and inconsistent data. 

Neutrosophic sets which introduced by Smarandach in 2005 [5] is a generalization of the 
Intuitionistic fuzzy set. 

Soft Set defined by Molodtsov [6] as another commonly used method in handling uncertainties 

in the data. Soft Set extended and introduced some of its operations and properties by Maji [8]. 
Sezgin et al. [11] were proved De Morgan s Law on Soft Set. 
The concept of fuzzy soft set introduced by Maji [7]. Fuzzy soft set extended to Generalized fuzzy 
soft sets by Majumdar and Samanta in 2010 [9]. They joined the degree with the parameterization of 
fuzzy soft sets while defining a fuzzy soft set. Here for each parameter e; and Vi = 1,...,n, F,(e;) = 
(F (e;), u(e;)) indicates not only the degree of belongingness of the elements of U in F (e;) but also 
the degree of possibility of such belongingness which is represented by u(e;). The concept of 
possibility fuzzy soft set introduced by Alkahazaleh et al. [10] by assigning a possibility degree to 
each number of fuzzy sets. 

Neutrosophic Soft Set NSS with basic basic operation and properties proposed by Maji [12]. 
The new concept Generalised neutrosophic soft set GNSS which introduced by Sahin [13], was 
extension of the concept NSS defined by Maji [8]. NSS was also extended by Karaaslan [14] and 
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defined Possibility Neutrosophic Soft Set. NSS developed by Broumi [15] to Generalised 
Neutrosophic Soft Set with basic definitions and operations. He used this concept for solving 
decision making problems. Recently the researchers [16-20] extended the theory of neutrosophic 
soft set and developed it by discussion and applications in decision making. 

In 2018, Soft Set developed to hypersoft Set by converting a single attribute- valued function to 
multi-attribute valued function by Smarandache [21]. In 2019, Saqlain et al. [22] extended this 
concept to deals with the Generalization of TOPSIS for NHSS, by using accuracy function. 

In 2020, the concept of HSS was generalized and the fundamentals of HSS with some relations 
and operations on HSS by Saeed et al. [23, 24]. The concept of fuzzy plithogenic hypersoft set in 
matrix introduced with some basic operations and properties in [25]. The combination of two 
concepts: Plithogenic set and hypersoft set gave a new concept, which was Plithogenic hypersoft set 
introduced in [26]. 

The concept of hypersoft point defined in different environments such as; fuzzy hypersoft set, 
Intuitionistic fuzzy hypersoft set, neutrosophic hypersoft set and gave some basic operation of 
hypersoft points in these environments by Majahid et al. [27]. 

Aggregate operators of NHSS were discussed in some cases by Saqlain et al. [28] with examples. 
Zulgarnain et al. [29] developed the Aggregate operators of NHSS with examples and properties. 
The concept of Complex hypersoft set defined by Rahman et al. [30]. They generalized the hybrids 
of hypersoft set with complex fuzzy and its generalized structure. Rahman et al. [31] introduced the 
concept of Convex and Concave hypersoft Sets with some properties and sutiable examples. In 
2021, Rahman et al. [32] introduced an application in decision making based on fuzzy parametrized 
hypersoft set theory. They made the existing literature regarding fuzzy parametrized soft set in line 
with the need of multi-attribute function. Another application to solve problems in decision making 
based on neutrosophic parametrized hypersoft set theory introduced in [33]. Numerous researchers 
discussed the concept of Rough soft set which was combination between rough set and soft set. 
Rahman et al. [34] introduced development of rough hypersoft set with application in decision 
making for the best choice of chemical material. They proposed a new algorithm to solve decision 
making problems with illustrative examples. Saeed et al. [35] defined the concept of mapping 
hypersoft classes. They developed some properties of mapping on hypersoft set classes such as 
hypersoft images and hypersoft images. 

In 2022, Debanath [36] presented the notion of Interval-valued intuitionistic fuzzy hypersoft sets 
(IVIFHSSs), which was combining interval-valued intuitionistic fuzzy sets (IVIFSS) and hypersoft 
sets (HSSs). He also, discussed some different operators of this concept such as complement, union, 
intersection, AND and OR. He introduced a new algorithm based on (IVIFHSSs). Finally, he 
introduced a numerical example to check the reliability and validity of the algorithm. 

Florentin Smarandache [37] introduced for the first time the concept of IndetermSoft as extention of 
soft set, that deals with indeterminate data, where ‘Indeterm’ stands for ‘Indeterminate’. Similarly, 
he extended hypersoft set to IndetermHypersoft set. At the end, he presented an application of the 
IndetermHyperSoft Set. Ihsan et. [38] defined expert set on Neutrosophic hypersoft set. This model 
solved the problem of dealing with one expert and solved the problem of different parametric- 
valued sets parallel to different characteristics. They discussed basic characteristics, aggregation 
operation, and results with examples. Finally, they presented an application to NHSES in decision 
making problem. Neutrosophic hypersoft set are developed and an application is discussed in 
decision making, which appear from [39]-[43]. 

The organization of this paper as follows: Section 2 present the basic definitions of neutrosophic set, 
soft set, Neutrosophic soft set, Hypersoft set, Possibility neutrosophic soft set, Neutrosophic 
Hypersoft set and some relative definitions used in this work. Section 3 define the new concept of 
possibility neutrosophic hypersoft set with related definitions and suitable examples. Section 4 
describes the basic operations of PNHSS. Section 5 discusses AND and OR operation. Section 6 
presents conclude of this paper with suggested future work. 
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2. Preliminary 

In this section, we present some definitions required in this paper. 

Definition 1 [5] Neutrosophic Set. 

A neutrosophic set A on the universe of discourse X is defined as A = {(x: T,(x), I4(x), Fu(x));x © X} 
where T; 1; F : X > [0,1] and 0 < T,(x) + I4(x) + Fy(x) <3. 

Definition 2 [8] Soft Set. 

Let U be a universe and E be a set of parameters. Let P(U) denote the power set of U and 
A © E. A pair (F,A) is called a soft set over U, where F is a mapping F: A > P(U). 

Definition 3 [7] Fuzzy soft set. 

Let U be an initial universal set and let E be a set of parameters. Let 1” denote the power set of all 
fuzzy subsets of U. Let A © E. A pair (F,E) is called a fuzzy soft set over U where F is a mapping 
given by F: A > IY, 

Definition 4 [21] Neutrosophic Soft Set. 

Let U be an initial universe set and E be a set of parameters. Consider A © E. Let P(U) denotes the 
set of all neutrosophic sets of U. The collection (F, A) is termed to be the soft neutrosophic set over 
U, where F is a mapping given by F: A > P(U). 

Definition 5 [21] Hypersoft Set. 

Let U be a universal set and P(U) be the all neutrosophic subset of U and forn = 1, there aren 
distinct attributes such as ?;,f2,...,¢, and L,,L2,...,L, are sets for corresponding values attributes 
respectively with following conditions such as L; N L; = 9 fori #j andi,j € {1, 2,...,n}. 

Then the pair (w,L, X L, X ...X L,) is said to be Hypersoft set over U where wp is a mapping from 
L, X LyX ...X Ly, to PU). 

Definition 6 [14] Possibility Neutrosophic Soft Set (GNSS). 

Let U be an initial universe and E be a set of parameters. Let N (U) be the set of all neutrosophic sets 
Of U and I” is collection of all fuzzy subset of U. A possibility neutrosophic soft set f, over U is 


defined by the set of ordered pairs 
fule) = {(cx{ (settacpten (u)) uj e u}) :ekeE | or a mapping defined by 


fu:E > N(U) x I" where pis a fuzzy set such that uw: E > I = [0,1] and f, is a mapping defined by 
fu: E > N(U). 


Definition 7 [27] Neutrosophic Hypersoft Set (NHSS). 

Let U be a universal set and P(U) be a power set of U and for n = 1, there are n distinct attributes 
such as ¢1,f2,..,¢, and Lj, L2,...,L, are sets for corresponding values attributes respectively with 
following conditions such as L; N Lj = @fori#j andi,j € {1,2,...,n}. Then the pair (w , A) is said 
to be NHSS over U if there exists a relation L, x L, X ..X L, = A.W isa mapping from 

LX LX ..X Ly to P(U) and Wa( Ly X LyX ..X Ln) = {(u, T,(w), 1, (w), Fy (u)): u € U} where T, I, F 
are membership values for truthness, indeterminacy, and falsity respectively such that 

T,1,F:U > [0,1] and 0 < T,(x) + Ina) + Fu(x) <3. 

Definition 8 [28] Neutrosophic Hypersoft subset (NHSS). 
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For two Neutrosophic Hypersoft subsets (NHSs) p,,and w,,over U, pq, is called a neutrosophic 
hypersoft subset of a, if T(Wa,) < T(Wa,),1(Wa,) < 1a, ), F(Wa,) = F(Yna,): 

Definition 9 [28] Neutrosophic Hypersoft set equal. 

Two Neutrosophic Hypersoft subsets (NHSs) j,,and a, over U, are said to be equal if a,is a 
NHSs of Wa, and pa, is a NHSs of wa,. 

Definition 10 [28] Neutrosophic Hypersoft set complement. 

The complement of a Neutrosophic Hypersoft Set w, is denoted by (y,)° is defined by (wW,)° such 
that (a)° = {Cu Ta®) = FQPa), 1Qha) = 1 — 1b), Fa) = TWa)) ,u € U}. 

Definition 11 [29] Neutrosophic Hypersoft set union. 

The union of two NHSs wy, and wy, over the common universe U. denoted by Wa, U Wa, is the NHS 


and is given as follows: 


T(a,) if u€ A, — Ad, 
T(Wa, UWa,) = T(Wa,) ifueA,-A,, 
max (T(Ha,),T(Wa,)) if we ANA, 
I(Ha,) if ue Ay — Ay, 
Iba, UPa,) = 4! a2) if we Ay — Ay, 
min (1(ha,),!(Wa,)) if u EA, NAd, 
F(#a,) if u€ Ay — Ay, 
F(a, UWa,) = 4° Ha.) if we Ay — Ay, 
min (F(Wa,),F Wa.) if uE Ay Ay. 


Definition 12 [29] Neutrosophic Hypersoft intersection. 
The intersection of two NHSs wy, and W,, over the common universe U. denoted by 


Wa, NW, is the NHS and is given as follows: 


T(Wa,) ifuE A; — Az, 
T(a, OWa,) = 47a.) if ue Ay — Ay, 
min (T(Wa,),T(Wa,)) if wE A, O Ag, 
I(Wa,) if ue Ay — Ay, 
Ifa, 0 Way) = 4 !az) if ue Ay — Ay, 
max (I(Wa,)1(ba.)) if WEAN Ag, 
F(W,) if u€ Ay — Ay, 
F(a, OWa,) = F(a) ifueEA,—A,, 
max (F(a,),F(Wa,)) if u € Ay N Ag. 


Definition 13 [29] AND-Operation of Two Neutrosophic Hypersoft Set. 
Let pa, and w,, be two NHSs over the common universe U, then W,,A Wa, = Wa,xa> 


is given as follows: 
T(Wa,xa,) = min (T(va,), T(Wa,)), 
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I(pa,xa,) = max (I(ha,),!(Wa,)); 


F(a,xa.) =max (1(ba,),1(a,))- 
Definition 14 [29] OR-Operation of Two Neutrosophic Hypersoft Set. 


Let p,, and w,, be two NHSs over the common universe U, then py, V Wa, = Wa,xaz 


is given as follows: 


T(Wa,xa,) = max (T(ba,), T(Wa,)), 
I(ba,xa,) = min (1(ba,),!(Wa,)), 
F(Wayxa,) = min ((a,),1(Wa,))- 


3.Fundamental of Possibility Neutrosophic Hypersoft Set 


Definition 15 Possibility Neutrosophic Hypersoft Set (PNHSS) 

Let 3 be the universal set and N(3) be set of all neutrosophic subset of 3. For n = 1, let ?,,f2,..,€n 
be n well-defined attributes, whose corresponding attributive are respectively the set L,,L3,...,Ly 
with L,;N L; =@fori#j andi,j€ {1,2,...,n} and their relation L; x L, X ..x Ly =A. The pair 
(4, A) is said to be possibility neutrosophic hypersoft set over 3 where 

pi(e) = {(x, (Wa(e)(x), u(e))): x € 3,W,(e)(x) € € N(S) and u(e) € I = [0,1] }. Where wy, is a 
mapping given by Wa: L, x L, X ...X Ly, — N(S) and pis a fuzzy set such that w:A — I. Here pi is 
a mapping defined 

par ly X LyX ..X Ly 3 N(S) XI. 


Example 1 

Let 3 be the set of decision makers to decide best car given as 3 = {d,,dz,d3,d,} and a set 

M = {d,,d,} c S. Also consider the set of attributes as 

L, = Car type, L, = Engine capacity, L3 = Saftey,L, = Performace and their respective attributes 

are given as follows: 

L, = Car type = {Mercedes — Benz, BMW, Volvo, Ford} 

L, = Engine capacity = {1500cc, 1800cc, 2000cc, 2500cc} 

L, = Saftey = {APS, Air bag} 

L, = Performace = {car torque, speeds} 

Let py: Ly X Ly XL3 X Ly > N(S) x1 

And u: A — I. Assume that the customer concentrate on type of car is BMW with engine capacity 

which provide air bag and speed. Then PNHSS is defined as follows: 

wh (Ly X Ly X Ly X Ly) = (BMW, 2000cc, Air bag, Speed) = {d,,d,} 

Then the relation of above PNHSS is given as 

pk (BMW, 2000cc, Air Bag, Speed) = {(d,, ((0.6,0.4,0.5), (0.8,0.3,0.4), (0.8,0.1,0.2), (0.4,0.7,0.5), (0.2))), 
,(d>, ((0.4,0.3,0.2), (0.9,0.4,0.1), (0.3,0.7,0.6), (0.7,0.4,0.2)), (0.5))}. 
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Definition 16 

Let pq, & px, be two PNHSS over 3. Then wy, is the GNHS subset of wi, if: 
1) pis fuzzy subset of 7 
2) <A,isasubset of A3. 
3) Ve EA, N Az, Wa, (e) isa NHSS Wy, (e). 


Example 2 

Consider the two PNHSS Wr, & Wi over the same universe 3 = {d,, dz, d3, dy, ds}. 

Then (", Az) © ({p", Ay). 

Where,(w", Az) = {(dy, ((0.4,0.3,0.7), (0.7,0.2,0.5), (0.6,0,0.4), (0.2,0.3,0.7), (0.1)))} 

is a GNHS subset of(p", Ay) = {(dy, ((0.6,0.4,0.5), (0.8,0.3,0.4), (0.8,0.1,0.2), (0.4,0.7,0.5), (0.2))), 
,(d>, ((0.4,0.3,0.2), (0.9,0.4,0.1), (0.3,0.7,0.6), (0.7,0.4,0.2)), (0.5))}. 


Definition 17 
Let wa, & pi, be two PNHSS over 3. Then py, & x are called GNHS equal, denoted by 
Pa, = Wa, if Wa, isa GNHS subset of pa, & a, isa GNHS subset of paq,. 


Definition 18 
The complement of a PNHSS wi is denoted by (w)° and define 
(wa) = {x Whe) (&) w(e)):x € 3,Wa(e)(%) € N(S) and u(e) € J = [0,1] } 


where, u(e) = 1 — u(e) and ps = neutrosophic soft complement with 
Th” (e) = Fa(e), I (e) = 1 — In(e), Fy (e) = Tale) 


Example 3 


Let p = {(d;, ((0.6,0.4,0.5), (0.8,0.3,0.4), (0.8,0.1,0.2), (0.4,0.7,0.5), (0.2))), 


, (dz, ((0.4,0.3,0.2), (0.9,0.4,0.1), (0.3,0.7,0.6), (0.7,0.4,0.2)), (0.5))} 
By using the PNHSS complement, we obtain the complement given by 
(pr) = {(dy, ((0.5,0.6,0.6), (0.4,0.7,0.8), (0.2,0.9,0.8), (0.5,0.3,0.4), (0.8))), 
, (dz, ((0.2,0.7,0.4), (0.1,0.6,0.9), (0.6,0.3,0.3), (0.2,0.6,0.7)), (0.5))}. 


Proposition 1 
Let yi" be PNHSS, then ((pi)*°)” = wi. 
Proof. Let (pk) = {(x, o¥(e) (x), wO(e)):x € 3} 


= {(x, (Fae), 1K? (e), Ta(€)),1- w(e)):x € SH 


= {(x, (F,(e),1 — Ia(e), Tae), 1 — w(e)):x € 3} 
Then, ((w)*°)” = [{(x, (Fae), 1 — I4(e), Ta(e)), 1 — w(e)):x € SH] 


= {(x,(T(e),1-(1— In(e)), Fa(e)),1- (A= w(e))):x € 3} 
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= {(x, (T,(e), I,(e), F,(e)), 1— u(e)):x € 3} =ypr ,ve €A,n(e) € [0,1]. 


OR 
(WAY) = [eu (TOO = FO, HO) = 1 = In(e), FOC] = Tale), HOC) = 1-ue))):uE 3] 
= [(u, (Ta(e) = Fa? (e), aCe) = 1 — 1K), TaCe) = Fy” (e), n(e) = 1 - vu (e) )):u € 3] 


= [(u,(TaCe) = Fx? ©), In(e) = 1 [1 ~ Ia(e)], Tae) = Fx), H(@) = 1- (1-H(@))) ):w€ S| 


= |(u, (Ta(e) = Fx? (0), Ine) = In(@), Tale) = Fy Ce), n(e) = H(e))):u € 3 | 


=ypi ,ve€A,pu(e) € [0,1]. 


4. Basic Operations 


In this section, we present some basic operation with illustrative examples and propositions. 
Definition 19 
The union of two PNHSS Wh, & Wh, over 3 is a PNHSS 7) defined as w(A, A) where A = A, U Az 
and A(e) = max (u(e), n(e)) and Ve € A we have the follow: 

Wa = Wh, Oi, where e€A, NA, 


Where 0 is a NHSS union. 


Example 4 


Assume that two PNHSS Wh, Yh, over the same universe 3 = {d,,dz,d3,d,} are defined as 


follows: 
Wh, = {dr ((0.6,0.4,0.5), (0.8,0.3,0.4), (0.8,0.1,0.2), (0.4,0.7,0.5), (0.2))), 
,(d>, ((0.4,0.3,0.2), (0.9,0.4,0.1), (0.3,0.7,0.6), (0.7,0.4,0.2)), (0.5))} 
Wa, = {(dz, ((0.8,0.6,0.3), (0.9,0.5,0.2), (0.3,0.2,0.4), (0.3,0.2,0.7), (0.3))), 
, (d3, ((0.5,0.3,0.4), (0.2,0.5,0.7), (0.7,0.1,0.5), (0.4,0.5,0.2)), (0.4))}. 
Then, 
ye = Wa, OWA, = {(di, ((0.8,0.4,0.3), (0.9,0.3,0.2), (0.8,0.1,0.2), (0.4,0.2,0.5), (0.3))) 
(dz, ({0.4,0.3,0.2), (0.9,0.4,0.1), (0.3,0.7,0.6), (0.7,0.4,0.2)), (0.5)) 
, (d3, ((0.5,0.3,0.4), (0.2,0.5,0.7), (0.7,0.1,0.5), (0.4,0.5,0.2)), (0.4))}. 


Proposition 2 
Let Wx, Wy, & a, are PNHSS over 3. Then 
1) Wr, 6) Wa, = Wi, 6) Wh, (Commutative law) 
2) (Wr, Wry) Wh, = Wr, 0) (Wr, 6) Wh, ) (Associative law) 
Proof. In the following proof first two cases are trivial, we consider only the third case. 
1) Wa, OWA, 


= {(x, ((max{7(vk, ), TWH, )bmini(wk, ) 1H, )}min{F(K, ), FC, )}) maxfule ),.n(e)}} 
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= {(x,(Gnax{r (v2, ), TK, )} minfl(W2, )1CHK, )}-minfF(W2, ), FOR, )}), maxin(e) ,u(e )))} 
=i, OYA, 

2) wa, Oy, 


= {(x,(Gmax{7(wn, ). TCHR, )}min{T(WK, ). 1A, )},minfe(k, ), PCH, )}),maxtuce ),m(e))} 
Then (px, 0 px,) O wa, 

= {(x,(Gmaxtmax{r (vn, ). TWA, TWA, )}, minfminfCHK, ) LHR, Twa, )}, 

smin{F (ph, ) FCA, )}F Oba, )}),maxtmax{u(e ),n(e)}, 5(e)})}. 

= {(x,(Gmax{7(oK, ). TOR, ). TCHR, )}minfminfbK, ) CHR, 1A, )} 

min{F (wa, )» FCA, ) a, )}),maxfule ),n(e), 5(e)})} 

= {(x,(Cmax{r(oK, )max{r (oh, ), TCR, )}}. (Cmin{i(ws, )emint (VR, 108, II}. 


((min{r (Wa, )minfF(Wh, ). FWA, )}} ,((max{u(e ),max{Fn(e ),5(e)}})} 
=a, OK, 9 A,). 


Definition 20 
The intersection of two PNHSS Wr, & Wh, over 3 is a PNHSS w? defined as w(e, 2) where 
A =A, NA, ande(e) = min(u(e),n(e)) and Ve € A we have the follow: 
Wa = Wa, A Wa, where eA, NA; 
Where f} is a NHSS intersection. 
Example 5 
Consider example 4. By using basic neutrosophic intersection we can easily verify that p, = 
pr, A Wy,, where 


Wa = Wa, AWA, = ((d1, ((0.6,0.6,0.5), (0.8,0.5,0.4), (0.3,0.2,0.2), (0.3,0.7,0.7), (0.2)))}. 


Proposition 3 
Let wa, Wy, & Wa, are PNHSS over 3. Then 
1) Wa, AYA, =a, Aa, (Commutative law) 


2) (wk, Av) Avs, =vk, AWW, Avi,) (Associative law) 


Proof. Similar to proposition 2. 

Proposition 4 

Let pq, & py, are PNHSS over 3. Then 
1) (WA, OR) = (A) AA) 
2) (on, Ava.) = OR) OWA) 
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Proof. The proof is straightforward from Definitions 18 and 19. 


Proposition 5 

Let ph &pi, are PNHSS over 3. Then 
1) x, GNHS subset of px, O wy, 
2) pk, Awi, GNHS subset of ph, 


Proof. It’s clear from definition. 


Proposition 6 
Let Wr Wa, & pi, are PNHSS over 3. Then 


1) (Wa, Ow) Awa, = (a, A WA,) O (YZ, A A,). 
2) (Wx, AYR) Oa, = (a, O wa,) A (wa, 5 wa). 


Proof. The proof can be easily obtained from relative definitions. 


5. AND and OR Operation. 


125 


In this section, we introduce the definitions of AND and OR operations for Possibility neutrosophic 


hypersoft set, derive their properties, and give some examples. 


Definition 21 

Let pq, & pq, are PNHSS over 3. Then px, AND yj, denoted by pq, A wx, is given as 
Wr, A Wy, az WAL xAy 

such that Wi, a, (a B) = wi, (a) Aw", (B), (a, B) E Ay X Ay 

Where f\ is a NHSS intersection and €(e) = min(u (e), n(e)). 


Example 6 

Consider example 4. Then we can easily verify px, A Wx, = Wa,xa, Where 
Wh, xay = (Cdr, dy) ((0.6,0.6,0.5), (0.8,0.5,0.4), (0.3,0.2,0.4), (0.3,0.7,0.7), (0.2))) , 
((dy, d3), ((0.5,0.4,0.5), (0.2,0.5,0.7), (0.7,0.1,0.5), (0.4,0.7,0.5), (0.2))), 

((dz,d,), ((0.4,0.6,0.3), (0.9,0.5,0.2), (0.3,0.7,0.6), (0.3,0.4,0.7), (0.3))), 

((d2,d3), ((0.4,0.3,0.4), (0.2,0.5,0.7), (0.3,0.7,0.6), (0.4,0.5,0.2), (0.4)))}. 


Definition 22 

Let pq, & pq, are PNHSS over 3. Then pq, OR wi, denoted by py, V wx, is given as 
wa, V Way = Varxn, 

such that 4, xa, (@, B) = Wh, (a) O WA, (8), V(@ B) € Ay x A 

Where 0 is a GNSS union and A(e) = max(u(e), n(e)). 


Example 7 


Consider example 4. Then we can easily verify Wr, v Wa, = Wax A, Where 


WA, xr = {((d1, dy) ((0.8,0.4,0.3), (0.9,0.3,0.2), (0.8,0.1,0.4), (0.4,0.2,0.5), (0.3))), 
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((d;, d3), ((0.6,0.3,0.4), (0.8,0.3,0.4), (0.8,0.1,0.2), (0.4,0.5,0.2), (0.4))), 
((dz, d,), ((0.8,0.3,0.2), (0.9,0.4,0.1), (0.3,0.2,0.4), (0.7,0.2,0.2), (0.5))), 
((d2,d3), ((0.5,0.3,0.2), (0.9,0.4,0.1), (0.7,0.1,0.5), (0.7,0.4,0.2), (0.5)))}. 


Proposition 7 
Let pq, & pq, are PNHSS, then 


1) WET wL)y = WK) ALY: 
2) (WA WL) =) OWL). 


Proof. The proof is straightforward from Definitions 18, 21 and 22. 


4. Conclusions 


In this paper we have introduced the concept of of Possibility Neutrosophic Hypersoft Set 
and studied some of its properties like: subset, equal, complement with detailed examples. 
Basic operation of PNHSS are established like: union, intersection with illustrative examples. 
Some basic laws such as commutative, associative, distributive and De Morgens low are 
discussed. AND and OR operation of PNHSS are defined with suitable examples and some 
propositions. 


In the future we use the new concept of PNHSS in decision making problem and in medical 
diagnosis. Also, the authors may extend this Possibility Neutrosophic Hypersoft Set to 
algebraic structure such as group, ring and field and their generalizations may be studied. 
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Abstract: Fuzzy decision-making is a critical research topic in uncertain decision-making issues. 
Under uncertain scenarios, a group of decision makers/experts presents the fuzzy evaluation data 
of the criteria to an alternative. In this case, we can use a fuzzy multi-valued set (FMVS) to express 
them. To solve the operation problem between different fuzzy sequence lengths in FMVSs and 
ensure some confidence level of fuzzy assessment values from the perspective of probability, this 
paper first proposes a transformation technique from FMVS to a confidence neutrosophic number 
cubic set (CNNCS) based on confidence levels and normal distribution of fuzzy values in FMVS. 
Then, we present an exponential similarity measure between CNNCSs and its group DM model 
with some confidence levels and normal distribution in a FMVS circumstance. Finally, the 
developed group DM model is applied to the selection of intelligent manufacturing equipment, 
and then the decision results corresponding to the 90%, 95%, and 99% confidence levels reveal the 
decision flexibility and rationality/reliability. 


Keywords: fuzzy multi-valued set; confidence neutrosophic number cubic set; exponential 
similarity measure; group decision-making 


1. Introduction 


In uncertain decision-making (DM) issues, fuzzy DM is a critical one of DM research topics. 
Fuzzy sets (FSs) [1] have been applied in various DM areas, such as social science, economics and 
engineering management [2-6]. As an extension of FS that contains almost one occurrence of each 
element, Yager [7] presented a fuzzy multi-set (FMS) or bag, where permit multiple occurrences of 
the elements with identical or different membership degrees. Since then, the fuzzy multisets have 
been applied to group DM [8, 9] and clustering analysis [10-12] and so on. To avoid aggregation 
operations between different fuzzy sequence lengths in FMSs, Fu et al. [13] introduced a 
transformation technique from FMS to an entropy fuzzy set in terms of the mean and 
Shannon/probability entropy of fuzzy sequences, and then developed a group DM model using the 
Aczel-Alsina aggregation operators of entropy fuzzy elements and used it for renal cancer surgery 
options with FMS information. 

In view of the hybrid form of interval fuzzy values (uncertain fuzzy values) and fuzzy values 
(exact fuzzy values), Jun et al. [14, 15] proposed (fuzzy) cubic sets (CSs). Then, CSs have been 
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applied in many DM problems [16-18]. Moreover, there are some extension forms of CSs, such as 
cubic hesitant fuzzy sets [19-21], fuzzy credibility cubic numbers [22], and cubic fuzzy-consistency 
sets transformed from cubic fuzzy multi-valued sets [23], and their DM applications in existing 
literature. Since CS shows its obvious merit in the hybrid information expression of interval fuzzy 
values and fuzzy values, it is more useful than FS in multi-criteria group DM problems. 

In uncertain problems, a neutrosophic number (NN) N =/h + ul = [h + ul, h + ul*] for an 
indeterminacy I = [I I*] and h, u € ® was proposed by Smarandache [24-26]. NN implies its main 
merit in the indeterminate information representation of changeable interval values or fuzzy values 
corresponding to different indeterminate ranges of I. Hence, it shows better flexibility and 
generalization in the representation and processing capability of uncertain information in 
multi-criteria DM problems [27, 28]. Recently, Lv et al. [29] presented the concepts of NN probability 
and confidence neutrosophic numbers (CNNs) (confidence intervals) in light of confidence levels 
and normal and log-normal probability distributions of multi-valued datasets from the perspective 
of probability, and then developed CNN linear programming methods based on normal and 
log-normal probability distributions to carry out production planning problems in uncertain 
scenarios. 

In the setting of FMSs, Fu et al. proposed a transformation technique from FMS to entropy 
fuzzy elements based on the mean and Shannon/probability entropy of fuzzy sequences in FMS. 
Then, from the perspective of probability estimation, the transformation technique does not consider 
a confidence level and certain probability distribution of fuzzy sequences/data, which shows its 
defect. To avoid this defect, this paper proposes a new transformation technique from a fuzzy 
multi-valued set (FMVS) to a confidence neutrosophic number cubic set (CNNCS) and group DM 
model using an exponential similarity measure (ESM) of CNNCSs to solve group DM problems in 
view of the conditions of some confidence levels and normal distribution in a FMVS circumstance. 

This paper contains remaining structures. The second section introduces the definitions of 
FMVS and CNNCS and some basic relationships of CNNCEs. The third section proposes an ESM 
between CNNCSs and a weighted ESM of CNNCSs. The fourth section develops a group DM model 
based on the weighted ESM of CNNCSs in a FMVS circumstance. The fifth section utilizes the 
developed group DM model to perform the selection of intelligent manufacturing equipment. The 
sixth section provides decision results and discussions corresponding to the 90%, 95%, and 99% 
confidence levels to reveal the decision flexibility and rationality/reliability. The last section 
summarizes the conclusions and future research directions. 


2. FMVS and CNNCS 


This section gives the definitions of FMVS and CNNCS and then defines some basic 
relationships of confidence neutrosophic number cubic elements (CNNCEs). 
Definition 1. A FMVS H ona finite set Z = {z1, z2, ..., Zq} is defined as 


H ={(z,,M,,(Z,)) &, €Z}, (1) 


where Mx(zk) contains multiple membership degrees of each element zx to the set H, denoted as a 


fuzzy sequence M,,(Z,) = (Mg Myo hy, ) with identical and/or different fuzzy values for z € Z 


and hi € [0, 1] (k=1, 2, ..., q; i= 1, 2, ..., 1). 
For convenience, each element (z,,M,,(z,)) in H is denoted as a fuzzy multi-valued element 
(FMVE) h, = (c(h : 


KAS TK27 °° 
H becomes FS. 
According to the confidence interval with a (1—@g)100% confidence level [29], we present a 
transformation technique from FMVS to CNNCS, which is defined below. 


Ny, )) with increasing fuzzy sequence. Especially when rx = 1, the FMVS 
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Definition 2. Set FMVS as Hi = {<z1, (h11, ha, ..., hy, >, <22, (hat, 22, «07 My, Provera (Nat, Meee Ny, )>} 
in a finite set Z = {z1, z2, ..., Zq}. Thus, CNNCS can be defined as 
- (2, (LRG) |, Han) ai| atta) | Fare rer 
mite [Mig Ep) th Ip) |e Mnig ) Lp =P partpa® 
where | hy, (I,,),hi, (I,) | (k= 1,2, .---9) is CNN, which is obtained by 


/ (2) 


2 O, 
[hi Gy My (!,) | = [Pe + Ul, Prag tUyl ae Pera = hes Pray += Loe |? (3) 

i i: 
[,=4,,1 2 O-t,,.9/t,9© is an indeterminate interval depending on a specified value of ty2; wikis 


an indeterminate parameter; then /imx and ox are the average value and standard deviation of a 
fuzzy sequence in H1, which are yielded by the formulae: 


bag= ==Yh, (4) 


‘i=l 


(5) 


Remark 1. The specified values of tw2 are related to (1-g)100% confidence levels [29], which are 
usually specified as tg2 = 1.645, 1.960, 2.576 for the levels of g= 0.1, 0.05, 0.01 in actual applications 
[29]. 

From a probabilistic viewpoint and the estimation of small example data in some distribution 

situation, the CNN of Eq. (3) with a (1-g)100% confidence level reveals the probability of fuzzy 
values falling within CNN (confidence interval). For example, considering the 90% confidence level, 
the 90% probability of all fuzzy values will occur within CNN, while the 10% probability of all fuzzy 
values will occur outside CNN. 
Example 1. Assume that there is the FMVS M1 = {<z1, (0.5, 0.6, 0.7, 0.9)>, <z2, (0.6, 0.7, 0.7, 0.8, 0.9)>} ina 
finite set Z = {z1, z2}, where fuzzy data are in the normal distribution situation. Considering the 90% 
confidence level with the specified value of tg2 = 1.645, the FMVS Hi: can be transformed into the 
CNNCS Gai by Eggs. (3)-(5), which is described by the calculational process below. 

Using Eqs. (4) and (5), the average values and standard deviations of two fuzzy sequences in H1 
are given as follows: 

hmu = 0.675, hmi2 = 0.74, o11 = 0.1708, and ov = 0.114. 
Using Eq. (3), two CNNs are produced as follows: 


: : 0.1708 0.1708 
[rit ni(t,)]=|0675- a x1.645, 0.675 + on «1.645 |=e.5845, 081555 


: : 0.114 0.114 
[rid dnitt,)]=]074- 5 «1.645, 0.74 + 5 <1 645 |=0.6561, 08299 


Thus, the CNNCS Gig for g= 0.1 is obtained below: 
Gig=0.1 = {<z1, [0.5345, 0.8155], 0.675>, <z2, [0.6561, 0.8239], 0.74>| I= [-1.645, 1.645]}. 


Then, each element fz [i U,), Ay (L at, Iiaie in the CNNCS Gig is simply represented as 
the CNNCE gu (fp) =([Mpne Mie | Pinu) R= 1,2, 4). 
Definition 3. Set two CNNCEs) as, (I,) = ([ lee, hn) and 


8y(1,) = (ie i hs ple hie) (k =1, 2, ..., q). Then, their basic relationships are defined below: 
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(1) &u (1) S 8x U,) ° Mg Mo PS Moy My. 2 and Anny S Myo; 


2 
(2) ial )= 8,(,) S 8x1.) S 8. ,) and 8&4.) > 8) , Le, Agi = Nor , 
=h; a, and A, = Ayr, ; 
(3) ue Box (Lp) = (Pere V Mgrs Mine V Moe Pe Y Poe) § 
4) Bie Lp) O82 Uy) = (Mere A Myre Me A Moe OP A Poe) 4 
65) g,U,)= (4 Bgl ha Ol Rea) (Complement of B¢l1 5): 


3. ESM of CNNCSs 


In this section, we present the ESM of CNNCSs, the weighted ESM of CNNCSs, and their 
characteristics. 
Definition 4. Set Gio = {g1i(I9), g12(I9), ..., Q1¢(Lo)} and G2p = {g21(I9), 92219), ..., 824(1y)} as two CNNCSs, 


where 8,,(/,) = ([h, oth Manele In) and g,,(/,) = ([h, pk peel Iyax ) (k=1, 2, ...,q) are two 
collections of CNNCEs. Thus, the ESM of two CNNCSs Gai and Gw is defined as 


exp(=((Nj, — Rio, y. + hon = tea y + Pate — Ane) ))- exp(—3) 


1 q 
= 6 
q 2 1—exp(-3) 


Proposition 1. The ESM E,(Gi9, G2) contains the following characteristics: 
(a) Ey(Gig, Gry) = Eo G29, Gio); 
(b) 0 < Ey(Gig, Gry) <1; 
(c) Ep(Gig, G2) = 1 if and only if Gig = G29; 
(d) If Gig € Gry € G3y for any three CNNCSs Gig, G2g, and G39, then Ey(Gig, Gz) 2 Ey(Gig, G3) and 
E (G29, G3g) = Ep(Gig, Gsg) exist. 
Proof: 
(a) This characteristic is obvious. 


(b) Since there is the inequality O<(h,,, — i) Ae hie) + (ya, —Myo,) <3, the 
inequality exp(0)=1< exp(—( (Inu hi) ti) + gy) *)) <exp(-3) also exists. 
Therefore, the value of Eq. (6) belongs to [0, 1], i.e., 0 < E(Gig, G2g) <1. 

(c) When Gig, = G2, g1i(Ie) = g2(Io) (k= 1, 2, ..., q) exists. Thus, there are 11, =/j»,, h. =hpon ; 


glk 
and Aya, =Mno, (k= 1, 2, «--, gq). In this case, there is exp(0) = 1 in Eq. (6), and then E,(Gig, G2y) = 1 
exists. 

When E,(Gig, G2y) = 1, there is exp(0) = 1 in Eq. (6). Hence, how =Nooy, er =Nhos and 


Diag = inn, exist. In this case, there is g1K(Io) = g2K(Io) (k = 1, 2, ..., g), and then Gi = G29 can hold. 

(d) For Gip Cc Gra Cc Gey there is glo) C gale) C gax(Iy), and then 
Migr Mp OS Myo 1 Mn PS Mayr Ng 34, ® and Aya, SMyoy Sng, (k = 1, 2, «.., g) exist. Thus, there 
are the following inequalities: 

gue — less)? $(h, plk loa) (hy plk lieve) < (hy plk shies) 


(A, g2k ies) <(h, glk hays (hy. 2k ee < (hy glk Ioan) 


2 
(A, mik Pion) <(h milk ley (A, m2k ae <(h milk Punsk ) : 
Since exp(-y) for y 2 0 is a decreasing function, Ey(Gig, G2y) 2 EX Gig, G3y) and Eg(G29, Gse) = 
E(Gig, G39) can hold. 
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Considering the weight of gi(I,) (k= 1, 2, ..., q; 7 =1, 2), it is given by 2 € [0, 1] for Dee aie 
Thus, the weighted ESM of the CNNCSs Gi and G29 is established below: 


4 exp(=((Mp = hax e + Wie — Nive ) + (Hate — Anat ye )) —exp(-3) 
Ey, (Gy G,,) = > Ay : 
k=l 1 pans exp(—3) 


Proposition 2. The weighted ESM Ew,(Gi, G2») also contains these characteristics: 
(a) Ewe(Gig, Gry) = Ewe Gry, Gig); 
(b) 0 < Ewo(Gig, G29) < 1; 
(c) Ewo(Gig, Gz) = 1 if and only if Gig = G29; 
(d) If Gig C G2p € Gag for any three CNNCSs Gig, G29, and G3y, then there are Ewo(Giyg, G29) = EwoGiy, 
G39) and Ewo(G29, G3e) = Ewo(Gig, Gsg). 
Based on the similar proof process of Proposition 1, Proposition 2 can be easily verified 
(omitted). 


(7) 


4. Group DM Model Based on the ESM of CNNCSs 


A multi-criteria group DM problem usually contains a group of possible alternatives Me = {Me1, 
Mez, ..., Mep} and a group of main assessment criteria Z = {z1, z2, ..., Zq}. Taking into account the 
weights of different criteria, their weight vector is expressed as 2 = (M1, A2, ..., Aq). In the group DM 
problem, the group DM model can be developed and reflected by the decision procedure below. 

Step 1: In the suitability assessment of the alternatives, the fuzzy evaluation values of each 
alternative satisfying the criteria are assigned by a group of experts/decision makers and constructed 


as the FMVS H/, = {Rip = 12) su qh containing the q FMVEsh,, = (a Pipa Piggs ens Rip, )) (k=1, 
2, ..., 9;) = 1,2, ..., p) for ze € Z. Then, all FMVSs can be formed as their decision matrix Du = (hyjt)pxg. 
Step 2: Using Eqs. (3)—(5) for the 90%, 95% and 99% confidence levels with the specified values 
of tg2 = 1.645, 1.96, 2.576, the FMVSs Hj (j = 1, 2, ..., p) can be transformed into the CNNCSs G jg = 
(gn(Fo), g(To), -- Su(lo)h containing the q CNNCEs gx (I,)=([Mon Mex | Iiny) (j= 1,2, ..., ppk= 


1,2, ...,q) for g=0.1, 0.05, 0.01. Thus, their decision matrix is denoted as Dy = (gir(Ig))pxa. 
Step 3: Set the ideal solution/CNNCS as G*= {<z1, [1, 1], 1>, <zz, [1, 1], 1>, ..., <Za, [1, 1], 1>}. Then, 
the weighted ESM values of Ew¢(G jg, G’) (j = 1, 2, ..., p) are given by 


a exp(=((ey —1 + ag, —1)? + Oy -1))-ep-3) 


Eve(Gig)= DAs 1-exp-3) Ss 
Step 4: The alternatives are sorted, and the optimal choice is determined by the largest 
weighted ESM value. 
Step 5: End. 


5. DM Example 


5.1 Selection of intelligent manufacturing equipment 


This section provides a DM example on the selection of intelligent manufacturing equipment in 
a manufacturing company to reflect the practicability and efficiency of the developed group DM 
model in the scenario of FMVSs. 

To improve intelligent manufacturing capability in a manufacturing company, the 
manufacturing company wants to purchase a type of intelligent manufacturing equipment from 
possible equipment providers. In this case, the technology department preliminarily selects possible 
six types of intelligent manufacturing equipment (six alternatives) from possible equipment 
providers, which are denoted as a set of six alternatives Me = {Me1, Me2, Mes, Mes, Mes, Mec}. To assess 
their suitability, the technology department chooses four assessment criteria: cost (z1), intelligent 
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degree (z2), technical advancement level (z3), and manufacturing performance and capability (za). 
Then, the decision department invites five experts to select the optimal type of intelligent 
manufacturing equipment (the optimal alternative) by the suitability assessment of each alternative 
with respect to the four criteria. The weight vector of the four criteria A = (0.2, 0.3, 0.2, 0.3) is 
presented by experts/decision makers. 

For the DM example, the developed group DM model can be applied to the selection problem 
of intelligent manufacturing equipment and depicted by the decision procedure below. 

Step 1: Five experts present their fuzzy evaluation values of each alternative Me; (j = 1, 2, 3, 4, 5, 
6) satisfying the criteria z (k = 1, 2, 3, 4). Then, their assessed fuzzy values are constructed as the 


FMVS decision matrix: 
| (z,,(0.7,0.7,0.8,0.8,0.9)) (z,,(0.6,0.7,0.7,0.7,0.7)) (z5,(0.7,0.8,0.8,0.9,0.9))  (z4,(0.7,0.8,0.8,0.8,0.8)) | 
(z,(0.7,0.7,0.7,0.8,0.8)) (Z3,(0.6,0.6,0.7,0.7,0.8)) (z3,(0.7,0.7,0.8,0.8,0.8)) (z4,(0.6,0.7,0.7,0.8,0.8)) | 
- _| (z1-(0-6,0.6,0.6,0.7,0.7)) (z2,(0.6,0.7,0.8,0.8,0.9)) (zs,(0.7,0.8,0.8,0.8,0.9)) (z1,(0.6,0.6,0.6,0.7,0.8)) 
"| (z,(0.6,0.7,0.7,0.7,0.8)) (z,,(0.6,0.6,0.7,0.8,0.8)) (z;,(0.6,0.7,0.7,0.7,0.8)) (z,,(0.6,0.6,0.7,0.7,0.8)) 
(%,(0.7,0.7,0.8,0.8,0.8)) (z,,(0.7,0.7,0.7,0.7,0.7)) (z3,(0-6,0.7,0.7,0.7,0.7)) (z4,(0.5,0.6,0.7,0.7,0.7)) 
| (z1,(0.6,0.7,0.7,0.7,0.8)) (Z,,(0.6,0.7,0.7,0.8,0.8)) (Z3,(0.6,0.6,0.6,0.7,0.7))  (z4,(0.5, 0.6,0.8, 0.8,0.9)) | 


Step 2: The specified values for g = 0.1, 0.05, 0.01 are tg2 = 1.645, 1.96, 2.576 [29]. Using Eqs. 
(3)-(5) with the 90%, 95% and 99% confidence levels, the FMVS decision matrix Dx can be 
transformed into the following three CNNCS matrices: 


(0.7184, 0.8416¢ 0.78) (0.6471, 0.71299 0.68) (0.7584, 0.88169 0.82) (&.7471, 0.81299 0.78) 
(0.6997, 0.7803¢ 0.74) (0.6184, 0.74169 0.68) (0.7197, 0.8003¢ 0.76) (0.6584, 0.7816e 0.72) 
D__. ~| (05997, 0.68039 0.64) (20.6761, 0.84399 0.76) (e0.7480, 0.85209 0.80) (0.5942, 0.72589 0.66) | 
oot | (0.6480, 0.75209 0.70) (0.6264, 0.77369 0.70) (0.6480, 0.75208 0.70) (0.6184, 0.7416e 0.68) 
(£.7197, 0.8003¢ 0.76) (0.7000, 0.7000¢ 0.70) (0.6471, 0.7129@ 0.68) (0.5742, 0.7058e 0.64) 
(0.6480, 0.7520¢ 0.70) (0.6584, 0.78169 0.72) (0.5997, 0.6803¢ 0.64) (0.5991, 0.8409e 0.72) | 
| (0.7067, 0.8533¢ 0.78) (0.6408, 0.7192e 0.68) (0.7467, 0.8933¢ 0.82) (0.7408, 0.81929 0.78) 
(£.6920, 0.7880¢ 0.74) (0.6067, 0.7533¢ 0.68) (0.7120, 0.8080¢ 0.76) (0.6467, 0.7933¢ 0.72) 
D__. -| (2:5920, 0.68809 0.64) (<0.6601, 0.85999 0.76) (0.7380, 0.86209 0.80) («0.5816, 0.73849 0.66) 
200 | (0.6380, 0.76208 0.70) (0.6123, 0.7877@ 0.70) (0.6380, 0.76209 0.70) (0.6067, 0.75339 0.68) 
(£.7120, 0.80809 0.76) (e.7000, 0.7000¢ 0.70) (0.6408, 0.7192¢ 0.68) (0.5616, 0.7184¢ 0.64) 
| (0.6380, 0.7620 0.70) (e.6467, 0.7933@ 0.72) (0.5920, 0.6880¢ 0.64) (0.5760, 0.86409 0.72) | 
| (0.6836, 0.8764e 0.78) (0.6285, 0.73159 0.68) (0.7236, 0.9164e 0.82) (0.7285, 0.83159 0.78) 
(£.6769, 0.8031¢ 0.74) (0.5836, 0.77649 0.68) (0.6969, 0.82319 0.76) (0.6236, 0.81649 0.72) 
pD__. =| (0:5769, 0.70314 0.64) (e0.6286, 0.8914¢ 0.76) (e.7185, 0.88159 0.80) (e.5570, 0.76309 0.66) 
e001 | (0.6185, 0.78159 0.70) (0.5848, 0.8152¢ 0.70) (0.6185, 0.7815e 0.70) (0.5836, 0.7764¢ 0.68) 
(£.6969, 0.8231¢ 0.76) (2.7000, 0.70008 0.70) (0.6285, 0.7315¢ 0.68) (0.5370, 0.74309 0.64) 
| (0.6185, 0.7815¢ 0.70) (0.6236, 0.81649 0.72) (&.5769, 0.7031¢ 0.64) (0.5307, 0.9093@ 0.72) 


Step 3: Using Eq. (8), the weighted ESM values of Ewo(Gjg, G’) are shown in Table 1. 


Table 1. Decision results corresponding to the 90%, 95% and 99% confidence levels 


Q tor Ewo(Gig, G’) Sorting order Optimal choice 

0.8220, 0.7735, 0.7587, Mei > Me2 > Mes > 

0.1 1.645 Mei 
0.7361, 0.7318, 0.7397 Mes > Mes > Mes 
0.8203, 0.7715, 0.7557, Me: > Me2 > Me3 > 

0.05 1.96 Mei 
0.7336, 0.7306, 0.7354 Mec > Mes > Mes 
0.8163, 0.7666, 0.7485, Me: > Me2 > Me3 > 

0.01 2.576 Mei 
0.7274, 0.7278, 0.7250 Mes > Mes > Mec 
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Step 4: The six alternatives are sorted and the optimal choice is determined by the largest 
weighted ESM value, then all decision results corresponding to the 90%, 95%, and 99% confidence 
levels are shown in Table 1. 


5.2 Results and discussions 


In view of the decision results in Table 1, different confidence levels can impact on the sorting 
orders of the six alternatives, then the optimal alternative always is Me1. By comparing existing DM 
models in the scenarios of FMSs and CSs [13, 16, 17, 18], our new DM model reveals the following 
main merits: 

(i) The proposed information transformation technique from FMVSs to CNNCSs can make 
the information expression more reasonable and confident and avoid operation problems between 
different fuzzy sequence lengths in FMVSs since CNNCS contains CNNs (confidence intervals) and 
average values. Then, CNN can reflect the probabilistic estimation of fuzzy values related to some 
confidence level to ensure the probabilistic reliability of fuzzy values falling within CNN. 

(ii) Our new group DM model based on the weighted ESM of CNNCSs can reflect its decision 
flexibility depending on specified confidence levels. Then, decision makers can choose their optimal 
alternative according to their preference for confidence levels so as to satisfy some actual 
applications or requirements. 

(iii) To some extent, existing CS is only a special case of CNNCS. In terms of a probabilistic 
viewpoint, existing CSs lack a confidence level in group DM problems, which shows its defect in the 
probabilistic estimation of the group evaluation values; while CNNCS contains both CNNs and 
average values, which can reflect the confidence level and magnitude of the group evaluation 
values. Therefore, our new group DM model indicates its obvious superiority over the existing DM 
models in the scenarios of FMSs and CSs. 


6. Conclusions 


Based on a confidence level of small sample data (the collection of several fuzzy values), this 
paper proposed a transformation technique from FMVSs to CNNCSs to reasonably express the 
mixed information of CNN and mean of fuzzy sequences. In the group DM process, the advantage 
of CNNCSs is that CNNCSs can effectively ensure the group evaluation data and mean falling 
within CNNs (confidence intervals) in light of a confidence level and a distribution status of the 
group evaluation data and solve the operational issue between different fuzzy sequence lengths in 
the scenario of FMVSs. Then, the proposed ESM of CNNCS&s can make the similarity measure more 
reasonable and confident since it is closely related to confidence levels and normal distribution. 
Moreover, it also implies the measure flexibility corresponding to different confidence levels. The 
developed group DM model based on the proposed ESM of CNNCSs can not only make decision 
results more flexible and confident depending on certain confidence level, but also ensure the 
credibility and effectiveness of the DM results from the perspective of probability estimation in the 
scenario of FMVSs. It is obvious that the developed group DM model of CNNCSs reveals its obvious 
superiority over the existing DM models of FMSs/CSs in the information conversion/expression and 
DM methods. 

Since this original study proposed the transformation technique from FMVSs to CNNCSs and 
the group DM model of CNNCSs for the first time, they are only suitable for group DM problems 
under the normal distribution condition of the group evaluation data (FMVSs), which shows their 
limitation in group DM applications. Therefore, we shall further develop other transformation 
techniques and group DM models and their applications, such as medical diagnosis, image 
processing, and production programming problems, as future research directions. 
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Abstract: The internet of vehicular things (IOVT) is an important modern technology that offers 
many advantages and facilities; however, if vehicular malfunctions are not detected in a timely 
manner, it may cause many dangers and serious accidents. To achieve safe self-driving vehicles, 
safety and security measures must be taken. In this work, a safety and security model are proposed 
to evaluate the level of vehicular malfunctions and determine the corresponding danger in terms of 
road safety. The proposed model presents the optimal actions and alternatives for self-driving 
vehicles to avoid crises. The objective of this study to develop a hybrid model for multicriteria 
decision-making problems using neutrosophic theory to handle vehicular malfunctions that occur 
in the IOVT environment under uncertain conditions and conflicting information. In addition, the 
technique for order of preference by similarity to the ideal solution is used to prioritize the 
corresponding alternatives in the case of vehicular malfunction. A case study considering four 
likely vehicular defects is presented to ensure the applicability and availability of the proposed 
model. 


Keywords: internet of vehicular things (IOVT), vehicular malfunction detection, multi-criteria 
decision making (MCDM), neutrosophic theory, analytical hierarchy process (AHP), TOPSIS. 


1. Introduction 


Self-driving vehicles have become one of the most important technological advances in the world [1]. To 
reduce risks that result from vehicles, self-driving vehicles are expected to be relied upon in more countries and 
cities [2]. By 2040, 40% of vehicles are expected to be self-driving [3]. According to the World Health 
Organization, many people at risk of serious injury or death each year from accidents due to undiscovered 
vehicular defects [4]. The problem of defect detection in vehicles, especially while driving, is the target of this 
study, with the aim of preventing accidents on the road based on statistics regarding the causes of accidents. 
This paper proposes the most important problems that may cause accidents, which are classified into four 
categories depicted in Figure 1. 
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Figure 1. Factors and obstacles that influence the roadworthiness of vehicles. 


Tires are important sources of vehicular risks and accidents. Hence, three of the problems 
considered in this study are related to tires: 1) overinflation, when the pressure exceeds the normal 
range [5],[6]; 2) non-roundness, deformations or extensions of the tire [7]; and 3) cuts and punctures, 
which can occur if the vehicle drives over hazards on the road [8]. The fourth problem is related to 
brakes [9]. Malfunctions and defects of the brakes can cause vague and inconsistent information for 
self-driving vehicles [1], which may lead to difficulty in making consistent and accurate driving 
decisions. 

This paper discusses some of the defects that affect vehicles depending on internet of vehicular 
things (IOVT) technology by integrating multicriteria decision-making (MCDM) method, analytical 
hierarchy process (AHP), neutrosophic sets, and the technique for order of preference by similarity 
to ideal solution (TOPSIS) based on intelligent techniques [10]. AHP is among the most popular 
methods to deal with complicated MCDM problems [11] and can be summarized as a process of 
decomposition, calculating the weights for the decision criteria, and finally calculating the priority 
for alternatives [11]. This classical AHP method can determine the priorities for criteria and is also 
able compare and grade alternatives, but it is unable to handle ambiguous information [10] and the 
Saaty comparison matrix cannot determine whether it is in a consistent or inconsistent state because 
it has no systemic methodology [10]. To overcome this problem, fuzzy AHP (FAHP) combines fuzzy 
set theory and AHP [12]. This method can handle conflict, but decision makers cannot determine the 
membership function permanently. This paper proposes a neutrosophic technique combined with 
AHP to help decision makers handle uncertainty and determine influential factors to better handle 
vehicular defects. The neutrosophic set is expressed as truth, falsity, and indeterminacy (T, I, F) 
membership [13]. Based on this, uncertainty, conflict, and vague and incomplete information can be 
handled. TOPSIS methods, including AHP TOPSIS, depend on classifying alternatives into two 
parts: positive and negative solutions, where the optimal solution is the solution near the set of 
positive solutions that is farthest from the set of negative solutions [10,14]. This proposed model 
examined four risks that could affect self-driving vehicles that rely on IOVT technology to determine 
the optimal action that must be taken at the right time. IOVT is a network of vehicles that contain 
software, sensors, and other important techniques and among the most influential factors in 
autonomous vehicles [15,16]. This paper aims to achieve the following objectives: 
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1. Determine whether IOVT can overcome vehicular problems and accidents. 
Discuss some defects and malfunctions that may affect vehicles and lead problems and accidents. 

3. Assess the influence of criteria in attempt to help experts and decision makers reach optimal 
solutions. 

4. Propose solutions to deal with MCDM problems. 

5. Propose a hybrid model that integrates AHP, neutrosophic models, and TOPSIS to recommend the 
best option out of three proposed alternatives. 

6. Apply the proposed framework in a case study of self-driving vehicles that depend on IOVT. 

7. Conducta sensitivity analysis to ensure the robustness and reliability of decision-making by IOVT. 


The next sections of this paper are as follows. Section 2 presents a literature review. Section 3 introduces 
the framework of this study. Section 4 presents the methodology of the proposed model. Section 5 concludes the 
paper with insights obtained from this work and future considerations. 


2. Literature Review 


Many researchers have suggested the importance of the internet of things (IOT) to connect 
devices via the internet, and IOVT has become one of the most important modern technical 
developments in the era in both academic and industrial fields [17]. The rapid development of the 
intelligent transportation system (ITS) helps to provide utilities to consumers, including safe traffic 
management [18]. 

The daily use of roads causes some dangers for drivers [19]. There are many causes of vehicle 
accidents arising from a lack of experience in dealing with emergency situations. These situations 
include tire problems, such as overinflation, cuts and punctures, and non-roundness, as well as 
problems with the vehicle’s brakes [20]. IOVT helps to predict these malfunctions in a timely manner 
and make an appropriate decision to avoid accidents. Many recent studies on vehicular defect 
detection in intelligent transportation systems introduce risk assessment of vehicles to propose a 
theoretical basis to prevent accidents that results from vehicular malfunctions [21]. In [22], a unified 
diagnostics service protocol (UDS) proposes a semiautomatic approach to brake pedal testing and 
diagnostics. In [23], radiography is used to detect defects in vehicle tires, and [24] describes three 
vehicular defects, including changes in tire pressure. Effective methods have been developed to 
detect aquaplaning detection using a small group of sensors, stability-based electronic control, and 
drive torques [5]. In [25], IOT and deep learning are combined to produce an integrated 
self-diagnostic system for self-driving vehicles. In [17] discuss federated learning issue and aims to 
develop IOVT applications which is characterized by confidentiality and security. IOT and ITS have 
been merged to improve the efficiency and effectiveness of ITS. Information about malfunctions that 
vehicles may be exposed may be incomplete and uncertainty [26]. The authors of [27] propose 
techniques to handle uncertainty when predicting crashes in self-driving vehicles. 

MCDM methods have become an important issue for decision makers, as they are used to 
prioritize criteria and alternatives to help solve the problems of uncertainty and incomplete 
information [11]. In addition, several studies have been presented based on fuzzy sets. For example, 
[28] presents a theory of sets to manage uncertainty, and [4] presents an FAHP method to evaluate 
the roadworthiness of vehicles. When AHP methods are integrated with fuzzy techniques, they can 
better handle uncertainty information, but they still cannot handle indeterminate values. FAHP is 
very convenient for evaluating alternatives. FAHP can evaluate the current state of the vehicle, but it 
has some limitations. For example, when input data are expressed in linguistic terms depending on 
the experience and opinions of decision makers, it cannot obtain actual relations between the criteria 
and alternatives [11]. MCDM methods use neutrosophic sets to offer solutions under ambiguous and 
conflicting information by proposing truth, indeterminate, and falsity (T, I, F). In [29], MCDM with 
single value neutrosophic sets is proposed to calculate values between options and available choices. 
The neutrosophic set proposes three membership functions to calculate the weights of criteria and 
alternatives and choose the optimal alternative, and its integration with TOPSIS is a new 
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development to enable the selection of an ideal choice [30]. In [31] researchers present a realistic 
empirical example of Starbucks company to develop strategies for its development and uses a model 
that combines AHP and Neutrosophic theory. In [32] researchers present a model that combines 
AHP and Neutrosophic theory. In [33] researchers discuss the problem of choosing the best learning 
management system (LMS) because there are many (LMS) available in the marketplace therefore, 
decision -making to choose the best system is a multi-criteria problem. so, this research applies 
neutrosophic AHP method. The main contribution of this study is the application of the MCDM 
method using a neutrosophic set, AHP, and TOPSIS to produce an effective model that can handle 
the problems of IOVT. 


3. Framework 


The integration of AHP, MCDM, neutrosophic, and TOPSIS techniques is an effective way to help 
decision makers face the problems of uncertainty and confusion of information to make appropriate decisions. 
Neutrosophic and TOPSIS methods have been used in recent studies to help determine ideal solutions. AHP is a 
method to solve confusion and complex problems [34] and is characterized by its simplicity, as it decomposes 
problems into subproblems [35]. This study proposes the integration of AHP and neutrosophic techniques to 
analyze the factors that influence the safety of vehicles [36]. The resulting system outputs a warning if defects or 
malfunctions are detected based on multiple data sets obtained from sensors in the tires, which are connected to 
each other and the warning system using IOT [37]. 

This section describes four main criteria that cause vehicular malfunctions, which may lead to injuries and 
accidents. Tires are a major source of problems that result in accidents; therefore, tires must be replaced or 
repaired as soon as a problem is detected to avoid accidents. Three of the four criteria considered herein are tire 
defects: overinflation, non-roundness, and cuts or punctures. The fourth defect is malfunction of the brakes [38]. 
The correct action must be selected in the event of any of these defects from the following three options: stop the 
vehicle immediately, stop the vehicle at the nearest repair station, or continue (there is no danger). 

The main criteria are measured as follows: 

1. Overinflation: 

A sensor is used to measure the air temperature and pressure changes inside the tire [39]. If the pressure 
reaches the critical pressure, the sensor sends warning. The sensor utilizes multiple previously 
constructed datasets to determine the critical value. 

2. Non-roundness: 

A sensor is used to detect stretching and changes in the tire radius. 

3. Cuts and punctures: 

A moving sensor detects any cuts or punctures in the tire. 

4. Brakes: 

Braking condition is a well-established influential factor that must be constantly examined in JOT 
environments [40]. A warning is sent to the vehicle if the sensor detects any abnormal conditions. 

The steps of the proposed method, as depicted in Figure 2, can be divided into three stages. The first 
stage is to specify the criteria and actions. In the second stage, the criteria are evaluated using 
neutrosophic scales to help decision makers determine the optimal action. The third stage applies 
TOPSIS through the following steps: 

5. Normalize the criteria and actions. 

6. Find the positive and negative regions. 

7. Find the positive and negative Euclidian regions and determine the relative proximity. 
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Figure 2. Conceptual steps of the proposed method. 


Then, the optimal action is determined by the following steps: 

Step 1: Specify the criteria using the AHP model according to Table 1. 

Step 2: Compare the criteria and actions based on the neutrosophic scale in Table 1. 

If criterion 1 is strongly significant than criterion 2, the value of the neutrosophic scale is written 
as ((4,5,6)0.80,0.15, 0.20); conversely, if criterion 2 is strongly significant than criterion 1, the 
neutrosophic scale is the inverse of <4,5,6>, which is1/ ((4,5,6)0.80,0.15,0.20). 

The pairwise comparison matrix between the different criteria is 


. fae 
#-|—- -—- - (1) 
= — Sam 


where x... k represents the decision maker’s number depending on the preference of the n™ 
criterion over the m™. For example, in the form of the neutrosophic triangular, the decision 
maker’s sight is presented as <<4, 5, 6>; <0.80, 0.15, 0.20>>, where the neutrosophic triangular 
scale values are referenced as the lower, median, and upper values. 

The decision maker's degree of certainty is represented as <0.80, 0.15, 0,20> truth, 
indeterminacy, and falsity. Thus, the triangular neutrosophic scale structure is < (L, m, u); T, |, F 
xX, where I, m, and u refer to the lower, median, and upper neutrosophic triangular scale 
values. IX, FE, TE, are the truth, indeterminacy, and falsity, which represent the certainty of 
the decision maker's perspective. 

For example, x2, refers to the comparison of criteria 2 and 4 from the perspective of the third 
decision maker. 


Step 3: Aggregate the decision makers’ preference relations between the criteria. 
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To achieve certainty, multiple decision makers evaluate the preference relations between the 
criteria. The aggregated sj is 


 eyfk ok phy 7k pe gk 
_ Fema Tip 


a (2) 
and the aggregated pairwise comparison matrix is 
yy = Xx 
G=}! * fi), (3) 
3 °° Xm 


Then, the neutrosophic scales are transformed into crisp values using the score function of (sj). 
5 Fag tag Fy 


. (4) 
4 9 
The scale of the neutrosophic numbers represented by |, m, u and T, I, F symbolize lower, 


S (sigl= | (lig Xmy xy 


median, upper and truth, indeterminacy, and falsity membership functions of the triangular 
neutrosophic number. 


Step 4: According to the previous matrix, the weights and priorities are calculated. 
First, calculate the sum of the average row. 


w; = Hei (5) 
where i = 1, 2,3, 4, ..., mand j=1,2,3,4,...,n. 
Second, normalize the crisp value using 


mm Wy 
ee = 
i 


= =m 38 = 1.235 4.0.0 mI, (6) 


Step 5: Verify the decision maker’s decision. 


CR= =. (7) 


where CR, CI, and RI denote the consistency rate, consistency index, and random consistency 
index, respectively. The result achieved an accepted consistency of 1%. 
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Table 1. Triangular neutrosophic scales corresponding to linguistic phrases. 


Score Linguistic Phrase Neutrosophic Triangular Scale 
1 Equally significant = {{1,1,1}:0.50,0.50,0.50} 
3 Slightly significant 3 = ((2,3,4):0.30,0.75,0.70) 
5 Strongly significant = ((4,5,6);(0.80,0.15,0.20) 
7 very strongly significant 7 =((6,7,8), 0.90,0.10,0.10) 
9 Absolutely significant 9 = {(9,9,0}; 1,00,0.00,0.00) 
2 2 = ((1,2,3};0.40,0.60,0.65) 
4 ; 4 = ({3,4,5};0.35,0.60,0.40) 
Sporadic values between two 
6 6 = ((5,6,7);0.70,0.25,0.30) 
close scales 
8 B = ((7,8,9}:0.85,0.10,0.15) 


Step 6: Upgrade the consistency in the neutrosophic AHP by collecting the inconsistent elements in 
the pairwise comparison matrix using the induced matrix, as mentioned in [38]. Then calculate the 
normalized decision matrix as follows: 


ry = 


i (8) 


Step 7: Multiply each alternative by its corresponding weight considering its corresponding criterion 


to obtain an action score using: 
zy = Wy x Pip 
(9) 
Step 8: Select the best decision according to the rankings of the alternatives. This process is 
implemented in several steps: 


Step 8.1: Calculate the positive and negative regions using Eqs. (10) and (11), respectively: 


: . _ = MAX Vig 12...) If Ef >, 
Q =| < min (Vgji=12......mo © J Felina ef? (10) 


<min(yy|i= 1,2,3,,..m)|jEj* >. 


Q-= )< max (yylt=1,2,3,...m)|j El > (11) 


Step 8.2: Compute the Euclidian distance between the positive (47) and negative (47) optimal 
solutions using Eqs. (12) and (13), respectively: 


| 7 
d* = |E@ vey) i= 1.234,...m, 

1 y I=L 1] 2] (12) 
= | aZ = 
d7 = {Zeal —y)y i=12,5A,...m. 


(13) 


Step 8.3: Compose a final ranking of actions and select the ideal action. For this purpose, 
calculate the relative closeness as 
di; . 
5B -=a 1,2 Specs « oA 


ae . (14) 
Step 8.4: Choose the optimal action. 
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4, Empirical Application 


As an empirical application of the neutrosophic model, we consider a vehicle manufacturing company in 
Egypt. This company hopes to introduce IOT technologies to self-driving vehicles, which will detect vehicle 
malfunctions during an early stage of driving on the road and make an appropriate decision for accident and 
disaster avoidance. The company employs an expert panel of four decision makers (Table 2). During a meeting, 


the expert panel proposed the following four criteria for identifying vehicle malfunctions: 


C1: overinflation. 

C2: non-roundness. 

C3: cuts and punctures. 
C4: brake malfunctions. 


Decision makers select one of three actions: 


1- stop the car immediately. 


2- stop the car at the nearest repair station. 


3- continue driving (no problem or cause for concern). 


The proposed model proceeds through the following steps: 


Step1: Select an expert panel of four decision makers. The credentials and demographic information of the 
experts are listed in Table 2 and the four main criteria and actions related to vehicle malfunctions are proposed 


in Figure 3. 


Table 2. Demographic information of the expert committee. 


Demographic Job title Qualifications Age Gender 
information 
First expert Financial consultant Master 45 Female 
Second expert Mechatronics PhD 50 Male 
engineer 
Third expert Quality and safety Master 35 Female 
manger 
Fourth expert Mechanical Bachelor 40 Male 
engineer 
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Figure 3. AHP structure of the presented criteria and actions. 


Step 2: Map the decision maker’s perspectives onto the neutrosophic scale using Eq. (1). The experts’ decisions 
are aggregated using Eq. (2) and are expressed in the format of Eq. (3) in Table 3. 


Table 3. Proposed collected perspectives of the decision makers of criteria. 


Criterion Cl C2 C3 C4 
Cl <<1,1,1>;0.50,0.50,0.50> <<4,5,6>;<0.80,0.15,0.20> 1/<<2,3,4>;0.30,0.75,0.70> <<1,2,3>;0.40,0,60,0.65> 
C2 1/<<4,5,6>;<0.80,0.5,0.20 > <<1,1,1>;<0.50,0.50,0.50> <<3,4,5>;0.35,0.60,0.40> <<6,7,8>;0.90,0.10,0.10> 
C3 1/<<2,3,4>;0.30,0.75,0.70> 1/<<3,4,5>;0.35,0.60,0.40> <<1,1,1>;0.50,0.50,0.50> <<7,8,9>;0.85,0.10,0.15> 
C4 1/<<1,2,3>;0.40,0,60,0.65> 1/<<6,7,8>;0.90,0.10,0.10> 1/<<7,8,9>;0.85,0.10,0.15> | <<1,1,1>;0.50,0.50,0.50> 


Step 3: For simplicity, convert the neutrosophic aggregated perspectives into crisp values using 
Eq. (4). The results are shown in Table 4. 


Step 4: Compute the weights of the criteria using Eqs. (5) and (6). The results are listed in Table 5 and 
visualized as a pie chart in Figure 4. 


Step 5: Compute the consistency rate using Eq. (7). The consistency was determined as 1%. 


Table 4. Crisp values of criteria according to the perspectives of the decision makers. 


Criterion Cl C2 C3 C4 
Cl 1 1.843 1.855 1.388 
C2 0.542 1 1.848 1.450 
C3 0.539 0.541 1 2.139 
C4 0.720 0.689 0.467 1 
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Table 5. Criteria weights. 
Criteria Weights 
Cl 0.377 
C2 0.268 
C3 0.234 
C4 0.159 
mC1 C2 =C3 = C4 
Figure 4. Pie chart of IOVT malfunctions criteria weights. 
Step 6: Gain the perspectives of the decision makers on the presented actions and criteria 
(Table 6), then calculate the crisp neutrosophic values of the decision makers using Eq. (4) 
. : ais a as: ‘ 
(Table 7). Finally, normalize the decision matrix as *;; = — The normalized results are 
Lies: 
J “ 
listed in Table 8. 
Table 6. Proposed decision matrix of criteria and actions for decision makers. 
Criteria Cl C2 C3 C4 
Al <<6,7,8>;0.90,0.10,0.10> <<2,3,4>30.30,0.75,0.70> <<4,5,6>;0.80,0.15,0.20> <<1,1,1>;0.50,0.50,0.50> 
A2 <<1,1,1>;0.50,0.50,0.50> <<1,2,3>;0.40,0.60,0.65> <<2,3,4>;0.30,0.75,0.70> <<9,9,9>;1.00,0.00,0.00> 
A3 <<2,3,4>;0.30,0.75,0.70> <<4,5,6>;0.80,0.15,0.20> <<6,7,8>;0.90,0.10,0.10> <<1,1,1>;0.50,0.50,0.50> 


Table 7. Crisp neutrosophic values for decision makers. 


Criteria Cl C2 C3 C4 
Al 2.03 1.85 1.84 1 
A2 1 1.38 1.85 2.08 
A3 1.85 1.84 2.03 1 
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Table 8. Normalization of decision matrix by applying mj = = 2 


149 


Criteria Cl C2 C3 C4 
Al 0.415 0.364 0.321 0.245 
A2 0.204 0.272 0.323 0.509 
A3 0.379 0.362 0.354 0.245 


Step 7: To calculate the weighted matrix, multiply the criteria weights obtained from the 
neutrosophic AHP by the normalized decision matrix [Eq. (9)]. The results are tabulated in 
Table 9 and presented in Figure 5. 


Table 9. Weighted matrix obtained by applying 2; ij — Wy XT iz to multiply the criteria weights obtained 


from the neutrosophic AHP by the normalized decision matrix. 


Criteria Cl C2 C3 C4 
Al 0.156 0.097 0.075 0.038 
A2 0.076 0.072 0.075 0.080 
A3 0.142 0.097 0.082 0.038 

e==_over-inflation § =-non-roundness cuts and punctures === car-brakes 
Al 
0.16 
0,14, 6 
0.12 °° 
0.1 
0.08 
0.06 A2 
ale 0.072 
0,02 
0 
0.097 
A3 


Figure 5. Comparison of the three alternatives based on different criteria Table 9. 


Step 8: Calculate the positive and negative regions using Eqs. (10) and (11), respectively, then 
calculate the Euclidian distances between the positive (d;*) and negative (dj) optimal solutions to 
present actions using Eqs. (12) and (13), respectively. Finally, rank the actions using Eq. (14). The 


ranked results are listed in Table 10. 
At = {0.156, 0.097, 0.082, 0.080} 
A’ = {0.076, 0.072, 0.075, 0.038} 
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Table 10. Final ranks of actions. 


150 


az dj cj rank 
Al 0.042 0.083 0.664 1 
A2 0.084 0.042 0.33 3 
A3 0.044 0.070 0.614 


Actions Al and A2 are considered to be the best and worst choices, respectively, in the opinion 
of the decision makers. That is, the best action for the driver to take is action Al—stop the car 
immediately —and the worst action, which the driver must not take, is to stop the car at the nearest 
repair station, as this action may cause danger or accidents. 
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Figure 6. Sensitivity analysis of weights of alternatives depending on various priorities of criteria. 
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Table 11. Final ranks of the alternatives for different priorities of criteria A1, A2, and A3 


5. Sensitivity analysis 


A sensitivity analysis studies the effect of the variance of each input measure on the model output. It 
is useful for prioritizing the selection of the best alternatives. During a sensitivity analysis, the model 
is assumed sufficiently precise to reproduce the behavior of the system. The present study conducts 
a sensitivity analysis on the criteria (attribute) ranking. Specifically, it demonstrates how the 
prioritization of the criteria affects the final rank of the alternatives. To obtain efficient and accurate 
results, we selected 12 random cases for the sensitivity analysis (three alternatives and four criteria; 
see Table (11). Figure 6 illustrates how the final rank of alternatives changes after changing the 
priority order of the criteria. 

The sensitivity analysis clarified that in all cases except Case 6, Al is the best alternative and A2 is 
the worst alternative. A3 ranked medium in most cases. 


6. Comparative analysis 


This part of the study compares the results of our suggested approach that integrates AHP, 
neutrosophic theory, and topsis with those of another approach that assumes a fuzzy environment 
[41],[42],[43]. Applying the fuzzy approach to select the best action of an autonomous vehicle in our 
case study, the alternatives are ranked as follows: A3> A1>A2 (Figure 7). 


25% 


Figure 7. Alternative ranking based on the fuzzy approach. 
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Figure 8. Aggregated results for each alternative according to each criteria. 


Table 12 lists the final ranks of the alternatives using the fuzzy approach presented in [41] and [42] 
and our suggested neutrosophic topsis approach. 


Table 12. Final rankings of alternatives based on our proposed approach and a fuzzy approach. 


Alternatives | AHP neutrosophic topsis approach | Fuzzy approach 


Al 1 2 
A2 3 3 
A3 2 1 


To compare the ranks of the neutrosophic topsis approach and fuzzy approach, we applied 
Spearman’s correlation method [44], which estimates whether two continuous variables are 
correlated or uncorrelated: 


s3t_.(a,)" 
Sa =n [HRSS- | (15) 


tt? —1) 


In this formula, t denotes the number of alternatives and d, is the difference between two ranks of 


alternatives. If Sm is +1 or -1, the correlation is strong and if Sm is 0, the variables are uncorrelated. 
The Pearson’s correlation indicates the degree of linear correlation between two variables. It ranges 
from -1 (completely negatively correlated) through 0 (completely uncorrelated) to +1 (completely 
positively correlated). The Pearson correlation is calculated as 

vfiab) 
P, oe = co a 


Ty Fp 


/ (16) 
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where cov (a, b) denotes the covariance of a and b, and Ga and ®» denote the standard deviations of 
a and b, respectively. The Spearman's correlation coefficient was computed as 0.5, indicating a 
strong correlation between our proposed approach and the fuzzy approach. The Pearson's 
correlation coefficient between the two approaches was also 0.5. By ranking the weights of the 
criteria and alternatives and comparing the results of our proposed and fuzzy approaches, we find 
that our proposed approach simplifies the application as follows: 

1. As the fuzzy approach requires more equations than our approach, it is necessarily more complex, 
time-consuming, and storage-demanding than the AHP neutrosophictopsis approach. 

2. Our proposed approach depends on the truth degree, falsity degree, and indeterminacy degree 
whereas the fuzzy approach depends only on the truth and falsity degrees. Therefore, our proposed 
approach can handle ambiguous and conflicting information which cannot be efficiently handled by 
the fuzzy approach. Moreover, the neutrosophic-topsis approach can simulate natural human 
thinking. 

3. The fuzzy approach depends on linguistic variables, so is restricted in scale and cannot provide a 
logical confirmation degree. In contrast, our proposed approach allows decision makers to use 
suitable linguistic variables and confirmation degree. 


7. Applications 


The study proposes an intelligent hybrid model that merges AHP, neutrosophic theory, and topsis. 
The model handles MCDM problems and optimizes decision making to overcome the problems 
introduced by uncertainties and incomplete information. Although IOVT is being rapidly 
developed, its many advantages are partly offset by the increased risk of accidents caused by vehicle 
malfunctions that are undetected and not corrected by an appropriate action in a timely manner. The 
objective of this study was to ensure safety and security on the roads by discovering malfunctions in 
self-driving vehicles and quickly implementing the optimal action. Factories, companies, 
manufacturers and developers of self-driving vehicles will benefit from this model because it 
identifies and prioritizes the proper attributes and actions in the event of any problem or danger. 


8. Conclusions and Future Work 


The study proposes an intelligent hybrid model that merges AHP, neutrosophic, and TOPSIS 
techniques to solve MCDM problems and help decision makers overcome the problems of 
uncertainty and incomplete information. Many countries are witnessing significant developments in 
IOVT, which has some disadvantages and risks that arise from undetected vehicular malfunctions. 
These risks can be mitigated by taking the appropriate action in a timely manner. The objective of 
this study was to achieve safety and security on the roads by discovering malfunctions in 
self-driving vehicles in a timely manner and implementing the optimal action. 

Comparing our proposed approach with the fuzzy approach, we concluded that our 
neutrosophic topsis approach is more effective and simpler to implement than the fuzzy approach; 
moreover, it simulates natural human thinking. 


In the future, we will update this technique to predict more vehicular defects using diverse 
multicriteria decision-analysis methods. Further, we will improve this method by applying 
evolutionary algorithms to determine the most effective criteria. we will apply many methods such 
as VIKOR, ENTROPY, and DEMATEL method in the future to this problem. 
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Abstract: In this paper, neutrosophic statistical analysis of temperature data of five different cities 
of Pakistan is given. The neutrosophic mean and neutrosophic coefficient of variation are computed 
using the temperature data. From the analysis, it is concluded that on average the temperature of 
Lahore city is higher than the temperature of other cities. Also, the temperature of Karachi city is 
more consistent compared to other cities. In addition, the neutrosophic results are compared with 
results under classical statistics. The neutrosophic statistical analysis is found to be more 
informative than classical statistics results. 


Keywords: temperature; indeterminacy; uncertainty; statistical; analysis 


1. Introduction 


The weather temperature has a serious effect on the human body. An increase in weather 
temperature can be harmful to humans and other living things. It also affects the reduction of 
productivity of agriculture (Janjua et al., 2020). Recently, Pakistan has been experiencing an 
unexpected extreme change in climate which cause a lot of damage to health and livelihoods in the 
country (Eckstein, 2018). In recent years many heat strokes have been recorded which has caused 
many problems in the environment. The animals are dying because of water due to environmental 
change. The statistical methods have been widely applied for the prediction and estimation of 
temperature. Several researchers also studied different aspects of temperature. Iqbal et al. (2016) 
presented a study on the recent changes in maximum and minimum temperatures in Pakistan. This 
analysis deals with the trends in both variables at a monthly, seasonal, and annual resolution. 
Dawood (2017) presented a Spatio-statistical analysis of temperature fluctuations, this analysis deals 
with the variation in temperature such that positive tends with mean maximum temperature and 
negative tends with mean minimum temperature and slope magnitude. Amin et al. (2018) dealt with 
the analysis of historical temperature (1996-2015) and projected (2030-2060) climate in Pakistan, 
presented the possible variations for both minimum and maximum temperature. Khan et al. (2019) 
presented the analysis of both minimum and maximum temperature trends and the significant 
increase in a heat wave. This analysis shows that the intense heat wave occurred in southwest 
Pakistan. Abid et al. (2019) presented the Farmers perception of climate change, observed trends, and 
adaptation of agriculture in Pakistan. This analysis deals with the perception of increasing mean 
temperature with locally recorded data. Tariq at al. (2020) presented the analysis of seasonal land 
surface temperature and land use land cover change using optical multi-temporal satellite data of 
Faisalabad, Pakistan. Saleem et al. (2021) presented the annual and seasonal trends of extreme 
temperature and pacific variability during 1980-2019. Rafiq et al. (2022) presented the analysis of the 
variability of mean monthly, seasonal and annual temperature of Baluchistan province, Pakistan. 
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These analyses are done by using classical statistics. More information on analysis can be seen in 
Iqbal and Quamar (2011). 


Classical statistics deals with determinate and exact data, crisp arguments charts, diagrams, 
probability distributions, algorithms, functions, parametric and non-parametric whereas; 
neutrosophic statistics is an advanced form of classical statistics that deal with indeterminacy, 
uncertainty, unclear and incomplete form of data, and also a generalization of interval statistics, see 
Smarandache (2014). According to Smarandache (2022) “Neutrosophic Statistics is an extension of 
the Interval Statistics, since it may deal with all types of indeterminacies (with respect to the data, 
inferential procedures, probability distributions, graphical representations, etc.), it allows the 
reduction of indeterminacy, and it uses the neutrosophic probability that is more general than 
imprecise and classical probabilities, and has more detailed corresponding probability density 
functions. While Interval Statistics only deals with indeterminacy that can be represented by 
intervals. Not all indeterminacies (uncertainties) may be represented by intervals. Also, in some 
applications, we should better use hesitant sets (that have less indeterminacy) instead of intervals. 
Neutrosophic statistics is a generalization of interval statistics, because of, among others, while 
interval statistics is based on interval analysis, neutrosophic statistics is based on set Analysis 
(meaning all kinds of sets, not only intervals)” To deal with neutrosophic data or data in intervals the 
various applications can be viewed in Broumi and Smarandache (2014) presented the neutrosophic 
set of new cosine similarities between two intervals. Aslam and Khan (2021) worked on the normality 
test of temperature in Jeddah city using Cochran’s test under indeterminacy. Afzal et al. (2021) 
presented the analysis of resistance depending on the temperature variance of conducting material 
under the neutrosophic statistical analysis. Further, Janjua et al. (2022) worked on the climate 
variability and wheat crop under a neutrosophic environment. Afzal et al. (2022) presented the work 


on the fabrication of temperature flexibility on robot skin. 

In this paper, we will apply neutrosophic statistics to the temperature data collected from 
different cities in Pakistan. We will present the neutrosophic statistical analysis of the temperature 
data of Gujranwala, Lahore, Karachi, Islamabad and Sialkot enumerated by Pakistan Meteorological 


Department. We will compare the result of classical statistics with the result of neutrosophic statistics 


using the temperature data of different cities in Pakistan. 


2. Methodology 


Suppose that Xy = X; + Xyly;Iyellz,Jy] be a neutrosophic random variable which represents the 
temperature of different cities of Pakistan, where X,, is the lower temperature and Xyly is the upper 
temperature and Iye[J;,Iy] be the interval of indeterminacy. By following, Chen et al. (2017), Chen 


et al. (2017) and Aslam (2019), the neutrosophic average of temperature data Xye[X,,Xy] can be 
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a a = 5 1 = 1 
calculated as Xy = X, + Xyly;lyelly, Ty], where X, = nyt Xi, Xy = ny tat Xiy and nye[nz,,ny] 
be a neutrosophic sample. The neutrosophic standard deviation can be computed as follows 


: os + bI,)(a@+ bI,),(a; + bil) (a+ =) 
min = = 
ie (a; + bjly)(a@ + bI,), (a; + bjI,)(a@+ bI,) 
— (“ + bjI,)(@ + bI,), (a; + bjT,) (a+ a 
si (a; + bly) (a@ + bI,), (a; + bily)(a@ + bly) 


bial 9. a Xa) =2 ell, ly] (1) 


Note that a; =X, and b; = Xy. We will use the symbols a; and b; to present the lower and upper 


values, respectively throughout the paper. The neutrosophic sample variance can be computed by; 


n = 
i Xin)? 
ny 


52 = , Sze(S7,,S7y] (2) 


The neutrosophic form of Sge[S?,,57y] can be written as 
as + bsIys;Iys€lis.tus] (3) 


The neutrosophic coefficient of variation (CVy) can be applied to see the consistency of the 
temperature in the different cities of Pakistan. A city having a smaller value of CVy means more 


consistent than the other city in temperature. The CVy can be computed by; 


st 
CVy = i x 100; CVye[CV;, CVy] (4) 


— ly 


The neutrosophic form of CVy is 


ay + bylyyil yell, Tuv] (5) 


3. Data collection 


We used temperature data of different big cities of Pakistan like Gujranwala, Lahore, Karachi, 
Islamabad and Sialkot. Our aim is to investigate which city on average has the higher temperature 
and which city temperature is more consistent. We used daily data of temperature for the month of 
July 2022 from https://www.gismeteo.com/. The data is reported in Table 1. Table 1 presents low and 


high values of the temperature data. The temperature data given in the interval cannot be analysed 


Ishmal Shahzadi, Neutrosophic Statistical Analysis of Temperature of Different Cities of Pakistan 


Neutrosophic Sets and Systems, Vol. 53, 2023 


160 


using classical statistics. The interval data can be analyzed using neutrosophic statistics. The 


neutrosophic statistical analysis for the temperature data is shown in Section 4. 


Table 1: The temperature data (in C°) of different cities in Pakistan 


Day Date Gujranwala Lahore Karachi Islamabad Sialkot 
Low | High | Low | High | Low | High | Low | High | Low | High 

Monday 4 29 40 29 40 28 36 28 35 28 37 
Tuesday 5 34 43 36 43 29 34 31 39 31 41 
Wednesday 6 29 39 31 38 28 31 26 36 30 35 
Thursday 7 28 36 29 39 28 33 27 35 28 36 
Friday 8 31 41 31 41 29 32 29 37 31 41 
Saturday 9 30 35 29 34 29 33 28 34 29 35 
Sunday 10 28 37 29 39 30 35 26 33 29 37 
Monday 11 28 37 29 37 29 33 27 35 28 37 
Tuesday 12 30 36 31 37 29 31 28 34 27 34 
Wednesday 13 27 34 28 36 29 32 28 34 27 34 
Thursday 14 28 37 27 38 28 31 27 33 26 36 
Friday 15 27 36 26 35 29 32 27 35 27 36 
Saturday 16 29 38 29 37 29 33 27 35 29 37 
Sunday 17 29 38 30 40 29 36 27 32 28 38 
Monday 18 31 40 32 40 28 32 26 37 31 40 
Tuesday 19 33 41 33 41 28 31 30 37 31 40 
Wednesday 20 33 40 34 41 28 30 29 37 29 36 
Thursday 21 30 38 32 40 28 31 25 35 26 33 
Friday 22 29 33 31 35 28 32 27 34 26 29 
Saturday 23 28 34 30 36 28 32 26 34 25 30 
Sunday 24 28 36 30 38 28 32 26 35 25 32 
Monday 25 29 39 31 42 29 32 27 37 26 34 
Tuesday 26 32 41 35 43 29 31 28 39 28 36 
Wednesday 27 32 40 35 43 29 31 29 39 28 35 
Thursday 28 32 39 35 42 29 30 29 38 28 35 
Friday 29 29 36 31 39 28 30 28 34 26 31 
Saturday 30 29 37 32 40 28 30 26 35 25 32 
Sunday 31 29 37 32 40 28 30 26 34 25 32 


4. Result and interpretation 


We performed the neutrosophic statistical analysis using the temperature data. The neutrosophic 


mean of temperature is shown in Table 2. The neutrosophic standard deviation is shown in Table 3. 


The neutrosophic coefficient variation is shown in Table 4. From Table 2, the neutrosophic form of 


the average 


temperature 


of 


Gujranwala 
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29.6 + 37.791y;Iyel0,0.20 ]. It means that the average temperature of Gujranwala city is between 
29.68 to 37.79 and the measure of indeterminacy is 0.20, a neutrosophic form of average temperature 
of Lahore city is 30.97 + 39.08]; Iye[0,0.20 ]. It means that the average temperature of Lahore city is 
between 30.97 to 39.08 and the measure of indeterminacy is 0.20, a neutrosophic form of the average 
temperature of Karachi city is 28.52 + 32.00/y;Iye[0,0.10 ]. 


It means that the average temperature of Karachi city is between 28.52 to 32.00 and the measure of 


indeterminacy is 0.10, a neutrosophic form of the average temperature of Islamabad city is 
27.41 + 35.411y;Iye[0,0.26 ]. It means that the average temperature of Islamabad city is between 27.41 
to 35.41 and the measure of indeterminacy is 0.26 and, neutrosophic form of average temperature of 
Sialkot city is 27.75 + 35.31]y;Iye[0,0.20 ]. It means that the average temperature of between 27.75 


to 35.31 and the measure of indeterminacy is 0.20. On average, the temperature of Lahore city is 
higher than other cities as it has the maximum monthly average temperature as compared to 
Gujranwala city. 


Table 2. The neutrosophic mean of the temperature of different cities of Pakistan. 


Cities = 
Xy ag + bglyx; Iyzellz, luz] 
Gujranwala 
[29.68,37.79] 29.6 + 37.791 y;Iye[0,0.20 ] 
Raber [30.97,39.08] 30.97 + 39.081 y;Iye[0,0.20 ] 
a [28.52,32.00] 28.52 + 32.001 y;Iye[0,0.10 ] 
ielameba [27.41,35.41] 27.41 + 3541 Iy;Iye[0,0.26 ] 
ot [27.75,35.31] 27.75 + 35.311 y;Iye[0,0.20 ] 
Table 3. The neutrosophic standard deviation of the temperature of different cities of Pakistan. 
Cities 
Sw as + bsIys;Inselis-Jus] 
Gujranwala 
[1.887,2.439] 1.887 + 2.439]y;Iye[0,0.23 ] 
Lahore 
[2.487,2.538] 2.487 + 2.5381 y;Iye[0,0.02 ] 
Kerachy [0.575,1.678] 0.575 + 1.6781 y;Iye[0,0.66 ] 
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Islamabad [1.398,1.893] 1.398 + 1.8931y;Iye[0,0.26 ] 


ere [1.935,3.104] 27.75 + 35.311 y;Iye[0,0.38 ] 


Table 4. Neutrosophic coefficient of variation of temperature of different cities in Pakistan. 


Cities CVy ay + bylyyilyvelliy, Iv] 
Gujranwala [6.36,6.45] 6.36+6.45I yy; Iyp€[0,0.0149] 
Lahore [8.03,6.49] 8.03-6.49Iyy; Iyyel0,0.2365] 
Karachi [2.02,5.24] 2.02+5.24I yy; Iyy€[0,0.6155] 
Islamabad [5.10,5.35] 5.10+5.35l yy; Iyp€l0,0.0459] 
Sialkot [6.97,8.79] 6.9748.79 yy; Ivp€l0,0.2068] 


From Table 4, the coefficient of variation of temperature of Gujranwala city is between 6.36 to 6.45, 
coefficient of variation of temperature of Lahore city is between 8.03 to 6.49, coefficient of variation 
of temperature of Karachi city is between 2.02 to 5.24, coefficient of variation of temperature of 
Islamabad city is between 5.10 to 5.35, coefficient of variation of temperature of Sialkot city is between 
6.97 to 8.79. The measures of indeterminacy associated with the coefficient of variation are also shown 
in Table 4. Based on the analysis, it can be concluded that the values of the coefficient of variation of 
temperature in Karachi is minimum. Therefore, the temperature of Karachi city is more consistent 


than the other cities in Pakistan. 


5. Comparative study 


The neutrosophic statistical analysis is the generalization of the classical statistical analysis. The 
neutrosophic statistical analysis reduces to classical statistical analysis when no indeterminacy is 
found in the data or data is not recorded in the intervals. Note here that temperature data is always 
recorded in intervals and therefore adequately analysed by the neutrosophic statistics. We now 
compare the results obtained using neutrosophic statistics with the results of classical statistics. The 
neutrosophic form of the temperature of Karachi city is CVn =2.02+5.24Iy,; Iy,e[0,0.6155]. The first 
value (determinate) 2.02 of this neutrosophic shows the analysis from the classical statistics while 
the second part 5.24Iy, of the neutrosophic form shows the indeterminate part. From the analysis, it 
can be seen that the values CVn ranges from 2.02% to 5.24% with the measure of indeterminacy or 
uncertainty at 0.6155. Note that when Iy,=0, the neutrosophic statistical results reduce to the results 
under classical statistics. Based on the comparative study, it can be concluded that neutrosophic 
statistical results are more adequate, flexible and more informative than the classical statistics 
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5. Concluding remarks 


In this paper, we applied neutrosophic statistical analysis to temperature data of different cities 
of Pakistan. We observed that neutrosophic analysis of temperature data provided the estimated 
results of temperature in intervals rather the result of temperature in exact values. Therefore, the 
neutrosophic result is more flexible than classical statistics result. The government of Pakistan should 
take serious steps to reduce global warming by planting more trees, especially in Lahore city. The 
neutrosophic statistical analysis can be applied to analyse the interval data more adequately than 


classical statistics. 
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Abstract: Vagueness and uncertainty are two distinct models are represented by Fuzzy sets and Soft sets. The 
combination of Soft sets and simple graphs produces soft graphs which is also an interesting concept to deal 
with uncertainty problems. Any communication network can be modeled as a graph whose nodes are the 
processors (stations) and a communication link as an edge between corresponding nodes. The stability of a 
communication network is a very important factor for the network designers to reconstruct the it after the 
failure of certain stations or communication links. Two essential quantities in an analysis of the vulnerability of a 
communication network are (1) the number of nodes that are not functioning and (2) the size of a maximum order of a 
remaining sub network within which mutual communications can still occur. C. A. Barefoot, et. al. oL3@ introduced the 
concept of integrity. The extension of such a vulnerability parameter is studied in fuzzy graphs. Since 
neutrosophic soft graphs are the most generalized network structure where we can define and study the 
importance of the vulnerability parameters is made in this manuscript. Also, we introduce the domination 
integrity of neutrosophic soft graphs and explain with suitable examples. Few bounds are obtained. 


Keywords: Soft graph, Neutrosophic soft graphs, Integrity, Domination integrity. 


1. Introduction 

The problems deal with vagueness and uncertainty can be modelled by using two different 
soft tools namely fuzzy set defined by Zadeh [48] in 1965 and soft set defined by Molodtsov [31] in 
1999. The intuitionistic fuzzy set is the generalization of fuzzy set was introduced by Atanassov 
[2-4]. It depends on a membership function and a non membership function. Any real time 
problems which consist of involving imprecise, indeterminacy and inconsistent data can be 
represented as the neutrosophic set, introduced by Smarandache [38]. This is the generalization of 
classical sets and fuzzy sets. The degree of acceptance deals in fuzzy sets, membership (truth) 
function and a non-membership (falsity) function deals in intuitionistic fuzzy set, neutrosophic set 
deals truth-membership, indeterminacy-membership, and falsity-membership. The rough soft sets, 
soft rough sets, and soft-rough fuzzy sets are obtained from soft sets with rough sets and fuzzy 
sets. Feng et al. [18 -20] and Ali [7] introduced these soft tools in the consecutive years 2010 and 
2011. In 2014, Rajesh Thumbakara et. al.[33] introduced soft graphs. They defined soft graph 
homomorphism, soft tree and soft complete graph and discussed their properties also. Ali et al. [7] 
discussed the fuzzy sets and fuzzy soft sets induced by soft sets. 

In 1736, graph theory was defined by Euler. Fuzzy graph was introduced by Azriel 
Rosenfied in 1975[29 & 35]. Muhammad Akram et.al. [6] defined fuzzy soft graphs in 2015. Also, 
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they have investigated the properties of strong, complete and regular fuzzy soft graphs. Guven et. 
al. [25] introduced an idea about neutrosophic soft graphs and its application. Shannon and 
Atanassov [37] defined the intuitionistic fuzzy graph (IFG). A.M.Shyla [46] introduced the concept 
of Intuitionistic Fuzzy Soft graph in 2016. Ghorai. G. et. al.[21 ] modelled the neutrosophic graphs 
in 2017. Akram [6] established the certain notions including neutrosophic soft graphs, strong 
neutrosophic soft graphs, and complete neutrosophic soft graphs. 

Graphs are the most important and essential tool in the modern communication world which 
has communication nodes and links. The stability of such communication networks can be 
measured by vulnerability parameters like connectivity, toughness [11], tenacity [16], rupture 
degree, scattering number, integrity [13-15], domination integrity [39-42], etc. Two essential 
quantities in an analysis of the vulnerability of a communication network are (1) the number of 
nodes that are not functioning and (2) the size of a maximum order of a remaining sub network 
within which mutual communications can still occur. C. A. Barefoot, et. al. [13-14] introduced the 
concept of integrity. It is a useful measure of vulnerability and it is defined as follows. I(G) = 
min{|S| + m(G@ — S): S c V(G)}, where m(G — S) denotes the order of the largest component in 
Ges; 

Integrity measures not only the difficulty to break down the network but also the damage 
caused. A small group of people have effective communication links with other members of the 
organization and they take important decisions in an administrative set up. Domination in graphs 
provides a model for such a concept. A minimum dominating set of nodes provides a link with the 
rest of the nodes in a network, If the removal of such a set, results huge impact in the network. That 
is, the decision-making process is paralyzed but also the communication between the remaining 
members is minimized. The damage will be more when the dominating sets of nodes are under 
attack. 

This motivated to study the concept of domination integrity when the sets of nodes disturbed 
are dominating sets. Sundareswaran et. al. introduced the concept of Domination Integrity of a 
graph and studied in [39] as another measure of vulnerability of a graph which is defined as follows 
DI(G) = min{|S| + m(G — S)}, where S is a dominating set of G and m(G — S) denotes the order 
of the largest component in G — S and is denoted by DI(G). M. Saravanan et. al. extended the idea 
of vulnerability parameters in fuzzy graphs [42 - 44]. They explained a real time application for the 
domination integrity [45]. There are different versions of domination integrity were introduced in 
the literature such as Domination Weak Integrity in graphs [47], Geodomination integrity [12], 
Connected domination integrity in graphs [27] and Total Edge Domination Integrity in graphs [8]. 

This motivated us to introduce the concept of integrity and domination integrity in 
neutrosophic fuzzy soft graphs. Also, we prove certain properties of these new parameter concepts 
are described with suitable examples. 

In the second section, we provide all the basic definitions and results related to our article. 
The definitions of the Integrity and Domination integrity in Fuzzy graphs were stated in the third 
section and in the fourth section, we introduce the concept of Integrity and Domination integrity in 
Neutrosophic graphs. At the end of the article, we give the conclusion of our work and discuss the 


future work. 
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2. Preliminaries 


In this section, we provide all the basic definitions and results in the literature. 


Definition 2.1 [21] 
A neutrosophic graph is of the form G* = (V,o,) where o = (T;,1,,F,) & u = (To, 12, Fr) 

(i) V = {1, V2, V3, Vn} such that T, : V — [0,1], :V — [0,1] and F,,V — [0,1] denote the 
degree of truth-membership function , indeterminacy —membership function and 
falsity-membership function of the vertex v, € V respectively and 0 < T;(v) + Iv) + 
F,i(v) <3,V vy, EV (i = 1,2,3,...n). 

(ii) T3:V xV— [0,1], L:V XV — [0,1] and FV xV > [0,1] where T2(v;,v;),l2(vi, ¥%) 
and F,(v;,v;) denote the degree of truth-membership function , indeterminacy — 
membership function and falsity-membership function of the edge (v;,v,;) respectively 
such that for every edge (v;, v;), 

T, (vj, ¥;) < min{ T,(v,),T,(v,)}, 
I, (vi, v;) < min{ LW), i (v;)} ; 
F, (v;,¥;) < max{F,(v;,), F,(y;)}, 
and T,(v;,v;)+ (viv) + Fo(vin vj) <3 


Definition 2.2 [33] 

Let G = (V,E) be asimple graph, A any nonempty set. Let R an arbitrary relation between elements 
of A and elements of V. That is © AX V. A set valued function F : A -» P(V ) can be defined as 
F(x) = y €V | xRy}. The pair (F, A) is a soft set over V. Let (F, A) be a soft set over V. Then (F, A) is 
said to be a soft graph of G if the subgraph induced by F(x) in G, F(x) is a connected subgraph of G 
for all x € A. The set of all soft graph of G is denoted by SG(G). 


Definition 2.3 [6] 
A neutrosophic soft graph G = (G*,F,K,A) is an ordered four tuple if it satisfies the following 
conditions: 


i. G* = (V,E) isasimple graph, 


iii Ais anonempty set of parameters, 
iii. (F, A) is a neutrosophic soft set over V, 
iv. (K, A) is a neutrosophic soft set over EF, 


V. (F (e), K(e)) is aneutrosophic graph of G “for all e € A. That is 


Tce) (xy) S min{T xe) (x), Tre) (y)} : 

Ixcey (XY) S min{lpe)(*), Frey} 

Fe (xy) S max{Fr(e)(x), Frey (V)} 3 
such that 0 < Tye) (xy) + Ikcey (XY) + Fecey (xy) S$ 3, VE EA,x,y EV. 


S. Satham Hussain et. al. defined in [36] degree and total degree of a vertex v in a neutrosophic soft graph 


G, order and size of a neutrosophic soft graph G. Also, they introduced vertex, edge and cardinality of a 
neutrosophic graph G. 
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Definition 2.4 [36] 

Let G = (G’,J,K,A) be a neutrosophic soft graph. Then the degree of a vertex u € G is a sum of 
degree truth membership, sum of indeterminacy membership and sum of falsity membership of all 
those edges which are incident on vertex u denoted by d(u) = (d,,.)(u), dy.) (U), di.) (U)) where 
dye) (U) = 2 eea(Duevev Te) (U, V)) called the degree of truth membership vertex 

diy) (U) = Zee4(Zyevevle(ey(u, v)) called the degree of indeterminacy membership vertex 

Arj(e) U) = Zeca ZrevevFe(U, V)) called the degree of falsity membership vertex for all e € A,u,v EV. 


Definition 2.5 [36] 

Let G = (G*,J, K,A) be aneutrosophic soft graph. Then the total degree of a vertex u € G is a sum of 
degree truth membership, sum of indeterminacy membership and sum of falsity membership of all 
)(u), td 
tdi.) (U) = Zeca(Zuevev Tx(e) (U,V) + Tu, Vv) ) called the degree of truth membership vertex 


those edges which are incident on vertex u denoted by td(u) = (td,,;,)(u), td ) (u)) where 


y(e Fy(e 


tdiyj(.)(U) = Zeca Zuevevt (ey (U,V) + I.)(u, v))) called the degree of indeterminacy membership vertex 
td(2)(U) = Zeca(ZvevevF (ey (U V) + F,.(u,v)) called the degree of falsity membership vertex for all e € 
A,u,v EV. 


Definition 2.6 [36] 
The order of a neutrosophic soft graph G is 
Ord(G) = xeieA rev Ty(e)) (e;)(x), Zyev je) (et) (X), Zev lj(e;) (ei) (x). 


Definition 2.7 [36] 
The size of a neutrosophic soft graph G is 
S(G) me x eicA xryevT Ke, (e,) (xy), xy € V, Zxwevlke, (e,)(xy), Zxyev Fe, (ei) (xy) 


Definition 2.8 [36] 
Let G = (G*,J,K,A) be an neutrosophic soft graph. Then cardinality of G is defined to be 


1+ Tye) (x) + Tey) — Fre (*) 1 + Tye) (XY) + Tye) (XY) — Fyre) (XY) 


IG| = 2eca [Zv,ev 2 | + | viv jeVv 2 


Definition 2.9 [36] 
Let G = (G,J,K,A) be an neutrosophic soft graph, then vertex cardinality of G is defined to be 


1 + Tye) (x) + Trey (*) — Frey (x) 
2 


IV | = Zeeal2vjev | 


Definition 2.10 [36] 
Let G = (G +,J, K, A) be an neutrosophic soft graph, then edge cardinality of G is defined to be 


IE| = ZecalZyer 1+ Tre (ty) + feo (xy) — Face) (xy) | 
Definition 2.11 [36] 
An arc (u,v) is said to be strong arc, if Txe)(u,v) = Tr(e)(u,v) and Ixce)(u,v) = Ixcey(u v) and 
Fx(e)(u, Vv) = Fee) (u,v). 
Clearly, if u,v are connected by means of path of length k then T;.)(v;, v,) is defined as 
sup{T y.) (U, V,) A Te) Vp Ve) A Tee) Vp V3) Ae A Tye) Vj Vp) /U V, Vy «Ye V EVI, 
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TeV, V;) is defined as 
inf Tce) (Us Yi) V Lee) Vrs Vo) V Le) Vrs Vs) Vee V Le) Vas Ve) [Us V, Vy, Ya V E V} and 
Fie (Vz v;) is defined as 
inf (Fy UW VY) V Fe(ey Vi Va) V FQ) Vp V3) Vee Fy) Ve Y/Y, Vy Ya V E Vie € A. 


Definition 2.12 [36] 
Let G = (G +,J, K, A)be a neutrosophic soft graph on V. Let u,v € V, we say that u dominates v in G if 


there exists a strong arc between them. 


Definition 2.13 [36] 
Given S c V is called a dominating set in G if for every vertex v € V — S there exists a vertex u € 


S such that u dominates v. for all e € A,u,v € V. 


Definition 2.14 [36] 
A dominating set S of a neutrosophic soft graph G = (G +*,J, K,A) is said to be minimal dominating 


set if no proper subset of S is a dominating set, for alle € A,u,v EV. 


Definition 2.15 [R.Dhavaseelan et. al.17] 
A neutrosophic graph G = (G*,J,K, A) is called Strong Neutrosophic graph if 
T(e) (xy) = min{Tp(e)(*), Tre) W)} 
Ixcey (ey) = min{Ip¢e)(), lec} 5 
Fx) (xy) = max{Fre)(X), Frey (y)} Ve EA, EV 
Definition 2.16 [36] 
A neutrosophic soft graph G is a strong neutrosophic soft graph if H(e) is a strong neutrosophic 


graph for alle © A. 


Definition 2.17 [36] 
Let G = (G +,J,K,A) be a strong neutrosophic soft graph and v € V. Then the strong degree and the 
strong neighborhood degree of v are defined, respectively 

As(V) = J e4(Zyen,() Tee) UV), Zaen, WL e(e) UV), Zuew,(v) Fee) (UV) 

AN(V) = Zye4(Zyev 0) Ty) UV), Zen, (0) UV), Zren, 0) Fe) (UV) 
The strong degree cardinality of v are defined by 

ia@= by 1+ Te) (u,v) + ico v) — Fxcey(u, ”), 
e€A UueNs(v) 

The minimum and maximum strong degree of G are defined, respectively as 
6,(G) =A |d,(v)|, Vv € V andA,(v) =v |d,(v)|,Vvv EV ,e EA 


Definition 2.18 [36] 
The strong degree cardinality and the strong neighborhood degree cardinality of v are defined by 


1+TK(e) (u,v) +1 Ke) (uv)—-F K(e) oy 
2 


ld, (v) | = qc Cine 
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1+T je) (wv) +1 je) (u,v)-F j(e) SG 
2 


|d,N(v)| = Dies en) 


Definition 2.19 [36] 
Two vertices in a neutrosophic soft graph G = (G *,J, K,A)are said to be an independent if there is 


no strong arc between them. 


Definition 2.20 [36] 
Given S c V is said to be independent set of G if Tx(e)(u, Vv) < Tx(ey(u, Vv) and Ix(e) (u,v) < Ife) v) 
and Fxe)(u, v) < Fx(e)(U, v)VeEA,uves. 


Definition 2.21 [36] 
An independent set S of G in a neutrosophic soft graph is said to be maximal independent, if for 


every vertex v € V — S, the set S U {v} is not independent. 


Definition 2.22 [36] 
The minimum cardinality among all maximal independent set is called lower independence 
number of G, and it is denoted by 2.¢4(iNS(G)). The maximum cardinality among all maximal 


independent set is called lower independence number of G, and it is denoted by 2<4(INS(G)). 
Muhammad Akram and Sundas Shahzadi gave the following definitions [6] 


Definition 2.23 [6] 

A neutrosophic soft graph G’ == (G+,J',K’,A’) is called a neutrosophic soft subgraph of 
G=(G+*,J,K,A)ifi.A’ CA 

ii.Ke & Ke, thatisTys(x) S Tx,(%), 13%) S Ix), Fei (®) 2 Fe (X) 

iii.Jg S Je, thatis T(x) S T),(x),, I) S I(x), Fy) 2 F(x) foralle € A. 


Definition 2.24 [6] 
The neutrosophic soft graph G, = (G *,J,,K,,B) is called spanning neutrosophic soft subgraph of 
G = (G+,J,K,A) if 

(i) BCA, 

(ii) Trey) = Trey), I, @) = Tey), Fey) = Frey) foralle € Av EV 


Definition 2.25 [6] 

The complement of a neutrosophic soft graph G = (J,K,A) denoted by G° = (J°,K‘°,A*) is defined 
as follows: 

(i) Ac = A, 

(iiJ(e) = J), 

(iii) Te (€E)(U,V) = Tye) ATyey(V) — Trey), 

(iv)Ixc(e)(Uv) = Ie) A Iey(V) — Ike v), 

(v)Fxc(e)(u,v) = Fyey(u) V Fyey(v) — Frew, v), for allu,v € V,e € A. 
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Definition 2.26 [6] 
A neutrosophic soft graph G is self-complementary if G ~ G°. 


Definition 2.27 [6] 
A neutrosophic soft graph G is a complete neutrosophic soft graph if H(e) is a complete 
neutrosophic graph of G for alle € A, 
Txcey(uv) = min {Tre)(U), Trey(V)$ 
Ix(e)(uv) = min{Ip(e)(w), Ire) (v)} and 
Fxcey(uv) = max {Frce)(U), Frcey(v)} 
Vu,v E€V,e EA. 


3. Integrity and Domination integrity in Fuzzy graphs 
Saravanan et. al.[33 - 36] introduced the idea of the vulnerability parameter namely integrity and 


domination integrity in fuzzy graphs. 


Definition 3. 1 [41] 

Let G = ((0,p) be a fuzzy graph. The integrity of G, denoted by 1(G), is defined as I(G) = 
min{ |S] + m(G—S)} where |S] = Yueso(u) denotes the cardinality of S, and m(G-—S) = 
Nuev(G-s) O(v) is order of the biggest component of G— S [41 - 43]. 


Definition 3.2 [35] 

Let G = (0,1) be a fuzzy graph. The domination integrity of G, denoted by DI(G), is defined as 
DI(G), = min{ |S| + m(G—S)}, S is the dominating set of G and |S] = Yyeso(u) denotes the 
cardinality of S,and m(G—S) = Yuevg-sy o(v) is order of the biggest component of G — S [33 - 36]. 


4, Integrity and Domination integrity in Neutrosophic soft graphs 

In the crisp graph, membership values of vertex and edge are the same. In fuzzy, 
intuitionistic fuzzy graphs and neutrosophic graph, the membership values of vertices and edges 
have their own importance depending on the situation like uncertainty, indeterminacy, and falsity. 
This motivates to define these vulnerability parameters in neutrosophic fuzzy graphs. Also, it gives 


more accurate values in the real time problems especially in decision making process. 


Definition 4.1 
Let G = (G*,J,K,A) be a neutrosophic soft graph. The integrity of G, denoted by 1(G) is 


denotes the 


ee e e —F e 
defined as i(G) = min{ |s| + m(G— S)} where |S| = Zeca [Eyes OO 


14+Ty(e) +e) &)—Fyey 


cardinality of S, and m(G — S) = ZeealZvjev(G-s) 5 


| is order of the biggest 
component of G— S. 
Definition 4.2 


Let G = (G’,J, K, A) be aneutrosophic soft graph. The domination integrity of G, denoted by DI(G), is 
defined as DI(G) = min{|S|}+m(G—S)} and S is a dominating set ofG, where |S| = 
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1+Tye) (x)+Ij(e) (x)-Fyce) (x) 


. denotes the cardinality ofS, and m(G—S) = 


Yeeal2v,es 


1+Ty(e) (x)+Ij(e) (x)-Fye) (x) 


5 | is order of the biggest component of G— S. 


Zeeal2v,ev(G-s) 


Definition 4.3 
An -set of G = (G*,J,K,A) is any (strict) subset S of V(G) for which I(G) = min{ |S] + m(G — S)}. 


Definition 4.4 
An DI(G)-set of G = (G*,J,K,A) is any (strict) subset S of V(G) for which DI(G) = min{ |S] + m(G — 
s)}. 


Example : 4.5 
u,(0.4,0.6,0.6) —(0.4,0.5,0.6) uy (0.5,0.7, 0.8) u,(0.5, 0.6, 0.5) Ronn Gen up (0.5,06,08) 
(0.4,0.6,0.6) (0.5,0.6,0.7) (0.5. 0.6.0.5) (0.5,0.5,0.7) 
u,4(0.5,0.7,0.7) (0.4,0.5,0.5) u3(0.6,0.6,0.7) u, (0.5,0.6,0.6) (0.5.0.5.0.6) u(0.6,0.6,0.7) 
H(e,) Figure 1 H(e2) 
S S| m(G — S) IG) 
Sy = {uy, Us} 1.4 .7 for {uz} 2.1 
.75 for {us} 2.15 
1.45 2.1 
Sy = {up, ug} .7 for {u;} me 
.75 for {uz} : 
Sy = {uz up} 14 1.5 for {uz, U4} 29 


S.= (ti, ual 1.45 | 1.45 for {u,u3} 29 


Among all these subsets, 5, is al -set of G and I(G) = 2.1 corresponding to the parameter e, 
For e 


S S| m(G — S) T(G) 

5, = {u,,us} 1.55 | .65 for {up} 2.2 
.75 for {us} 2.3 

Sy = {Uz, Ug} Le -8 for {uy} ae 


.75 for {u3} ae 
1.45 | 1.5 for {uz,u4} 2.95 


1.55 | 1.4 for {uy,u3} 2.95 


S3 = {u,,Uz} 


S4 = {uz,Ug} 


Among all these subsets, 5, and S, are the I -sets of G and I(G) = 2.2 corresponding to the parameter 


e2 
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Example: 4.6 
MACE OES) (0.6,0.5,0.9) u, (0.6,0.5,0.9) 
H(e) 
(0.3.0.5.0.8) (0.4,0.5,0.9) 
u,(0.3, 0.5,0.6) (0.3.0.5.0.7) u, (0.4,0.5,0.7) 
Figure 2 


In Figure 2, corresponding to the parameter H(e), {(uz, Uz), (U2, U3), (U3, U4), (Uz, Ug) } are the dominating 


sets. 


S |S| m(G —S) DI(G) 
Sy = {uy, Uz} 1.35 1.2 for 2.55 
{uz, U4} 
1.2 2.35 
Sy = {up, Us} 1.35 for 
{u, Ug} 
1.2 2.9 
53 = {uz, U4} i Tor 
{uz Up} 
1.35 2.9 
Sy — {u,,u4} 1.45 for 
{uz, uz} 
1.35 1.95 
Ke = {u,,u3} 0.6 for {uz} 
0.6 for {u4} 
1.2 Min{1.8,1.95 
Kees ah 0.6 for {us} igs j 
0.75 for {u,} | = * 


Among all these subsets, S; is a DI -set of G and DI(G) = 1.8 corresponding to the parameter e. In this 
neutrosophic graph G 1(G) = DI(G). 


Example: 4.7 
H(e) 
(0S) 00,0-8) u, (0.3,0.6,0.7) ug (0.3, 0.3, 0.6) MOB OSD 6(04,03,0.7) 
(0.3, 0.5, 0.7) (0.3.0.3. 0.6) (0.3, 0.3, 0.6) (0.4, 0.3, 0.7) 
Figure 3 


In Figure 2, corresponding to the parameter H(e), {(uz, U4)} are the dominating sets 


S IS| m(G —S) b1(G) 
Sy = {Uz, Ug} 12 || poton 4ab4} 1.7 
.5 for {us} 
.7 for {us} 
S |S| m(G —S) 1(G) 
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5S, = {u3} .S | dt for fan, us} 1.6 
1.1 for {u,,us} 1.6 


In crisp graph ,/(G) < DI(G). But there is no relationship between these parameters in Fuzzy 


as well Neutrosophic soft graphs. 


Definition 4.8 

Let G = (G", J, K, A) be aneutrosophic soft graph. A subset S C V(G) is said to be a vertex covering of 
G if S contains at least one end of every strong arcs of G. A vertex covering S of G is called a 
minimal vertex covering if no subset of S is a vertex covering. The minimum cardinality of among 
all minimal vertex covering of G is called its vertex covering number and is denoted by 
Seea(CNS(G)). « 


Note: In Neutrosophic soft graphs, independent set may contain arcs which are not a strong arcs. 


u,(0.4,0.6,0.6) —(0.4,0.5,0.6) uy (0.5,0.7, 0.8) 4; (0.6,0.7,0.8) — (9.6,0.5,0.9) u, (0.6,0.5,0.9) 
(0.4.0.6.0.6) (0.5,0.6,0.7) (0.3.0.5.0.8) (0.4,0.5,0.9) 
u4(0.5,0.7,0.7) (0.4.0.5.0.5) u3(0.6,0.6,0.7) u,(0.3,0.5,0.6) — (0.3.0.5.0.7) u3(0.4,0.5,0.7) 
H(e;) H(e2) 


In H(e,), uzuy is not a strong. So, independent set S = {u3,u,} and vertex covering set W = {u,,uz} 
In H(e,), all are strong arcs. Therefore, independent set S = {u,,u3} and vertex covering set W = 


{u3, U4} 


Theorem 4.9 
Let G be neutrosophic soft graph. Then Zee4(INS(G)) + Yeea(cNS(G)) = |V(G)|. 
Proof. 


Let S be a maximum independent set of a neutrosophic soft graph G and W be a minimum vertex 
covering of G. Hence 2,c4(INS(G)) + Zeeq(cNS(G)) = |V(G)]. 


Definition 4.10 
A neutrosophic soft graph G is said to be strong arc neutrosophic soft graph if every arc in G isa 


strong arc. 
Theorem 4.11 


Let G be strong arc neutrosophic soft graph. Then /(G) < DI(G) < |V(G)|. Also 1(G) < BI(G) < 
V(G)| — Zeca(cNS(G)) +1. 
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Proof. 

In strong neutrosophic graph, every arc is a strong arc. Therefore, 1(G) < DI(G). Let S be vertex 

covering in G. Then, clearly the induced graph of G—Sis an independent set, say T. Hence the 

removal of S results totally independent vertices (isolates). Therefore, m(G —S) = 1. Hence 
IV(G)| — Zeea(cNS(G)) + 1. 


Theorem 4.12 

For any neutrosophic soft graph, 2c, (dys(G)) < DI(G). 

Proof. 

The domination integrity number of a neutrosophic soft graph G depends upon the dominating set S 
and the corresponding maximum order of the component of G — S. This implies that 2,<, (dys (G)) < 
DI(G). The equality holds only when all the vertices of a neutrosophic soft graph. Hence 
Zeca (dys(G)) < BI(G). 


Theorem 4.13 

For any strong arc neutrosophic soft graph, 6s(G) + 1 < I(G) < DI(G). 

Proof. 

Let G be a strong neutrosophic soft graph. Let S be a subset of V(G) . Let u € V(G) be a minimum 
strong degree vertex of G. Let |d,(v)| = 5,(G). Then, after the removal of the vertices in S from G, 
we get m(G — S) > 1 which gives the result 5s(G) + 1 < [(G). 


Theorem 4.14 

Let G’ == (G*,J',K',A’) is called a neutrosophic soft subgraph of G = (G *,J,K,A). Then/(H) < 
1(G). 

Proof. 


Let G’ == (G +,J',K’,A’) is called a neutrosophic soft subgraph of G = (G *,J,K, A). Clearly, |V(H)| < 
|V(G)| (by subgraph definition, at least one vertex, v € H which has less membership value 
comparing with membership value of G, otherwise |V(G)| < |V(H)|). Moreover, for any 
neutrosophic soft graph H,/ (H) < |H| < |G|. 

Suppose 1 (G) > 1(H) for an integrity set S of H. Then m(H — S) < 1(G) — |S]. If S is also an 
integrity set of G, then m(H — S) < m(G — S), which is impossible, since H is sub set of G. If S is 
not an integrity set of G then /(G) — |S| < m(G — S), this is a contradiction. Hence any integrity 
set S of Gis such that 1(H) < I(G). 


Theorem 4.15 

Let G = (G *,J, K,A) be a complete neutrosophic soft graph. Then /(G) = |V(G)| = DI(G). 

Proof. 

Clearly, in complete neutrosophic soft graph, all the vertices are adjacent with the remaining set of 


vertices. Therefore, after the removal of any subset S of vertices from G, m(G — S) = |V (G)| - ISI. 


Theorem 4.16 
If G = (J,K,A) is a strong neutrosophic soft graph and its complement G‘° = (J/°,K‘,A‘), then 
I(G UG*) = |V(G)I. 
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Proof. 
Let G be a strong neutrosophic graph and G° be the complement of G. By proposition 3.34[6], G U 
G° is a complete neutrosophic soft graph. Hence I(G U G°) = |V(G)|. 


Theorem 4.17 

Let G, and G2 be two connected neutrosophic soft graphs and G = G,U G, with |G,| => |G,|, then 
vertex integrity of G is given by 

1(G) = min{|G,|, 1 (G,), |S] + |V(G2)], |S] + max{m(G, — S),m(G, — S)}} where S is T- set of G. 
Proof. 

Let G, and G, be two connected neutrosophic soft graphs and G = G,U G, with |G,| = |G,|. 
Assume that |G,| > |G,|. In this case integrity set S of G is either vertices from G1 or G2 or both or 
empty. Since |G,| = |G,|,S cannot contain vertices from Gz alone. 


Based on each case which is mentioned above, we get the result. 


Theorem 4.18 
Let G, and G2 be two connected neutrosophic soft graphs and G = G, + G2 with V, N V, # @. Then 
TG) = min{i(G,) + |V(G)L TG) + |V(G)D. 
Proof. 
Let G, and G, be two complete neutrosophic soft graphs. Clearly, G is a complete neutrosophic soft 
graph. Therefore, 1(G) = 1(G,) + I(G2) = 1(G,) + |V(G,)| = |V(G,)| +1 (G,). If we take all the 
vertices of G, in the / -set of G, then induced graph G, is a single connected component, since every 
vertex from G, is linked with G, with an edge. In the similar manner, we consider G2. Moreover, 
other subsets of V(G), m(G — S )contains all the remaining vertices of G. Hence the theorem 
5. Conclusion 
In this present work, we introduced the concept of integrity and domination integrity in 
neutrosophic soft graphs and calculated the certain bounds of these new parameters. In our future 
work, we will study the applications of these new parameters in neutrosophic real time networks 
for decision making problems. 
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Abstract 

The success of an organization nowadays is heavily dependent on the usability of its website. Offering educational content 
and services online is becoming more commonplace in the higher education sector. University websites serve a wide range 
of users, like students, faculty, parents, staff, etc. Hence, the website must address the different needs of these users while 
maintaining good usability. Good usability makes it easier for users to find what they are looking for, understand how to 
use the website, and navigate through the content. This helps improve user satisfaction and engagement with the website, 
which can lead to increased productivity and better outcomes. Therefore, usability testing and analysis is the unspoken 
metric for success. Understanding the many factors contributing to the usability of academic websites is a multi-criteria 
decision-making (MCDM) topic. In this paper, we propose a framework for evaluating the usability of academic websites 
using the Entropy and Weighted Aggregated Sum Product Assessment (WASPAS) MCDM methods under type-2 
neutrosophic sets. The entropy method is used to compute the objective weights of four main criteria contributing to the 
usability of academic websites, namely (Content, Organization, Presentation and Interaction, and Trustworthiness), with 
31 sub-criteria. The WASPAS method is then used to rank five Egyptian university websites and select the best one in terms 
of usability. This framework will help designers understand the important criteria to consider while designing for 


university websites in addition to providing them with a usability evaluation method tailored to university websites. 
Keywords: University websites; Usability; Neutrosophic; WASPAS; Website Evaluation, MCDM 


1. Introduction 

Currently, the internet is the most used medium of communication and service delivery by people or entities, especially 
post-Covid-19. Users search the internet for information they need daily, whether for business, health, education, or 
governance purposes. With websites acting as a powerful platform for information distribution, many institutions have 
resorted to the web channel for access. One important type of website that attracts a lot of users is the university website. 
University websites are crucial for current and prospective students, faculty, and parents. It provides important information 
and can act as a marketing or public relations tool to attract potential students. Academic websites have changed the way 
information is stored and accessed. They have made accessing information related to admission, courses, and exams easier. 
This has removed many of the boundaries that once limited these processes, such as geography and time [1]. While 
university websites have always been a source of valuable information, they have become even more essential in recent 
years. With their ability to provide quick and easy access to up-to-date academic information, university websites are now 
among the most comprehensive information platforms available. University websites are intended to provide services to a 


diverse audience; therefore, it’s critical to maintain the accessibility and usability of these sites for all groups of users to 
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satisfy their intended use and to provide the users with the most intuitive and quality experience. Yet, many university 
websites suffer from poor designs, difficult interactions, and problems with the findability of core information buried in a 
sea of pages. There are several factors contributing to this problem. One such factor is that universities usually have large 
websites with hundreds of sub-sites and thousands of pages, and the need to serve multiple distinct audiences with different 
needs and questions to answer. These factors lead to academic websites failing to meet the expectations of users or not 
providing the users with quality information and quality in look and feel. Hence, the effort and cost put into maintaining 


and hosting these websites become useless and wasteful. 


Organizations place a great deal of importance on their website design, working to create sites that not only look good but 
are also easy and usable. Usability, according to ISO 9241-11, is defined as the effectiveness, efficiency, and satisfaction with 
which a set of users can achieve a set of tasks in a defined environment [2]. Nevertheless, the users' satisfaction and the 
interfaces’ usability are questionable and vague. Hence, there is a growing need for tools to support and help designers 
make better decisions and go in the right direction to achieve maximum user satisfaction. We need a way to make user 
interfaces quantifiable, thus allowing for automatic calculation of how good an interface is and easily comparing different 
versions of designs without involving end users. To this end, it is highly important to understand the impact of the different 
criteria contributing toward user satisfaction with academic websites which is a MCDM problem. The neutrosophic 
approach is a promising method to deal with uncertainty. That makes it highly suitable for addressing the usability of 
academic websites. This research focuses on implementing a framework for evaluating the usability of academic websites 


using MCDM methods under type-2 neutrosophic sets. 


The remainder of the paper is organized as follows. Technical background and literature review in Section 2. Section 3 
presents the research methodology. Section 4 presents the case study and analysis. Section 5 presents the sensitivity analysis. 


Finally, we conclude this paper in Section 6. 


2. Technical background and literature review 
In this section, we give a quick overview of usability and usability evaluation methods, then a literature review of previous 


work. 
2.1 Concepts and terminologies 
Usability 


According to ISO 25000, Usability is “the degree to which specified users can use a product or system to achieve specified 
goals with effectiveness, efficiency, and satisfaction in a specified context of use”. And they summarize usability in 6 
characteristics: Recognizability, Learnability, Operability, Error protection, Aesthetics, and Accessibility [3]. Nielsen 
defined usability as how easy an interface is to use, and he defined usability through 5 characteristics: Learnability, 
Efficiency, memorability, Errors, and Satisfaction. [4] 


So, a website’s usability is the website’s ability to enable users to find the information they're looking for most efficiently 
and delightfully to deliver user satisfaction. Therefore, website usability is achieved through multiple criteria, such as 
efficiency, learnability, memorability, delightfulness, and error tolerance, etc., and the criteria would differ based on the 
target users, their needs, and the situation. Hence, Usability is one of the major factors determining a website's success. It is 
important, therefore, to have some guidelines to ensure websites’ usability, and to have a way to assess the usability of 
websites. 
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Usability evaluation techniques 


An essential part of the design process of user interfaces is their evaluation by users to enhance their usability, as users are 
becoming less willing to interact with difficult or uncomfortable interfaces. A usability evaluation method is a procedure 
used to collect user interaction data with software to assess the degree of usability achieved by the properties of that 
software [5]. 


There are several methods to assess the usability of user interfaces, we could classify them into two general types based on 
end-users involvement: empirical methods and inspection methods. Empirical methods require end-user presence to 
complete some tasks using the software or prototype and to capture his interactions and usage data to detect usability 
issues, this end-user presence makes empirical methods costly and restricts their conduction till the software is developed. 
Inspection methods on the other side don’t require end users but are performed by experts who review the user interface 
with respect to some predefined set of principles and guidelines to assess their usability and detect any usability violations, 
which makes it more cost-efficient, this method has the advantage that problems can be ironed out before considerable 
effort and resources have been expended on the design process. However, inspection methods could be affected by 
evaluators’ expertise, biases and opinions, and the quality of the evaluation guidelines, which could leave out the real user 
needs. One of the most famous inspection evaluation methods is the heuristic evaluation method by Nielsen [6], [7] used 
for finding usability problems in a user interface by following a set of usability heuristics “principles” and checking if the 
interface violates any of them [8]. It is not justifiable to standardize usability guidelines across different design situations, 
as different organizations have distinct business goals and end-users. Organizations should design websites focusing on 
who their end-users are, what information they need, and how they can easily retrieve this information. 


Usability evaluation studies 


Many studies have addressed the problem of website usability assessment, either using traditional assessment methods 
like questionnaires, Likert scales, and heuristic evaluations or using multi-criteria decision-making methods such as AHP 
and FAHP, etc. These studies identified various factors that affect the usability of academic websites. 


Astani [9] evaluated the effectiveness of the top 50 universities’ websites in the U.S. and analyzed the weaknesses and 
strengths of these websites, using traditional assessment methods such as a questionnaire and a list of 6 predefined usability 
characteristics from a literature review rated using a five-point Likert scale (Information, Content, Navigation, Usability, 
Customization, Download Speed, Security). Similarly, Manzoor & Hussain [10] evaluated the usability of higher education 
websites in Asia using a survey and performed some analysis on the results to propose a “WUEM” Web usability evaluation 
model consisting of 4 main usability criteria (Web design, page design, navigation, accessibility) and a total of 17 sub- 
criteria. Another study evaluated the usability of the Namik Kamel university's website using 5 usability criteria 
(attractiveness, controllability, helpfulness, efficiency, and learnability) defined by WAMMI (Website Analysis and 
Measurement Inventory)[11]. A similar study developed a set of 7 principles and heuristics to evaluate 12 Saudi Arabia 
university websites, including: (visual design and consistency, links and navigation, data entry forms, information truth 
and precision, privacy and security, search functionality, help, feedback, and error tolerance). These principles were based 
on Nielsen’s heuristics and ISO standards [12]. Hasan [13] is another researcher that employed the heuristic evaluation 
method to evaluate the usability of 3 Jordan university websites using a set of 5 usability criteria related to educational 
websites (Navigation, architecture/organization, ease of use and communication, design, content). Based on that heuristic 
evaluation, a list of 34 specific types of usability problems was identified. Roy et al. [14] used questionnaire-based evaluation 
and performance-based evaluation to evaluate 3 academic websites based on 4 criteria (Task success, Task completion time, 
Number of clicks, and satisfaction metrics). Five high-level quality factors (functionality, usability, reliability, presentation, 
content) and 20 sub-quality factors based on ISO 9126-1 for evaluating academic websites were identified by Devi & Sharma 
[15]’s framework. EduGate, an online academic portal of King Saud University, was evaluated by 3 experts using a heuristic 
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checklist based on Nielsen’s heuristics [16]. Vakkalanka et al. [17] proposed a tool for evaluating academic websites, based 
on a set of 6 main criteria developed from previous models and ISO 9126 (content, usability, reliability, maintenance, 
functionality) with a total of 24 sub-criteria. According to the systematic literature review of university website usability 
evaluation conducted in 2022, most usability problems found were related to interface design, navigation, content, and 
performance and accessibility issues [18]. A comparison of the criteria used in these studies is presented in table 1. 


As we have seen, many researchers paid attention to the problem of academic website evaluation. However, all the above 
studies used questionnaires, automated accessibility tools, and heuristic rules to evaluate usability. But usability is a more 
complex problem that is influenced by many criteria, these criteria in most real-life scenarios can be conflicting, and there 
will be a tradeoff between them, like aesthetics and simplicity, paying more attention to the website’s design using more 
colors, images and visual content could sometimes make the design more complex to use. That’s why we need to empower 
designers with a framework of the most suitable criteria for academic website usability with their relative importance, this 
becomes a multi-criteria decision-making problem (MCDM), and within the last few years, some studies have assessed 
academic websites usability using some MCDM methods like Analytical hierarchy process (AHP), fuzzy analytical 
hierarchy process (FAHP), fuzzy TOPSIS, PROMETHEE. 


Nagpal et al. [19] proposed a rule-based system using the ANFIS method to assess website usability from the perspective 
of end users. A survey was used to identify the factors affecting usability, and 4 factors were chosen (Ease of use, 
information, response time, and ease of navigation). In Nagpal, Bhatia, et al. [20], the same authors employed a FAHP 
approach to evaluate the weights of usability criteria of an educational institute website and used the proposed approach 
to rank 4 websites based on their evaluated usability score. They used the same 4 criteria used in [19]. In Nagpal, Bhatia, et 
al. [20] Also, FAHP was used to evaluate the criteria affecting the usability of a website, and a fuzzy TOPSIS method was 
used to rank 4 websites based on the usability criteria (Ease of use, informative, response time, ease of navigation). An AHP- 
based usability evaluation technique is proposed by Roy et al. [21] to measure the usability score of a website. A 
questionnaire was used to measure users’ satisfaction degree on 5 usability criteria (attractiveness, controllability, efficiency, 
helpfulness, and learnability), and the results were analyzed using AHP. In Nagpal et al. [22] a metric is proposed 
integrating objective and subjective usability evaluation approaches, using fuzzy AHP and entropy methods respectively, 
on 5 usability criteria (Ease of use, information, response time, ease of navigation, and contrast errors). Response time (RT) 
was suggested by the entropy as the main contributor to usability, and Ease of use (EOU) was suggested as the main 
contributor by FAHP. RT was the main contributor to the evaluation of the usability of academic websites according to the 
combined approach. In Shayganmehr et al. [23] hybrid MCDM approaches (AHP and PROMETHEE) are used to determine 
the importance of criteria and sub-criteria contributing to the usability of E-services of Iranian universities' websites. Nine 
indexes (criteria) were used (website design, responsiveness quality, security, trust, content and information quality, 
participation, support and maintenance, services, and usability). A framework for evaluating university websites was 
proposed by Gharibe Niazi et al. [1]. It used the Delphi technique, systematic review, and meta-analysis approaches. The 
proposed framework included 10 criteria (credibility, reliability, usability, website design, functionality, content, page 
design, efficiency, and webometrics) that are suggested for university website evaluation. This study suggested that 
credibility is the most important factor in the evaluation of university websites. In Muhammad et al. [24], a FAHP approach 
is used to evaluate the usability of academic websites with 3 usability criteria (usability, navigation, content) and 9 sub- 
criteria (ease of use, interactivity, learnability, ease of navigation, accessibility, efficiency, informative, accuracy, user 
satisfaction), The fuzzy extent analysis technique was used to rank 5 university websites. A comparison of the different 
criteria used in these studies is presented in table 2. 
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Table 1. Universities’ website usability criteria. 
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Table 2. Usability criteria used in MCDM studies. 
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3. Research methodology 

The methodology used in this research consists of 3 phases: Criteria identification through literature review and surveying 
the stakeholders and UX experts and academics to identify the key relevant usability criteria for academic websites to 
consider in our framework, Computing the criteria objective weights using Shannon’s entropy method, and finally, ranking 
five university websites based on the usability criteria weights using the WASPAS method. The usability evaluation of a 


university website is a multi-criteria scenario that considers different criteria, with varying importance, and it’s a 
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challenging task to try to consider the different needs and criteria, so tradeoffs will often be made when designing, hence, 
it is necessary to understand how each criterion contributes to the overall usability of the website, so that educated design 
decisions can be made. And when presented with different designs, we can evaluate and select the most usable design. The 
proposed methodology used the neutrosophic environment to overcome vague and incomplete information. The type-2 
neutrosophic sets (TNSs) are used in this study. The graphical representation of the research methodology is depicted in 
Fig. 1. The steps of the proposed framework are organized as follows: 


© usabélily criteria using the 


opy method 


Figure 1. Research Methodology 
Phase 1: Identify the usability criteria 


Step 1: In order to identify the relevant usability criteria, a comprehensive literature review was conducted and UX experts 
and academics were consulted to identify the key usability criteria relevant to academic websites. 


Step 2: A survey study was conducted to determine the importance of the identified criteria to help focus on the most 
relevant ones. The participants were UX field experts with experience in usability evaluation, academics with Ph.D. and 
experience in the field of Human-Computer Interaction, stakeholders, current and prospective students using academic 
websites, faculty members, etc. 


Step 3: Five university websites were selected for usability evaluation, and three UX and usability evaluation experts 
evaluated the five websites based on the selected criteria from step 2, and a decision matrix for each of the three experts 
was constructed using the type-2 neutrosophic sets. Then the opinions of experts were converted from linguistic terms into 
crisp values. Finally, we aggregated the opinions of the three experts into one matrix. 


Phase 2: Prioritize the usability criteria using the entropy method 

3.1 Shannon’s entropy method 

Assuming we have m alternatives (A,, A2,...a) and b criteria (C,,C,...b) for a decision problem 
Step 4: Normalize the aggregated decision matrix 


Xcd 
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Where c = 1,2,3,....a; and d = 1,2,3,.....b 
Step 5: Calculate the entropy 
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Where L = 1/Ina 


Step 6: Compute the objective weights of the criteria 


1- Tq 


Wa = SEG=ro . 


Phase 3: Evaluate and rank the five university websites using the WASPAS technique 
3.2 WASPAS method 


The weighted aggregated sum product WASPAS is a decision-making method that combines the weighted sum model 
(WSM) and the weighted product model (WPM) to help identify the ranking of the different alternatives to solve the 
decision-making problem. The WSM approach calculates the total score of the alternative as a weighted sum of the criteria. 
The WPM approach was created to prevent alternatives that have poor attributes or criterion values. The WASPAS method 
can check the consistency in the overall ranking of the alternatives using the A coefficient. Apply steps 1 to 3. 


Step 7: Normalize the decision matrix by the WASPAS method as: 


Xcd 


Xd = re for beneficial criteria, (4) 
min x¢q me : : 
Xcq = oe for non beneficial criteria. (5) 
ca 


Step 8: Calculate the weighted normalized neutrosophic decision-making matrix for the WSM: 

WX" ca = X"cq * Wa (6) 
Step 9: Calculate the weighted normalized neutrosophic decision-making matrix for the WPM: 

WX" ca = X ca * Wa (7) 
Step 10: Calculate the total relative importance based on: 

The WSM for c alternative: 

Se = ant WX" ca (8) 
The WPM for c alternative: 

Sé = Mini ca (9) 


Step 11: To improve the ranking accuracy, the utility function value of the WASPAS-neutrosophic method is calculated as 
follows: 


S, = aS} + (1-a)S? (10) 
Where a is between 0 and 1 
The alternatives are ranked based on the values of S, , the alternatives having the highest values being the most significant. 


4. Case study and analysis 


The proposed methodology results of the entropy and WASPAS methods under a neutrosophic environment are 
demonstrated through this case study. 
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4.1 Description of criteria 


Considering section 2, After conducting a comprehensive literature review of the previous studies on the usability 
evaluation of academic websites and talking to usability experts working in the field of UX design, we considered the most 
important and effective criteria for evaluating the usability of academic websites to be 31 criteria (shown in figure 2) 
organized under four main Categories: Content, Organization, Presentation and Interaction, Trustworthiness. All criteria 
are positive except Broken links, Load time, and response time. Appendix table 1 shows the 4 main criteria and 31 sub- 
criteria. 


Content Organization Presentation and Interaction Trustworthiness 


Figure 2. The Identified usability criteria, 4 main criteria, 31 sub-criteria 
The criteria are introduced and explained below. 


Category 1: Content. In this category, all criteria are related to a website's content, including text, images, videos, audio 
data, etc., which answers the question: Is it what the user wants? 


1. Informative: Users come to a website looking for specific kinds of information. Informative refers to how the content 
on the website provides current, relevant, complete, valuable, and quality information. The content should be 
comprehensive, appropriate, and within the expected level of detail [28], which is a significant usability factor for a 
university website, as providing clear and understandable content will encourage users to keep returning to the 
website. 

2. Accuracy: In a university website, it’s important that the content is always accurate, reliable, correct, and authentic 
so that it builds trust. This can be done by checking for spelling or grammatical errors that could alter the meaning 
of information, providing images and multimedia of appropriate quality, using accurate page titles, and providing 
precise and trustworthy content [20]. 
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3. 


Availability: Availability is a measure of the readiness of content. Content should always be ready and available for 
users to access. This also includes the ability to reach past and archived content easily. 

Coverage: Coverage refers to the degree that topics of interest are successfully addressed, with clearly presented 
arguments and adequate support to substantiate them. This can refer to the diversity of services and academic 
activities covered on the website. 

Personalization: Personalization and customization are other significant factors of a university website due to the 
diversity of its audience. This is the website's ability to offer customized content to the user based on different criteria 
like location etc., using the user’s data to suggest and serve up related content and allowing the users to customize 
their experiences. 

Readability and Legibility: Readability and legibility refer to how the users read and view the content of a page or 
screen; good readability helps users read the content more efficiently and understand the message more clearly. On 
the other hand, good legibility makes the presentation edible and allows users to quickly understand what is on the 
page or screen. The use of appropriate Typography, whitespace, hierarchy, etc., can help achieve these two [31]. 
Search Engine Friendliness: A university website needs to have a strong presence in search engines. Multiple factors 
contribute to that, such as clear web page structure, using a good mix of visual media, conserving the website’s 
storage to improve site speed, and having a responsive design [32]. 

Use of Technology and Innovation: This criterion refers to how the website adapts to accommodate the latest 
technological advancements, such as Augmented reality (AR) and Virtual reality (VR), using chatbots and voice 
search. 

Updates: A university website needs to have up-to-date content. An outdated website will cause confusion and loss 
of credibility, so the content and style presented in a website should be frequently updated, displaying the latest 
update date. 


Category 2: Organization. In this category, all criteria are related to the organization and structure of the information on 


the academic website. This category answers: Can the user find it? 


10. 


11. 


12. 


Ease of Navigation: A university website is a collection of large and diverse amounts of information. It’s essential 
that the users can navigate through it and find information quickly and easily. As users will discontinue using the 
site if it is complex to navigate or if too many clicks are required to retrieve the required information. Ease of 
Navigation depends on how the information is organized and arranged, the presence of navigational aids, and 
providing alternative navigational ways. This helps overcome the navigational complexity, especially in the case of 
big websites like university websites [22]. 

Functionality: Functionality refers to the degree that the website provides functions that meet and cover all the stated 
or implied needs, tasks, and objectives of the users [33]. Examples of functionality are: Searching and retrieving 
mechanisms, navigational prediction, and online services. 

Efficiency: Efficiency measures how quickly and easily the users can locate and achieve their goals without putting 
in much cognitive effort. Users can experience a measurable decline in efficiency when they lose their sense of location 
on a website or feel disoriented [34]. According to Jakob’s Usability Heuristic, efficiency refers to how quickly users 
can perform tasks after learning to use the design by allowing for flexibility, shortcuts, and reducing the number of 
clicks [35]. 
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13. 


14. 


15. 


Broken Links: Broken links affect navigation significantly, and university websites should have no broken links and 
no orphan pages. Broken links frustrate and drive users away and negatively affect the website’s SEO, search ranking, 
and quality scores. 

Helpfulness: Helpfulness refers to how helpful the website is to the users, reducing their cognitive effort. Hence, it 
is essential to help users during each visit step (before, during, and after). A high level of helpfulness corresponds 
with the users’ expectations about the content and structure [21]. 

Design optimization: A university website must be compatible with and perform well in different browsers and 
platforms. The website design and organization should also be consistent and accessible through all browsers and 


platforms (responsiveness). 


Category 3: Presentation and Interaction. In this category, all criteria are related to how the website supports the user in 


terms of presentation and interaction. It answers the question: Is it easy to comprehend, and can the user act on it? 


16. 


17. 


18. 


19. 


20. 


21. 
22. 


23. 


Ease of Use: Ease of use is an essential factor in assessing the usability of a university website [19]. It measures how 
intuitively and easily the user can use the website. Consistent design, clear instructions, help, using simple terms and 
conventions are examples of factors contributing to the ease of use of an interface. 

Learnability: Refers to how easy the system is to learn, which is an important factor for university websites, as these 
websites have diverse audiences, and not all are frequent users. So, their design should be self-descriptive 
encouraging users to quickly become familiar with and learn how to perform different academic tasks through the 
website [36]. 

Memorability: Memorability refers to how easily users can remember how to use the website and re-establish 
proficiency after a period of absence, which is crucial for university websites that are used infrequently. Users need 
to be reminded how to do tasks and find the information they are looking for. There are many ways of designing a 
website to support memorability. For example, using meaningful icons, obvious names, and menu options and 
structuring the content in a relevant way. 

Interactivity: Interactivity refers to how engaging and interactive the website is, which is related to support; Hence, 
the website should provide means of interaction with the website’s functions, error prevention mechanism, visible 
controls, hints, and a feedback mechanism to assist and encourage the users during their visit [30]. 

Contextual help and cues: This factor refers to providing support for the users relative to the area they are currently 
interacting with through tooltips, visual prompts, walkthroughs, inline instructions, partial content, sound, and 
vibration to help guide users to the most significant elements and equally, move away from the least significant ones. 


Services: The criteria refer to the number of academic services delivered through the website [37]. 
Attractiveness: The content on the website should be attractive to retain and interest the users. Attractiveness is a 


usability attribute that measures the visual aspect of the website. According to [10], the appearance of a website is a 
crucial factor in improving the perception of information in terms of better cognitive mapping and easy assessment 
of decisions. Thus, the website should be aesthetic, pleasant, fun, well-organized, and clean. 

Accessibility: Accessibility measures how easily and intuitively accessible is the website’s information for any user. 
Examples of accessibility include multiple language support, Adequate text-to-background contrast, proper font 
size/spacing, images having appropriate ALT tags, and compliance with WCAG accessibility guidelines. A university 


website needs to be accessed efficiently anytime and anywhere for the users to benefit from it [23]. 
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24. 


25. 


26. 


Load Time: Load time refers to the time it takes to download and display an entire webpage, including all page 
elements, such as HTML, scripts, CSS, images, and third-party resources. Compressing images used on the website, 
compressing your images, removing unnecessary custom fonts and plugins, etc. can help speed up load time. 
Response Time: Response Time measures how quickly a website responds to a request. Response times play a critical 
role in university websites, as delays in accessing the information cause users to be highly unsatisfied, particularly at 
times of enrollment, result declaration, etc. thus, response time affects inversely to the website's usability. Various 
parameters affect response time like network bandwidth, download, query processing time, etc. [28]. 

Markup Validation: Markup validation ensures that the HTML of the website is clean, well-structured, and used in 
a way that is compliant with the HTML specifications, as it supports assistive technologies, browser compatibility, 
and website usability. 


Category 4: Trustworthiness. In this category, all criteria are related to how trustworthy the website is perceived to be. 


27. 


28. 


29. 


30. 


31. 


Security and Privacy: Security and privacy are very important, especially on university websites, as they deal with 
sensitive information, confidential information should be well protected, and privacy and security policies should be 
presented to users. Factors like using secure protocols and data encryption methods help protect privacy and security 
from the infrastructure dimension while using security code images, a virtual keyboard for entering a password, and 
sending alarm messages when an unknown user logs into other users’ accounts assure privacy and security from the 
interface dimension. 

Confirmation: Confirmation messages are an important key to enforcing a trustworthy image. These are messages 
which require users to confirm an action they are trying to perform [38]. Confirmation messages are important to use 
to communicate information the user must confirm before an action is completed. A balance between transparency 
and excess information is needed. 

Reliability: The performance of the website starts with how reliable it is and its ability to recover quickly from 
problems; reliability, according to [33], is the “degree to which a system, product or component performs specified 
functions under specified conditions for a specified period of time”. Reliability can be measured by: Fault tolerance, 
recoverability, and availability. 

Web Credibility: According to a Stanford study on web credibility [39], credibility is “perceived trustworthiness + 
perceived expertise”. This can be measured by factors such as having a professional website appearance, providing 
information about the university, showing total transparency, listing communication information visible on the site, 
testimonials, highlighting professional accomplishments, showing social proof, ratings, and reviews, etc. 

Traffic: The success of a website is measured by the number of its visitors and its conversion rate, which is affected 


by factors such as engaging content, impressive design, optimization for mobile, SEO, smooth navigation, etc. 


4.2 Prioritizing the usability criteria using the entropy method 


Step 1: Five websites were selected for usability evaluation in this study, to preserve confidentiality the websites are referred 
to as (WebA1, WebA2, WebA3, WebA4, WebAS5). 


Step 2: Three UX and usability experts with PhD and experience not less than 15 years in this field are selected to evaluate 


the five selected websites in terms of the identified usability criteria to compute the objective weights of the criteria using 


the entropy method as mentioned in step 4,5,6. 
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Step 3: The three experts used the type-2 neutrosophic numbers [40] to evaluate the websites based on the identified 31 
criteria, using linguistic terms. Then we converted the opinions of experts (linguistic terms) to neutrosophic numbers as 
shown in appendix tables 2-4. After that, the type-2 neutrosophic numbers were converted to crisp values [40]. Then we 
aggregated the different opinions of the experts into one matrix by the average method. 


Applying the Entropy method 
Step 4: The aggregated decision matrix was normalized by applying Eq. (1), as shown in Table 3. 


Table 3. The normalization matrix by the entropy method 
WebA1 WebA2 | WebA3 | WebA4 | WebA5 


WebC1 | 0.225727 | 0.084278 | 0.203056 | 0.203056 | 0.283884 
WebC2 | 0.129779 | 0.289738 | 0.207243 | 0.207243 | 0.165996 
WebG3 | 0.224561 | 0.236647 | 0.224561 | 0.08655 | 0.22768 
WebC4 | 0.161665 | 0.230492 | 0.208884 | 0.255302 | 0.143657 
WebC5 | 0.134974 | 0.228662 | 0.265582 | 0.19611 | 0.174672 
WebC6 | 0.211221 | 0.181151 | 0.211221 | 0.245325 | 0.151082 
WebC7 | 0.226939 | 0.235102 | 0.201633 | 0.134694 | 0.201633 
WebG8 | 0.225599 | 0.099942 | 0.240795 | 0.19287 | 0.240795 
WebC9 | 0.205703 | 0.293279 | 0.163951 | 0.113035 | 0.224033 
WebC10 | 0.178349 | 0.132399 | 0.192368 | 0.260514 | 0.236371 
WebC11 | 0.176494 | 0.231047 | 0.136382 | 0.234256 | 0.221821 
WebC12 | 0.098404 | 0.231383 | 0.231383 | 0.231383 | 0.207447 
WebC13 | 0.169065 | 0.258993 | 0.205935 0.25 | 0.116007 
WebC14 | 0.160131 | 0.120915 | 0.155773 | 0.313725 | 0.249455 
WebC15 | 0.188555 | 0.275422 | 0.132565 | 0.237135 | 0.166324 
WebC16 | 0.14726 | 0.328767 | 0.167808 | 0.188356 | 0.167808 
WebC17 | 0.127075 | 0.382942 | 0.127075 | 0.127075 | 0.235833 
WebC18 | 0.191388 | 0.138388 | 0.211999 | 0.246227 | 0.211999 
WebC19 | 0.30139 | 0.168818 | 0.202085 | 0.151936 | 0.17577 
WebC20 | 0.148084 | 0.264373 | 0.148084 | 0.291376 | 0.148084 
WebC21 | 0.11677 | 0.357764 | 0.160248 | 0.204969 | 0.160248 
WebC@22 | 0.129665 | 0.108159 | 0.163188 | 0.364326 | 0.234662 
WebC@23 | 0.157229 | 0.251787 | 0.321056 | 0.122045 | 0.147883 
WebC24 | 0.249679 | 0.094912 | 0.185977 | 0.246259 | 0.223172 
WebC@25 | 0.146366 | 0.267144 | 0.113613 | 0.298874 | 0.174002 
WebC26 | 0.213915 | 0.185877 | 0.213915 | 0.271028 | 0.115265 
Web@27 | 0.128755 | 0.224737 | 0.192743 | 0.261022 | 0.192743 
WebC28 | 0.253074 | 0.169057 | 0.132172 | 0.234631 | 0.211066 
WebC@29 | 0.207191 | 0.136502 | 0.201097 | 0.207191 | 0.24802 
WebG30 | 0.24184 | 0.284866 | 0.127596 | 0.16815 | 0.177547 
WebC31 | 0.224037 | 0.079736 | 0.224037 | 0.248152 | 0.224037 


Step 5: Then, the entropy is computed using Eq. (2). 


Step 6: The objective weights of the criteria are computed by Eq. (3). From the results, the presentation and interaction 
category scored the highest weight compared to the other three main criteria, while the organization category scored the 
lowest weight. Fig. 2 shows the weights of the criteria. From Fig.3, we see that “ease of use” is of the highest importance in 
all 31 criteria, and “updates” are of the lowest importance. 
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Trust Content Presentation Organization 


Criteria 


Figure 3. The weights of criteria. 
4.3 Ranking the five university websites 
The proposed framework was used to rank five Egyptian university websites using the WASPAS method. 
Applying the WASPAS method 
Step 7: The decision matrix was normalized by Eqs. (4,5) as shown in table 4. 
Step 8: The WSM matrix is computed by Eq. (6), as shown in Table 5. 
Step 10: The WPM matrix is computed by Eq. (7), as shown in Table 6. 
Step 11: The total relative importance of the alternatives is calculated by Eqs. (8,9) 


Step 12: Finally, the utility function was computed by Eq. (10). We use a = 0.5. Then the alternatives are ranked based on 
the highest value of the utility function, as shown in Fig. 3. From Fig. 4. website 4 has the highest rank and website 1 has 
the lowest rank. 
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wy, A 
= 

Webs A ——- 

Vb), —_—__ 

vb). a —— 

15.45 15.5 15.55 15.6 15.65 15.7 15.75 15.8 


WebA1 WebA2 WebA3 WebA4 WebAS5 
MRank = 15.58025851 15.74179416 15.62137732 15.75467735 15.68864893 


Figure 4. The rank of alternatives. 


Table 4. The normalization matrix by the WASPAS method. 


WebA1 | WebA2_ | WebA3_ | WebA4 | WebA5 

WebC1 | 0.795139 | 0.296875 | 0.715278 | 0.715278 1 
WebC2 | 0.447917 1 | 0.715278 | 0.715278 | 0.572917 
WebC3 | 0.948929 1 | 0.948929 | 0.365733 | 0.962109 
WebC4 | 0.633229 | 0.902821 | 0.818182 1 | 0.562696 
WebC5 | 0.508221 | 0.860987 1 | 0.738416 | 0.657698 
WebC6 | 0.860987 | 0.738416 | 0.860987 1 | 0.615845 
WebC7 | 0.965278 1 | 0.857639 | 0.572917 | 0.857639 
WebC8 | 0.936893 | 0.415049 1 | 0.800971 1 
WebC9 | 0.701389 1 | 0.559028 | 0.385417 | 0.763889 
WebC10 | 0.684604 | 0.508221 | 0.738416 1 | 0.907324 
WebC11 | 0.753425 | 0.986301 | 0.582192 1 | 0.946918 
WebC12 | 0.425287 1 1 1 | 0.896552 
WebC13 | 0.652778 1 | 0.795139 | 0.965278 | 0.447917 
WebCl4 | 0.510417 | 0.385417 | 0.496528 1 | 0.795139 
WebC15 | 1.42236 | 2.07764 1 | 1.78882 | 1.254658 
WebC16 1 | 2.232558 | 1.139535 | 1.27907 | 1.139535 
WebC17 | 0.331839 1 | 0.331839 | 0.331839 | 0.615845 
WebCl18 | 0.77728 | 0.562033 | 0.860987 1 | 0.860987 
WebC19 1 | 0.560132 | 0.670511 | 0.504119 | 0.583196 
WebC20 | 0.508221 | 0.907324 | 0.508221 1 | 0.508221 
WebC21 | 0.326389 1 | 0.447917 | 0.572917 | 0.447917 
WebC22 | 0.355903 | 0.296875 | 0.447917 1 | 0.644097 
WebC23 | 0.489726 | 0.784247 1 | 0.380137 | 0.460616 
WebC24 1 | 0.380137 | 0.744863 | 0.986301 | 0.893836 
WebC25 | 0.489726 | 0.893836 | 0.380137 1 | 0.582192 
WebC26 | 0.789272 | 0.685824 | 0.789272 1 | 0.425287 
WebC@27 | 0.493274 | 0.860987 | 0.738416 1 | 0.738416 
WebC28 1 | 0.668016 | 0.522267 | 0.927126 | 0.834008 
WebC29 | 0.835381 | 0.550369 | 0.810811 | 0.835381 1 
WebC30 | 0.848958 1 | 0.447917 | 0.590278 | 0.623264 
WebC31 | 0.902821 | 0.321317 | 0.902821 1 | 0.902821 
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Table 5. The WSM matrix by the WASPAS method. 


WebA1 


WebA2 


WebA3 


WebA4 


WebA5 


WebC1 


0.035726 


0.013339 


0.032137 


0.032137 


0.04493 


WebC2 


0.011753 


0.026238 


0.018768 


0.018768 


0.015032 


WebC3 


0.034678 


0.036545 


0.034678 


0.013366 


0.03516 


WebC4 


0.010504 


0.014975 


0.013571 


0.016587 


0.009334 


WebC5 


0.009642 


0.016334 


0.018972 


0.014009 


0.012478 


WebC6 


0.008283 


0.007104 


0.008283 


0.009621 


0.005925 


WebC7 


0.012076 


0.01251 


0.010729 


0.007167 


0.010729 


WebC8 


0.028194 


0.01249 


0.030094 


0.024104 


0.030094 


WebC9 


0.024336 


0.034698 


0.019397 


0.013373 


0.026505 


WebC10 


0.013224 


0.009817 


0.014263 


0.019316 


0.017526 


WebC11 


0.010744 


0.014064 


0.008302 


0.01426 


0.013503 


WebC12 


0.012396 


0.029148 


0.029148 


0.029148 


0.026132 


WebC13 


0.018143 


0.027794 


0.0221 


0.026829 


0.012449 


WebC14 


0.023281 


0.017579 


0.022647 


0.045611 


0.036267 


WebC15 


0.034281 


0.050075 


0.024102 


0.043114 


0.03024 


WebC16 


0.036001 


0.080375 


0.041025 


0.046048 


0.041025 


WebC17 


0.028472 


0.085801 


0.028472 


0.028472 


0.05284 


WebC18 


0.009602 


0.006943 


0.010636 


0.012354 


0.010636 


WebC19 


0.024398 


0.013666 


0.016359 


0.0123 


0.014229 


WebC20 


0.018969 


0.033865 


0.018969 


0.037324 


0.018969 


WebC21 


0.019344 


0.059265 


0.026546 


0.033954 


0.026546 


WebC22 


0.026655 


0.022234 


0.033546 


0.074894 


0.048239 


WebC23 


0.024606 


0.039404 


0.050244 


0.0191 


0.023143 


WebC24 


0.03503 


0.013316 


0.026093 


0.034551 


0.031311 


WebC25 


0.023155 


0.042262 


0.017974 


0.047282 


0.027527 


WebC26 


0.020078 


0.017446 


0.020078 


0.025439 


0.010819 


WebC27 


0.009136 


0.015947 


0.013676 


0.018521 


0.013676 


WebC28 


0.018877 


0.01261 


0.009859 


0.017502 


0.015744 


WebC29 


0.010602 


0.006985 


0.01029 


0.010602 


0.012691 


WebC30 


0.02479 


0.029201 


0.01308 


0.017237 


0.0182 


WebC31 


0.038146 


0.013576 


0.038146 


0.042252 


0.038146 


Table 6. The WPM matrix by the WASPAS method. 


WebA1 | WebA2 | WebA3 | WebA4 | WebA5 
WebC1 | 0.989753 | 0.946897 | 0.985057 | 0.985057 1 
WebC2 | 0.979147 1 | 0.991247 | 0.991247 | 0.985491 
WebC3 | 0.998086 1 | 0.998086 | 0.963909 | 0.998589 
WebC4 | 0.99245 | 0.998306 | 0.996677 1 | 0.990507 
WebC5 | 0.987241 | 0.997164 1 | 0.994263 | 0.992082 
WebC6 | 0.998561 | 0.997087 | 0.998561 1 | 0.995347 
WebC7 | 0.999558 1 | 0.998081 | 0.993056 | 0.998081 
WebC8 | 0.99804 | 0.973884 1 | 0.993344 1 
WebC9 | 0.987768 1 | 0.980024 | 0.96746 | 0.990698 
WebC10 | 0.992708 | 0.987012 | 0.99416 1 | 0.998123 
WebC11 | 0.995971 | 0.999803 | 0.992316 1 | 0.999223 
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WebC12 | 0.975387 1 1 1 | 0.996822 
WebC13 | 0.988215 1 | 0.993649 | 0.999018 | 0.977924 
WebCl4 | 0.969791 | 0.957445 | 0.968571 1 | 0.989599 
WebC15 | 1.008528 | 1.01778 1 | 1.014115 | 1.005483 
WebC16 1 | 1.029336 | 1.004714 1.0089 | 1.004714 
WebC17 | 0.909693 1 | 0.909693 | 0.909693 | 0.95926 
WebC18 | 0.996892 | 0.992907 | 0.998153 1 | 0.998153 
WebC19 1 | 0.985959 | 0.990295 | 0.983428 | 0.98693 
WebC20 | 0.975054 | 0.996377 | 0.975054 1 | 0.975054 
WebC21 | 0.935796 1 | 0.953516 | 0.967527 | 0.953516 
WebC22 | 0.925545 | 0.913059 | 0.941622 1 | 0.967591 
WebC23 | 0.964766 | 0.987863 1 | 0.952564 0.9618 
WebC24 1 | 0.966685 | 0.989735 | 0.999517 | 0.996076 
WebC25 | 0.966808 | 0.994707 | 0.955298 1 | 0.974747 
WebC26 | 0.993998 | 0.990452 | 0.993998 1 | 0.978485 
WebC27 | 0.986996 | 0.997232 | 0.994399 1 | 0.994399 
WebC28 1 | 0.992413 | 0.987813 | 0.998573 | 0.996579 
WebC29 | 0.99772 | 0.99245 | 0.997342 | 0.99772 1 
WebC30 | 0.99523 1 | 0.97682 | 0.984724 | 0.986289 
WebC31 | 0.99569 | 0.953162 | 0.99569 1} 0.99569 


In this paper Shannon’s entropy method is used to rank the usability criteria of academic websites by 
calculating their objective weights, The main criteria contributing to the usability of academic websites were earlier 
identified as Content, Organization, Presentation and Interaction, and Trustworthiness, with 31 sub-criteria that were 
rated by usability experts using the linguistic term to incorporate the vagueness in the experts’ opinions. Based on the 
evaluation of the three experts, the “Presentation and Interaction” criteria are of the highest importance, followed by 
“Content” and then “Trustworthiness”. The “Organization” came with the lowest importance compared to the other 
three main criteria. In the sub-criteria, “Ease-of-use” scored the highest importance, followed by “Interactivity” and 
“Attractiveness”, While “Updates” scored the lowest importance in 31 criteria. The entropy method was found easier 
for decision-makers and more meaningful than performing pair-wise comparisons between the sub-criteria which is 
a tedious task and can be subject to personal opinions. Also, it wouldn’t make sense to ask someone for example 
whether they think content or organization is more important, unlike the process followed in the entropy method 
where the experts evaluate existing websites according to the usability criteria and based on that the objective weights 
of the criteria are computed. 


The WASPAS was later used to evaluate five Egyptian university websites based on the weights of the 31 usability 
criteria identified by the entropy method. Based on this evaluation, the fourth website scored the highest rank, 
followed by the second website, while the first website had the lowest rank. This method makes it easier to choose 
the best design from multiple alternatives based on their usability. 


5. Sensitivity Analysis 


In this section, the sensitivity analysis of the @ value is performed to show the robustness and reliability of the 
proposed entropy and WASPAS model. The goal of the sensitivity analysis is to show how the rank of alternatives 
change when changing the a value. The a value changes between 0.1 and 0.9. Table 8 shows the rank of alternatives 
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according to the different a values. From Figure 4, The rank of the alternatives doesn’t change in the a value between 
0.1 and 0.7. But when the a value was equal to 0.8 and 0.9, the rank of the alternatives changed, the second website 
became the best, followed by the fourth website, with the first website being the worst. All a values resulted in the 
first alternative being the worst, and all @ values between 0.1 and 0.7 agreed the fourth alternative is the best. 
However, the a value of 0.8 and 0.9 agreed the second alternative is the best. From this analysis, the alternatives' rank 
is not sensitive to the a change. 


Table 8. The rank of alternatives after changing the a value 


a=0.1 a=0.2 a=0.3 a=04 a=05 a=0.6 a=0.7 a=0.8 a=09 
WebA1 27.52037 24.53534 21.55031 18.56529 15.58026 12.59523 9.610204 6.625177 3.64015 
WebA2 27.68274 24.69751 21.71227 18.72703 15.74179 12.75656 9.77132 6.786082 3.800845 
WebA3 27.57273 24.58489 21.59705 18.60922 15.62138 12.63354 9.6457 6.657862 3.670023 
WebA4 27.71423 24.72434 21.73445 18.74456 15.75468 12.76479 9.774902 6.785015 3.795127 
WebA5 27.65553 24.66381 21.67209 18.68037 15.68865 12.69693 9.705207 6.713487 3.721766 


eee \WebAl exe WebA2 ==WebA3 == WebA4 ==WebA5 


0.10 


5 


0.80 0.30 


0.70 0.40 


Figure 5. The rank of alternatives by sensitivity analysis. 


6. Conclusion and Future work 


This study was conducted methodically to propose a multi-stage MCDM framework using Shannon’s entropy method and 
the WASPAS method under the type-2 neutrosophic environment for evaluating the usability of academic websites. First, 
the usability criteria relevant to academic websites were identified through secondary research and literature review and 
were further validated by usability experts and websites’ users through a survey study which narrowed them down to four 
main usability criteria namely, Content, Organization, Presentation and Interaction, and Trustworthiness, with 31 sub- 
criteria. The usability criteria weights were then computed using the entropy method to understand their relative 
importance. This study found that the most important criteria among the four main criteria were Presentation and 
Interaction; The least critical criteria of the main criteria was Organization. Meaning that the website’s organization is 
important but only after the content provided meets the users’ needs and is easy to comprehend and act on and can be 
trusted. Only then the organization would make sense. In terms of the sub-criteria, Ease of use scored the highest 
importance while updates were the least important sub-criteria. Five Egyptian university websites were ranked using the 
WASPAS method based on the criteria weights identified. 
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The major strength of this work in relation to previous studies to the best of our knowledge is that it is the first framework 
to address this large number of criteria; 31, covering almost all aspects of a university website in detail and precisely, instead 
of addressing few major usability criteria that can be interpreted differently by different designers. 


To further verify the soundness of this framework regarding the ranking of the usability criteria, it will be tested with a 
larger number of university website users. As for future work, the DEMATEL method can be used to explain the 
dependency between the identified usability criteria which will further help designers understand their contribution to the 
overall usability of academic websites. 


The contribution of this research study can be summarized as follows: 

1. The proposed framework provides an evaluation tool to diagnose weak usability areas of academic websites, so 
designers, developers, and universities can use it to improve the experiences provided through their websites. 2. This 
framework will help designers understand the key usability criteria to consider when designing new or evaluating existing 
academic websites, which is more suitable compared to the general usability heuristic rules used currently. 3. Providing 
designers with the relative importance of the different usability criteria contributing to academic websites, will help them 
prioritize and make educated design decisions and tradeoffs between the criteria, which in real-life scenarios it can be 
challenging to address all these criteria as they can be conflicting. 
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Appendix 


Table 1. The 4 main criteria and 31 sub criteria 


200 


Trustworthiness WebC1 


Content WebC2 


Presentation & Interaction WebC3 


Organization WebC4 


Does the website convey a good 
and trustworthy image? 


Is it what the user wants? 


Is it easy to comprehend and can 
the user act on it? 


Can the user find it? 


Security & privacy Updates Load time Design optimization 
Confirmation Personalization Response time Helpfulness 
Reliability Accuracy Ease of use Functionality 
Web credibility Use of technology and innovation Systematic cues Broken links 
Traffic Coverage Memorability Efficiency 
Readability & legibility Services Ease of navigation 
Availability Attractiveness 
Search engine friendliness Interactivity 
Informative Accessibility 
Markup validation 
Learnability 
Table 2. The decision matrix by the first expert 
WebA1 WebA2 WebA3 WebA4 WebA5 
WebC1 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC3 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05. 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 
WebC4 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 
WebC5 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebCé 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC7 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC8 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45, 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC9 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC10 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 
WebC11 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 
WebC12 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC13 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC14 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC15 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC16 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC17 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC18 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC19 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 
WebC20 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC21 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC22 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 
WebC23 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 
WebC24 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC25 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC26 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC27 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05, 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC28 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC29 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC30 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 
WebC31 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
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Table 3. The decision matrix by the second expert 


WebA1 WebA2 WebA3 WebA4 WebA5 
WebC1 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC3 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05. 
WebC4 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC5. 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC8 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC9 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebC10 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC11 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebC12 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebC13 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC14 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC15 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC16 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC17 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC18 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC19 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05. 
WebC20 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC21 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC22 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC23 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebC24 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45, 
WebC25 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC26 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC27 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC28 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC29 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC30 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC31 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
Table4. The decision matrix by the third expert 
WebA1 WebA2 WebA3. WebA4 WebA5 
WebC1 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC3 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45, 
WebC4 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC5 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC7 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC8 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC9 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC10 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC11 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC12 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45, 
WebC13 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC14 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC15 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.5,0.45,0.5,0.4,0.35,0.5,0.35,0.3,0.45 
WebC16 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC17 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC18 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC19 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC20 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC21 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC22 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC23 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
WebC24 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC25 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC26 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 
Web(C27 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
WebC28 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
Web(C29 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05. 
WebC30 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 0.35,0.35,0.1,0.5,0.75,0.8,0.5,0.75,0.65 0.4,0.3,0.35,0.5,0.45,0.6,0.45,0.4,0.6 
WebC31 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.2,0.2,0.1,0.65,0.8,0.85,0.45,0.8,0.7 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 0.95,0.9,0.95,0.1,0.1,0.05,0.05,0.05,0.05 0.7,0.75,0.8,0.15,0.2,0.25,0.1,0.15,0.2 
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Abstract: Piping systems tend to malfunction when a set parameter goes off the mark. The parameters 
which directly affect the structure and working of a pump piping system are known as critical factors. 
The processes influenced by these factors and consequently the underlying cause of failure have been 
thoroughly investigated through research. The interrelationship between them, however, remains a 
mystery. The ability of the plant supervisor or worker to combine their vast theoretical knowledge 
with actual data will be enhanced by exposing these cause-effect correlations among the problems 
commonly encountered in pump piping systems. The SVN DEMATEL (Decision-Making Trial-and- 
Evaluation Laboratory) approach is used in this study to determine the predominant causes of pump 
piping system failures. By considering a group of expert perspectives to create a cause-and-effect 
relationship diagram, the DEMATEL approach allows one to determine and assess the most significant 
element. SVN sets in DEMATEL, likewise, eliminate uncertainty when making conclusions concerning 
failure relationships from the judgements provided by experts [1]. The focus of the failure analysis was 
divided into six groups: selection of pump, design of pump, construction, operation/maintenance, 
piping errors and commissioning of the system. A total of 26 factors were identified and were assigned 
to a relevant group. Each factor was further categorized into four levels based on the degree of 
influence using the methodology presented in this study. It was found that “Temperature” has the 
highest degree of influence over the other criteria whereas criteria like “Pressure” and “Power Supply” 
tend to be influenced by other factors. The proposed SVN-DEMATEL method would be suitable for 


qualitative analysis of different industrial systems. 


Keywords: DEMATEL model; Pump piping system; failure analysis; single-valued neutrosophic sets; 


linguistic variable. 


1. Introduction 

The decision-making trial and evaluation laboratory (DEMATEL) is a comprehensive analytical method 
for constructing a structural model indicating the causal relationships existent between complex factors 
[3]. The initial goal was to identify integrated solutions employing matrices and graphs to the 
fragmented and conflicting phenomena of world civilizations [4], because it is practical to see the 
structure of complicated causal interactions. The DEMATEL approach has become quite popular among 
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diverse fields. It is based on digraphs, which may split the related components into two groups: cause 
and effect. Digraphs, or directed graphs, are more useful than directionless graphs which can show the 
directed links between subsystems. A digraph can be used to show a communication network or a 
dominance relationship between people [5]. The digraph depicts a basic notion of contextual relation 
among the system's elements, with the numeral indicating the degree of influence [6]. Hence, this 
method can convert the relationship between the causes and effects of factors into an intelligible 
structural model of the system. 


The DEMATEL approach uses linguistic variables to perform a weighted analysis of the decision maker's 
opinion. It was conclusively shown that DEMATEL has a higher Spearman ranking coefficient in 
comparison to other multi criteria decision making (MCDM) analysis [7]. This implies that the 
relationship between two variables can be described using a monotonic function. This makes it more 
relevant to the industry as most of the parameters under the scope of analysis have a nonlinear 


connection and regressive in nature. 


However, the linguistic terms pose a major setback. To begin with, linguistic terms are not ideally suited 
to provide an in-depth analysis and a judgement further on since the information provided is often 
vague and incomplete [8]. Because of this incomplete information, the judgements of the decision 
makers might be misconstrued. To deal with the ambiguities that come with such estimation, it's a 
good idea to transform these linguistic terms into fuzzy numbers. A linguistic variable contains 
unique values (linguistic values) that depict the form of phrases or sentences one can find in a natural 
language [9]. This is commonly known as the fuzzy set. The generalization of fuzzy set lead to the 
development of another important analysis tool called “neutrosophic set”. To curtail its application to 
real life scientific problems, it was further developed to single values neutrosophic set (SVNS). Owing 
to the ease in application of SVNSs, they sets have been adapted in other scientific areas such as 
information technology, information system and decision support system for example, relational 
database systems, semantic web services, financial data set detection, new economy's growth, decline 


analysis and etc [10-15]. 
7.7. Literature Review 


The following section summarizes the results and gaps identified by various other research work related 
to neutrosophic sets, DEMATEL and pipeline failure analysis. Previous work mainly focuses on the 
integration of DEMATEL with other MCDM analysis methods. However, SVNS were seldom included. 
There has been certain research work aimed at different applications which used SVNS, but it was still 
lacking in proficiency as quadrant analysis was not used. The table given below summarizes the recent 
research and the corresponding research gaps. Owing to these limitations, this paper aims to provide 


an integrated SVN-DEMATEL method to investigate pipeline failure. 
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The eight-step procedure of DEMATEL is followed wherein the linguistic variables are designated by 


truth, indeterminacy, and falsity membership [16]. 


Table 7. Literature Review Summary. 


Authors Method Application Research gap 
Betty Chang [17] Fuzzy DEMATEL Supply chain Does not employ 
method management (SCM) SVNs to state 


assumptions in the 
dataset- No quadrant 
analysis 

Integration of 
DEMATEL with fuzzy 
logic — No quadrant 
analysis 

Shows only cause- 
effect diagram — does 
not portray the basic 
concept of contextual 
relationship and 
strengths of influence 
among the elements 
or criteria. 

Integration of 
DEMTEL with other 
methods (fuzzy logic, 
SVNs) 

This paper establishes 
a method to approach 
complex problems 
with several factors. 


GulcinBuyukézkan Integrated DEMATEL- 
[18] ANP approach 


Renewable energy 
resources 


EmreAkyuz [19] fuzzy DEMATEL 


method 


Shipboard operations 
(Operational hazards) 


Hierarchical DEMATEL 
method 


Yuan-WeiDu [20] Complex Systems 


7.2. Future Scope 


The presented study can be used as a basis for ranking data based on their significance, which 
consecutively can be used to generate machine learning models for the system. The output of this 
method could be used to further train an AI model to make an informed decision about a certain 
process. This could be incorporated in adaptive control systems. On a much rudimentary level, the 
machine can be trained to display the most significant control parameters that can be controlled to 


reduce errors using which, a trained professional can make the decisions. 
2. SVN-DEMATEL 


The algorithm used in DEMATEL is the framework of the proposed SVN-DEMATEL. Instead of real 


numbers representing the linguistic variables as seen in the traditional methodology, SVNS are used 
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to deal with uncertainty. Apart from the inclusion of SVNS, the proposed method also incorporates the 
relative importance of the decision-maker weight. Boran et al. [21] suggested a proportion equation to 
approximate the relative weights of each decision maker. This bears accurate and crisper computational 
results rather than using equal weights for all decision makers. The three memberships of the linguistic 
variables are re-defined into real numbers to aid mathematical calculations. Radwan and Fouda [22] 
proposed the concept of average as an equation which is employed in this proposed method. Unlike 
the original DEMATEL, this method rules out the need to find multiplicative inverse of a matrix. The 
establishment of four types of criteria, also known as quadrant analysis, is extended by this method 


using causal-effect diagram. 


2.1 Proposed SVN-DEMATEL algorithm: 


Step-1. Construction of direct-relation matrix 
The critical factors relevant to the study are identified and group into a matrix X of size M x M where 
M is the number of criteria. This matrix depicts the interrelation between pairs of elements using a 


linguistic scale. Hence, a total of N*2 relations are obtained [23]. 
Step-2. Finding the relative weights of decision-makers. 


The aggregated crisp matrix is formulated in consideration of the weight of each decision-maker's 
judgment. Based on the importance of each decision maker, an SVNN is assigned which is used to 
calculate the overall distinctive weights [24]. Because decision-makers’ work experience and expertise 


fluctuate regularly, this is critical to the success of research analysis. 


The linguistic variables used for relative importance weights of decision-makers and their respective 
SVNNs are shown in Table 2 [25]. If the SVNN for the kth expert's relative importance isa, = (Ty, Ik, Fx), 


then the value of the relative weight for the kth expert can be calculated using the equation: 


Te) te OMT D/THOD + FeO) (1) 
Wher TeX) + Te (x) (Te (X)/Te(X) + Fe (x))) 


k 


(A, > 0,2%=" A, = 1,1 is the number of decision makers) 
Sample Calculation: 
Value of denominator (A) = [0.9 + 0.1(0.9/1)] + [0.5 + 0.4(0.5/0.95)] + [0.35 + 0.6(0.35/1.05)] = 
2.250526316 
For example, substituting the values of Linguistic Variable “Very important” and that of A 
Ana = [0.9 + 0.1(0.9/1)]/A = 0.4398971001 


Step-3. Construction of aggregated direct-relation matrix (AGDRM) 
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The opinions of each decision makers are compiled into initial direct relation matrices. By including 
the relative weights, they can be merged into a collective matrix that represent the overall correlations 
between the factors. Let the SVN given by the kth expert on the assessment of criterion i on j be 
ZU) = Te OG) Ik GS), Fe (iL J)) [20]. The procedure of Single Valued Neutrosophic Set Weighted 
Aggregation (SVNSWA) is used [21]. Note that x(i,jJ) represents the influence level of criterion i on j. 

ayy = SVNSWA (2, [i,j], 22 [iJ], 2x [i J]) 

= Waa2 = (1— Meal %) 7 Maal)? Tia)” I 


i = 1,2,3,4,...,.m; j = 1,2,3,4,...,n, 
Step-4.. Convert the SVNNs to real numbers 


Using the following equation, convert the aggregated single neutrosophic relation matrix to a real 
number = matrix: 
P(z) = [3 +T—-21-F]/4 seen nnn (3) 


Step-5. Normalization of AGDRM 


Normalized DRM (matrix N) is computed using the equation: 
N=kxXR (4) 


where, k = min((1/max Y"_,|a;;|_), (1/max XE, |a;| )), i /€ (12,3, .... n} 
and R is the Aggregated DRM with real numbers. 


Step-6.. The Total Relation Matrix, T, is computed using the equation below: 


T=NQU—-—NY* ene en nee (6) 


(T' is an identity matrix of rank M) 
Step-7. Construct a causal diagram. Using the following equation, calculate H and V from TRM. 


Given T, 
T = [ cn ee i,j = 1,2,....n, and using the following equation: 


H= baa Ae = [tWMlixn (7) 


ve[ etey lo =[t@lnxi 


where H signifies the total number of rows in the matrix and V denotes the total number of columns. 
As a result, the values of (H + V) and (H — V) are computed separately in different columns. If (H-V) is 
positive and (H + V) is large, a criterion is classified as a cause group. It's classified as an effect group 
if (H — V) is negative and (H + V) is small [28]. 


8. Segregation of criteria 
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The values of (H + V) and (H —V) are employed as Cartesian plane coordinates (H +V,H —V) to 
divide the criteria into four classes [29]. 


The case of a pump piping system failure is presented in detail. 


2.2 Criteria and Linguistic scale 


Criteria that influence the pump piping system are identified and it is represented in the form of fish 
bone diagram shown in Figure 1. There are 26 such criteria based on: 

Selection of pump: Working fluid (F1), Design pressure (F2), Temperature (F3), Geographical location 
(FA), 

Construction: Misalignment (F5), Support placement (F6), Valve placement (F7), Pipe strain (F8), 
Coupling (F9), 

Operation and Maintenance: Power overloading (F10), Instrument malfunction (F11), Pressure head 
(F12), Lubrication (F13), Temperature (F14), 

Piping errors: Valve placement (F15), Temporary strainer (F16), Layout (F17), Pipe run (F18), Water 
hammering (F19), 

Design of Pump: Working fluid (F20), Vibration damping (F21), Material of casing (F22), Pressure 
head (F23), 

Commissioning: Nature of priming (F24), Power supply (F25) and Strainer clogging (F26). 

Table 2 represents the five-point linguistic scale using which these criteria will be assessed. The 


pairwise comparison method is made use in judgments. 


ret pamp 


Misalagnment ( 


R. Sundareswaran, S. Vijayan, Sneha S, Srinath Venkatesh, Vishnu Prasad P R, Viswapriya G , Lakshmi Narayan Mishra 
and Said Broumi, Failure analysis of pump piping system using DEMATEL SVN methodology 


Neutrosophic Sets and Systems, Vol.53, 2023 208 


Fig. 1. Ishikawa Diagram of the Pump piping system failures. 


Linguistic variable for SVNN {T, I, F } 
relative importance 

Very important (VI) {0.90, 0.10, 0.10} 
Important (1) {0.80, 0.20, 0.15} 
Medium (M) {0.50, 0.40, 0.45} 
Unimportant (UD) {0.35, 0.60, 0.70} 
Very unimportant (VUI) {0.10, 0.80, 0.90} 


Table 2 Linguistic Variable for relative importance of decision makers [19] 


Linguistic terms for level of SVNS {T, I, F } 
influence 
None (1) {0.00, 1.00, 1.00} 
Low (2) {0.20, 0.85, 0.80} 
Medium (3) {0.40, 0.65, 0.60} 
High (4) {0.60, 0.35, 0.40} 
Very high (5) {0.80, 0.15, 0.20} 
Table 3 Linguistic Scale used in study [24] 
2.3 Iustrations 
Piping Engineer: 


Piping engineers are engineering professionals who are responsible for the design of piping 
systems that transport fluids such as oil, gas, water, and waste from one location to another. Their work 
involves design, material selection, stress analysis and commissioning of piping systems. 

Project Manager: 

Project managers oversee planning, procurement, and execution of any activity with a defined scope, 
start, and end date. 
Quality Engineer: 

A quality engineer is a professional who manages and implements the quality assurance and control 
systems of a company. Piping engineers don’t work independently but rather work as a team 
comprising of members from piping, mechanical, process instrumentation divisions. To ensure the 
smooth coordination within the team as well as suggest corrective measures, a quality engineer is 
crucial to the team. 

Maintenance Engineer: 

In industries, maintenance engineers oversee keeping equipment and machinery working smoothly. 
They are required to constantly upkeep the support equipment such as valves and FRL while keeping 
an eye on the pipe layout. Since long maintenance times could prove to be a costly affair to the 
company, maintenance engineers need to have a solid understanding about the system to perform 


quick actions when needed. 
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All decision-makers specialize in assessing pump piping system. The decision-makers were formally 
approached by letter to rank criteria based on the degree of influence over other factors utilizing the 
linguistic scale to evaluate pipeline failures. The data thus obtained from them are applied to the 


proposed SVNS-DEMATEL method. 


2.4 Implementation 


The following computations are carried out using the suggested algorithm: 

Step - 1. Construction of Direct Relation Matrix for each individual decision-maker i.e, DM1, DM2 
and DM3 give their judgment regarding the influence of the criteria on failure in pump piping systems. 
The following table shows the initial direct relation matrix i.e., judgments of one of the decision-maker. 
Linguistic terms are involved in the matrix to represent the correlations between the criteria as 
mentioned below. 

Step -2. Finding the relative weights of decision-makers. A, which represents the relative weights of 


decision-makers are computed using equation 1. 


Table 4. Judgments of criteria (DM1) 


1/;2;3 ;4/;,5 |6|7 /8 |9 | 10 | 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 
1 Mf Be Bes 2 ey ede fide [ne 2 2 2 2 3 3 3 3 3 5 5 5 5 2 2 2 
2 5 |X {5 }/5 |2 }/2 }2 |2 {2 |] 2 2 2 2 2 3 3 3 3 3 5 5 5 5 2 2 2 
3 5}|5 [x }|5 {2 }/2 }2 |2 [2 |] 2 2 2 2 2 3 3 3 3 3 5 5 5 5 2 2 2 
4 3 {3 |3 |x [3 |3 |3 [3 |3 | 4 4 4 4 4 4 4 4 4 4 3 3 3 3 3 3 3 
5 Atif We | Te Vek Beebe NES | e585 5 5 5 5 2 2 2 2 2 2 2 2 2 4 4 4 
6 1714171 }5 |x | 5 }5 | 5 | 3 3 ze) 3 3 3 3 3 3 3 2 2 2 2 3 3 3 
7 AS | AG} AE | eT) SSB ix a JOSS 3 3 3 3 4 4 4 4 4 1 1 1 1 3 3 3 
8 3 {3 |/3 |3 {3 |3 |3 |x | 3 ] 3 3 ) 3 3 3 3 3 3 3 1 1 1 1 3 3 3 
9 31/3 }/3 |3 {3 |3 |3 [3 |x |] 3 3 5 3 3 2 2 2 2 2 3 3 3 3 4 4 4 
10 |3 |3 |3 |3 |3 |3 |3 |3 |4 |x 5 5 5 cS 1 1 1 1 1 2 2 2 2 5) 5 5 
11 1714171 /}4 1/4 14 )/4 14 45 x 5 5 5 3 3 3 3 3 1 1 1 1 5 5 5 
12 ;5/5 1/5 1/5 }|5 |5 75 75 |5 45 5 x 5 cS) 3 3 3 3 3 5 ) 5 5 ) 5 5 
13 |3 |3 {3 |3 |3 |3 [3 |3 |3 | 4 4 4 x 4 2 2 2 2 2 1 1 1 1 2 2 2 
1445/5 {5/5 }2 }2],2 /2 |2 | 4 4 4 4 X 2 2 2 2 2 5 5 5 5 2 2 2 
15 }|2/2{/2/2 },3 |3 [3 |3 |3 | 3 3 3 3 3 x 4 4 4 4 1 1 1 1 3 3 3 
16 |4/4 14/4 |4 14 1[4 /4 |4 | 4 4 4 4 4 2. X 2 2 2 2 2 2 2 4 4 4 
17 |3 |3 {3 |3 |4 |4 [4 |4 | 4 | 4 4 4 4 4 4 4 x 4 4 2 2 2 2 3 3 3 
18 |4/4 14/4 |4 14 [4/4 |4 | 4 4 4 4 4 3 3 3 Xx 3 2 2 2 2 3 3 3 
19 |4/4 14/4 }4]4],4/4 ]4 45 5 5 5 5 5 5 5 5 X 3 3 3 3 4 4 4 
200 }5 1/5 /5 45 {2 }2 }2 12 | 2 | 3 3 3 3 3 3 3 3 3 3 x 5 5 5 2 2 2 
20 if 2 [Ae |e fe 8> ad e313) S| FA 4 4 4 4 2 2 2 2 2 2 x 2 2 3 3 3 
22 /;4/4 /4 14/3 |3 |3 [3 |3 [2 2 2 2 2 1 1 1 1 1 5 5 x 5 2 2 2 
23 .5;5 7/5 |5 45 15 |5 }5 75 75 |] 5 5 5 5 5 3 3 3 3 3 5 5 5 Xx 5 5 5 
24/3/33 |3 |3 |5 }5 15 75 75 | 4 4 4 4 4 3 3 3 3 3 1 1 1 1 x 5 5 
25 1/414 /4 14/4 14 14 [4 |4 |] 5 5 5 5 5 1 1 1 1 1 4 4 4 4 5 X 5 
26 }1{/1/1}1/4 }|4 }4 [4 |4 |] 5 5 5 5 5 2 2 2 2 2 1 1 1 1 5 5 x 
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From Table 4, note that the diagonal elements are taken as x, purely for programming purposes only. 


Step -3. Construct the AGDRM using Equation (2) 


Table 5. Aggregated DRM 


Criteria F1 F2. ----------- F25 F26 
0.0000 0.6648 0.1998 0.5640 
F1 1.0000 0.2932 0.8380 0.3958 
1.0000 0.3352 0.8002 0.4360 
0.6061 0.000 0.1998 0.1998 
F2 0.3359 1.000 0.8380 0.8380 
0.3939 1.000 0.8002 0.8002 
0.7051 0.6648 0.1998 0.1998 
F3 0.2412 0.2932 0.8380 0.8380 
0.2949 0.3352 0.8002 0.8002 
0.2949 0.2949 0.2949 0.2949 
F4 0.7448 0.7448 0.7448 0.7448 
0.7051 0.7051 0.7051 0.7051 
F5 0.2006 0.2006 0.5583 0.5583 
0.7738 0.7738 0.4072 0.4072 
0.7994 0.7994 0.4417 0.4417 
0.5999 0.5999 0.2543 0.2543 
F22 0.3501 0.3501 0.7961 0.7961 
0.4001 0.4001 0.7457 0.7457 
0.7630 0.7630 0.7383 0.7383 
F23 0.1846 0.1846 0.2147 0.2147 
0.2370 0.2370 0.2617 0.2617 
0.3999 0.3999 0.7383 0.7383 
F24 0.6501 0.6501 0.2147 0.2147 
0.6001 0.6001 0.2617 0.2617 
0.5583 0.5583 0.0000 0.7383 
F25 0.4072 0.4072 1.0000 0.2147 
0.4417 0.4417 1.0000 0.2617 
0.1173 0.1173 0.7383 0.0000 
F26 0.9001 0.9001 0.2147 1.0000 
0.8827 0.8827 0.2617 1.0000 


Step -4. Construction of DRM with real numbers. 


Using equation (3), the aggregated neutrosophic matrix is translated into a DRM with real numbers. 


The matrices are tabulated as below [25]. 


Table 6. DRM with real numbers 


F1 F2 Fa siacerexecanssasessaduete F25 | F26 
F1 0.00 | 0.6 0.59 0.33 | 0.55 
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F2 0.58 | 0.00 | 0.58 0.33 | 0.33 
F3 0.63 | 0.6 0.00 0.33 | 0.33 
F25 055 | 055 | 0.55 0.00 | 0.64 
F26 0.3 0.3 0.3 0.64 | 0.00 


Step -5. Construct normalized DRM. 


To begin with, the summation of rows and columns of DRM is made to construct the normalized. 


Table 7. Summation of Rows and Columns 


Criteria | Row Sum Column Sum 
F1 11.00 23.68 
F2 11.12 23.76 
F3 11.25 23.94 
F24 12.21 23.50 
F25 13.13 23.58 
F26 11.38 24.06 


The maximum number derived from the summation of rows and the summation of columns is 
determined. Then, equation (5) is used to compute k using these maximum numbers. 
By multiplying the aggregated DRM by the value of k, the DRM is normalised (equation (4)). The 


normalised DRM with real values is represented as a 26 x 26 matrix as shown in the table below. 
Table 8. Normalized DRM 


F1 F2 | F3 wesseseee F25 F26 
F1 0.00 | 0.04 | 0.04 0.02 | 0.04 
F2 0.04 | 0.00 | 0.04 0.02 | 0.02 
F3 0.04 | 0.04 | 0.00 0.03 | 0.03 
F25 0.04 | 0.04 | 0.04 0.00 | 0.04 
F26 0.02 | 0.02 | 0.02 0.04 | 0.00 
Step -6. Obtaining total-relation = matrix 


(TRM) 


Equation (6) is used to compute TRM. TRM is calculated by multiplying the inverse of DRM with the 


difference of identity matrix and DRM The results are tabulated as follows: 


Table 9. Total Relation Matrix 


F1 F2 ES oat oes ee F21 F22 
F1 0.137452 0.17820384 0.17853866 0.1590871 0.17605889 
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F2 0.17801681 | 0.13949323 0.17950661 0.1603 709 0.16320226 
F3 0.18218722 | 0.18071384 0.14142555 0.16118724 | 0.16408375 
F21_ | 0.19875082 | 0.19925168 0.2004106 0.1620496 | 0.20802736 
F22 | 0.16159569 | 0.16198612 0.16307218 0.18533314 | 0.14491719 


Step -7. Plot casual diagram. 


The sum of rows (H) and the sum of columns (V) are calculated to obtain the Cause-and-Effect 


diagram. H + V and H — V are calculated using these two summations. The results can be acquired by 


translating the (H+V,H-—V) data set onto the cartesian plane. Table 5 gives the calculated 


performance of criteria. 


Table 5 Performance of the Criteria 


Summation of Columns of 


Summation of Rows of TRM nee 
[H] [V] [H+V] [H-V] 

4.273448111482863 4.571708319732535 8.845156431215397 | 0.2982602082496717 
4.319454924785043 4.585681466062835 8.905136390847877 0.266226541277792 

4.35176372479797 4.619417399098856 8.971181123896827 | 0.2676536743008855 
4.104556749171913 4.550125169053278 8.65468191822519 0.445568419881365 
4.622340474030425 4.645 100601369393 9.267441075399818 | 0.022760127338967706 
4.226040326244855 4.586126600106721 8.812166926351576 | 0.36008627386186554 
4.061933426960683 4.740230474655422 8.802163901616105 0.6782970476947394 
4.124326337331055 4.837887343076521 8.962213680407576 | 0.7135610057454667 
4.094015191818948 4.63753832340008 8.731553515219028 | 0.5435231315811322 
4.416001893528742 4.842298184588803 9.258300078117546 | 0.42629629106006117 
4.619182296562277 5.003907315135014 9.623089611697292 | 0.38472501857273667 
5.7028723886376484 5.0671875895313025 10.770059978168952 | -0.6356847991063459 
3.865264956267218 5.046966406364441 8.912231362631658 | 1.181701450097223 
4.761954782723879 5.09534063462179 9.857295417345668 | 0.33338585189791115 
4.141719045979212 4.063762855590824 8.205481901570035 | -0.07795619038838808 
4.573492093775418 3.9744198005428304 8.547911894318249 -0.599072293232588 
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4.68620928200716 4.067925222137253 8.754134504144414 | -0.6182840598699064 
4.555388693643281 3.9973845247800885 8.55277321842337 -0.5580041 688631927 
5.486932197999035 4.064814466974208 9.551746664973244 | -1.4221177310248274 
4.606972932704049 4.223800692369891 8.83077362507394 -0.383172240334158 

4.116863397367269 4.288953433924168 8.405816831291437 0.1720900365568987 

4.114405090712399 4.22123009801596 8.335635188728359 | 0.10682500730356104 
5.768493 768672305 4.253444220034323 10.021937988706629 | -1.5150495486379816 
4.70633 151280972 4.555342307719526 9.261673820529246 | -0.15098920509019376 
5.053124279140549 4.571215860265098 9.624340139405646 | -0.48190841887545144 
4.417188040006047 4.658466610008801 9.075654650014847 | 0.24127857000275377 


3. Result and Discussion 


The H+ V and H — V values are plotted into a casual diagram. The Fig. 2 shows the casual diagram 
between the cause- and-effect group of criteria, being separated by the H + V axis 


Fig. 2 Casual diagram for Criteria 


CAUSAL DIAGRAM 
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The causal diagram helps us in visualizing the cause criteria and the effect criteria. The cause 
criteria are Working fluid, Design pressure, Temperature, Geographical location, Misalignment, 


Support placement, Pipe strain, Coupling, Power overloading, Instrument malfunction, Lubrication, 
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Temperature, Vibration damping, Material of casing, Strainer clogging as their H-V values is positive. 
The effect criteria Pressure head, Valve placement, Temporary strainer, Layout, Pipe run, Water 
hammering, working fluid, Pressure head, Nature of priming, Power supply as their H-V values are 
negative. 


3.1 Segregation of criteria. 


The coordinates of (H + V,H —V) can be used to better analyze the figure. There are four 
different sorts of criterion. Based on the coordinates of (H + V,H — V), all criteria in this study may be 
divided into four quadrants. There are four basic types of instances. Fig. 3 shows the criteria details in 
quadrant analysis. Note that the value of (H + V) is taken as large or small in comparison to the mean 
of all the values (9.0523) 


Case(i): When (H + V) is large and (H + V) is positive, the first kind occurs. This suggests that 
the factors are cause criteria, as well as a driving factor to resolve critical issues. Hence, the criterion 


“Temperature” is the most governing element on other factors. 


Case(ii): When H —V is positive and H+V is small. It demonstrates that factors are self- 
contained and can only impact a small number of others. In the selection of the factor for studying the 
pump piping system failure, the criterion “Material of casing” is a stand-alone criterion that has no 


bearing on other factors. 


Case(iii): When H — V is negative and H + V is large. It shows that the factors turn out to be an 
effect criterion, which can be enhanced. The factor “Pressure head” is an effect criterion which is highly 


contingent to other factors. 


Case(iv): When H — V is negative and H + V is small. It demonstrates that the factors are self- 
contained and are scarcely affected by other factors. In our case, “Valve placement” is considered as an 


independent criterion. 


From the above cases, we can conclude that “Temperature” and “Pressure head” are the most 
important factors which have to be taken into consideration while making pump piping system failure 


analysis. 
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Fig.3 Quadrant Analysis 
4. Conclusion 


The DEMATEL method has proved itself to be a powerful tool in the industry ever since it was first 
proposed. It is applicable to almost all engineering systems and provides comprehensible results which 
can be used to improve the system. A study indicated that DEMATEL is most used in conjunction with 
ANP. This is followed by the integrated Fuzzy-DEMATEL method which has a major advantage in 
situations dealing with uncertainty. The present study proposes an incorporation of neutrosophic sets 
into the classical DEMATEL to understand the fundamentals of the application in a much more 
sophisticated manner. More specifically, Single Valued Neutrosophic (SVN) sets are used which has the 
advantage of its three membership functions to tackle indeterminacy. However, the method is not 
without limitations. Despite the incorporation of neutrosophic sets to reduce ‘vagueness’, the opinions 
of the decision makers may vary based on their mood, judgement, and accuracy of perception. The 
reliability of the input data needs to be verified before proceeding with the analysis. In this paper, the 
proposed method is utilized in assessing the piping failure where a total of 26 critical factors were 
identified. The extensive review of criteria by the Truth, Indeterminacy, and Falsity memberships of 
SVNS successfully divides these criteria into two groups: cause and effect. The results indicate that the 
criterion “Temperature” is the most important cause in influencing other factors that must be studied 
during the pump piping system failure. This is in line with the available theoretical knowledge. 
Temperature change creates expansion or contraction which can lead to thermal stresses thus altering 
the entire working conditions of the piping system. Higher temperatures can also imply increased 
corrosion rate. The criterion “Pressure” on the other hand, is highly influenced by changes in other 
factors. This is a particularly useful detail since by placing tighter control mechanisms on the pressure 
head, the efficiency of the entire system can be directly improved. The results also show that even 
though factors like material, pipe layout and valve placement can directly contribute to the failure of 
the system, their inter-relationship with other factors are negligibly low and need not be prioritised 
over others. The procedure implemented in this paper can be successfully applied to various other 


systems and obtain intelligible results despite any level of uncertainty involved. 
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Abstract: One of the disadvantages of the point estimate in survey sampling is that it fluctuates from 
sample to sample due to sampling error, as the estimator only provides a point value for the parameter 
under discussion. The neutrosophic approach, pioneered by Florentin Smarandache, is an excellent tool 
for estimating the parameters under consideration in sampling theory since it yields interval estimates in 
which the parameter lies with a very high probability. As a result, the neutrosophic technique, which is a 
generalization of classical approach, is used to deal with ambiguous, indeterminate, and uncertain data. 
In this investigation, we suggest a new general family of ratio and exponential ratio type estimators for 
the elevated estimation of neutrosophic population mean of the primary variable utilizing known 
neutrosophic auxiliary parameters. For the first degree approximation, the bias and Mean Squared Error 
(MSE) of the suggested estimators are computed. The neutrosophic optimum values of the characterizing 
constants are determined, as well as the minimum value of the neutrosophic MSE of the suggested 
estimator is obtained for these optimum values of the characterizing scalars. Because the minimum MSE 
of the classical estimators of population mean lies inside the estimated interval of the neutrosophic 
estimators, the neutrosophic estimators are better than the equivalent classical estimators. The empirical 
investigation, which used both real and simulated data sets, backs up the theoretical findings. For 
practical utility in various areas of applications, the estimator with the lowest MSE or highest Percentage 
Relative Efficiency (PRE) is recommended. 

Keywords: Classical Ratio Estimators, Neutrosophic Estimators, Bias, MSE, PRE, Simulation. 


1. Introduction 
Due to time and financial constraints, sampling becomes unavoidable when the population is big. The 
most apt estimator for the parameter under consideration is the corresponding statistic and so is the 


sample mean ( y ) for the population mean (Y ) of main variable Y . Although jy is an unbiased estimator 
of Y , its sampling variance is rather high, hence the sampling distribution of y will not be very close to 


the genuine Y . Therefore, we look for a population mean estimator that is even biased yet has a 
sampling distribution closer to the true Y . The employment of an auxiliary variable (X ) having a high 


degree of positive or negative association with Y achieves the goal of finding efficient estimators. The use 
of supplementary information to elevate the effectiveness of the estimators of the parameters under 


consideration is well established in sampling theory. For elevated estimation of Y using positively and 
negatively correlated auxiliary information with main variable, respectively, ratio and product technique 
of estimation processes are utilized with the condition that the line of regression pass through origin. If 
the line does not cross through the origin, the regression method of estimation is favored above the ratio 
and product approaches. The ratio method is preferred in real-world applications due to its broad 
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applicability; for example, area and production in crop yield applications, income and investment in 
business and economics, hospital infrastructure and health are some examples of applications, where 


ratio estimators are used to estimate Y . As a result, the current research focuses on estimating Y using 
known positively associated auxiliary variable. 


1.2. Estimation under Classical Sampling Theory 


In estimation methods of classical sampling theory, the data utilized for elevated estimation of Y using 
ratio, product, or regression type estimators are known and produced by crisp numbers. In classical 


statistics, various authors worked on numerous estimators of Y in the presence of known X and 
suggested various ratio type estimators. In classical sampling theory, [1] introduced the conventional 


ratio estimator of Y using the positively correlated X . As an auxiliary parameter, he utilized the known 


population mean ( 4 ) of X . Various authors later used well-known auxiliary parameters like coefficient 
of variation (CV), coefficient of skewness, coefficient of kurtosis, standard deviation, quartiles, and so on 


to improve the estimation of Y. [2] worked on a modified ratio estimator of Y utilizing the known CV of 
X . For the elevated estimation of Y , [3] proposed the exponential ratio estimator employing a known 
X . [4] proposed two ratio estimators for more efficient estimation of Y , utilizing known coefficient of 
kurtosis and the CV of X . [5] focused on improving Y estimate utilizing known population correlation 
coefficient between Y and X , and their results outperformed rival estimators. For increased estimate of 
Y , [6] suggested the modifications on ratio estimator of Y , that makes the use of known coefficient of 
kurtosis of X . [7] proposed several modified ratio estimators of Y based on known information on some 
well-known auxiliary parameters. [8] suggested two ratio type estimators of Y utilizing known skewness 


and kurtosis of X , which outperformed rival estimators. [9] presented an increased estimation approach 
for population mean using auxiliary parameters on characteristic. [10] worked in the direction of 
improving a family of ratio and product estimators of Y with known parameters of X and [11] worked 
on a generic family of estimators of Y using transformed X . [12] proposed a generalized family of dual 
to ratio-cum-product Y estimators with known auxiliary parameters. [13] developed a new 
ratio estimator for Y utilizing linear transformation of X as minimum and maximum values. Using 
auxiliary parameters, [14] provided several efficient estimators for Y. [15] introduced a new family of Y 
estimators based on the main variable's known population median and shown improvement over the 
estimators in competition. [16] proposed a new modified ratio type estimator based on an auxiliary 
variable's exponential parameter. [17] proposed an improved family of Y estimators utilizing known 
parameters of Y and X for improving the efficiency of the estimators, [18] used some well-known 
traditional and non-traditional auxiliary parameters. Many more authors have attempted to improve Y 
estimation using known data on traditional and non-traditional, robust and non-robust auxiliary 
parameters in classical sampling theory. 


1.3. Estimation under Neutrosophic Sampling Theory 

The data in classical sampling theory is mostly deterministic with no uncertainty in the measurements of 
the observations for the characteristics under investigation, however, we frequently encounter difficulties 
in everyday life where the data for the attributes under examination are not determined, for instance the 
measurement of temperature at any place along with other applications including information 
technology, information systems, decision support systems, financial data set detection, new economy 
growth, decline analysis, and more. In such cases, we seek alternate ways for dealing with undetermined 
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data, and the fuzzy logic pioneered by Prof. Lofti A. Zadeh in 1965 gives a solution for dealing with such 
data when exact measurements of the variable under examination are unavailable. Although fuzzy 
statistics deals with ambiguous, unclear, or imprecise data, it does not take into account the 
indeterminacy measurements. Neutosophic logic, further, is a generalized fuzzy logic that measures 
indeterminacy together with the determinate component of the observations and is utilized to analyze 
when the observations are imprecise or ambiguous, [19, 20]. [21] utilized the fuzzy logic in decision 
making for more precise decisions. Later different procedures using fuzzy logic have been developed and 
utilized extensively for making decisions in different areas of applications, [22-26]. [27] mentioned that 
the complex fuzzy sets are the advanced fuzzy sets and its generalization is the complex neutrosophic set. 
[28] suggested a diagram of fuzzy sets along with the generalizations of the sets and utilized the interval- 
valued neutrosophic sets for making decisions. 

According to [29], Neutosophic statistics are used when data has some indeterminacy. 
Neutrosophic statistics is the extended form of classical statistics and are applied when the observations 
in the population or sample are imprecise, indeterminate, or vague. Further he mentioned that the 
methods of Neutrosophic statistics are utilized to analyze Neutrosophic data, which is indeterminate to 
some degree and the sample size may not be an exact number. In their works, [30] and [19] argue that 
neutrosophic statistics are particularly useful and acceptable for use in the system with the uncertainty. 
[31] used neutrosophic statistics to analyze the effect on scale and anisotropy for neutrosophic numbers 
of rock joint roughness coefficient. [20] focused on a Neutrosophic analysis of variance for university 
student data. [32] used a neutrosophic soft matrix (NSM) and relative weights of experts to develop an 
algorithmic strategy for group decision making (GDM) challenges. [33] used neutrosophic statistics to 
examine data from diabetes patients who had undergone a new diagnosis test. [34] worked on the 
estimation of the ratio of a crisp variable and a neutrosophic variable and shown improvement over the 
classical ratio method of estimation. [35] employed NEWMA chart and recurrent sampling to monitor 
road traffic crashes using neutrosophic statistics and in his research, [36] used neutrosophic statistics to 
develop a new goodness of fit test utilizing unclear parameters. In a study of skewness and kurtosis 
estimators of wind speed distributions under indeterminacy, [37] employed neutrosophic statistics. [38] 
devised a decision-making approach for determining the best fit of those damages in a neutrosophic 
environment, with the badly damaged machine receiving preference. [39] developed several new single- 
valued neutrosophic graph (SVNG) concepts, stating that the fuzzy set and the neutrosophic set are two 
effective instruments for dealing with the uncertainties and ambiguity of any real-world scenario. 

When dealing with the uncertainties of a real-life scenario, the neutrosophic set outperforms the 
fuzzy set. [40] used neutrosophic parameterized hypersoft set theory to develop a decision-making 
application. They first conceptualized the neutrosophic parameterized hypersoft set, as well as some of its 
basic features and operations, and then used this theory to construct a decision-making-based method. 
For both one and two sample hypothesis testing situations, [41] suggested a modified Sign test that takes 
into account the indeterminate condition and true data form. They evaluated the suggested improved 
Sign test using two real data sets: covid-19 reproduction rate and covid-positive daily cases in ICU in 
Pakistan, and found that the suggested methodologies are appropriate for the problems of nonparametric 
in decision-making involving interval-valued data. To handle medical diagnostics and decision-making 
difficulties, [42] worked on algorithms for a generalization of multipolar neutrosophic soft set with 
measures of information. They proposed a general multipolar neutrosophic soft set, complete with 
operations and fundamental features. Later, they extended it to tackle decision-making problems by 
introducing various information measures for the generalization of multipolar neutrosophic soft set, such 
as distance, similarity, and correlation coefficient. [43] mentioned that in traditional survey sample 
studies where data is definite, certain, and unambiguous, the estimates are a single valued crisp results 
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that may be incorrect, overestimated, or understated, which might be a disadvantage. There are a variety 
of scenarios where data is neutrosophic in nature, and this is when Neutrosophic statistics is used instead 
of traditional approaches. 

Uncertain and ambiguous values of the variables, non-clear contentions, and imprecise interval 
values are examples of neutrosophic data. As a result, data from trials or populations may be interval- 
valued neutrosophic numbers. The factual observation, that was ambiguous at the time of collecting, was 
thought to be a value within that range. There are more indeterminate data than definite data available in 
real life. As a result, more statistical techniques that are neutrosophic are needed. In real life, there are so 
many research variables that gathering information is quite costly, especially when the information is 
confusing. Thus, using traditional methods for indeterminate data to determine the unknown real value 
of the parameter will be dangerous and costly. After a thorough review of the literature, no study in 


sample surveys for ratio method of estimation for Y utilizing known X under neutrosophic data has 
been found. There are not enough promising articles in this subject of statistics yet. There was no 
available solution to tackle the issue using ratio estimation when Y and X were neutrosophic in nature. 
As a result, [43] presented a neutrosophic ratio-type estimation approach as the initial step in this 
direction. Further [43] mentioned that Neutrosophic Statistical analysis aids in the study of data with a 
degree of indeterminacy or insufficient knowledge, as well as conflicting beliefs. For the problem of 
indeterminacy, traditional statistics unsucceeded to analyze the data since certain observations were 
presented in a range of unknown values with the possibility of including a factual measurement within 
that range. As a result, in an uncertain environment, neutrosophic statistics is used, which is a more 
flexible alternative to and generalization of classical statistics. There have been numerous studies in the 
field of sample surveys under the Neutrosophy, where the method of ratio estimation is still new and 
necessitates a great deal of attention to the uncertain data system. For instance, the measurements of a 
machine product such as nuts or bolts may have slight measurement or manufacturing errors, and we 
may accept such product if it falls within the specified measurement range. Marks in grade system and 
health parameters through different testing procedures may be the areas of applications where 
neutrosophic statistics may be a better choice than the traditional one. Thus it is clear that in many 
situations, discussed above, the Neutrosophic estimators are used for improved estimation of population 
mean over the classical estimators where the observations of the study variable are not deterministic 
rather these are nondeterministic. 

In this investigative work, we suggest a novel generalized neutrosophic ratio estimator for 


enhanced estimation of Y utilizing the known parameters of X . The sampling properties of the 
suggested estimator are studied for the first degree of approximation. The complete manuscript is being 
presented in different sections from introduction to the references. 


1.4. Observations in Neutrosophic Environment and Notations 

Quantitative neutrosophic data, where a number may lie in an uncertain interval [a, b], is one sort of 
observation in the neutrosophic environment, [30]. Neutosophic numbers’ interval value can be 
represented in a variety of ways. [43] have defined neutrosophic interval values asZ, =Z,+Zyly, 


where, [,, €@,,[, 9. We also use the same notations of [43] for the considered neutrosophic data, which 
are in the interval form asZ, €0Z,,Z,©, where Z, and Z, are the lower and upper values of the 
neutrosophic variable Z,,. Let the neutrosophic population consists of N distinct units (P,P,,..., Py) 
and a neutrosophic random sample of size N, €@1,,N, Sis taken from the above population using simple 


random sampling without replacement (srswor) technique. Let y, (i) be the observation on the ith unit of 
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the sample for the neutrosophic data under consideration for the main variable y,,, of the form 
yy (i) €®y,, Yy Gand by the same way for the auxiliary variable x, (i) €@x,,X, Let Vy, (i) €OY,, Vy® 
be the sample mean for the neutrosophic study variable y, and X, (i) € &,,X, ©be sample mean for the 
neutrosophic x, which is correlated with y, . Further let ae ew, ,Y,,eand Xy €OX,,X y©be the 
population means for the neutrosophic variables y, and x, respectively, which are the overall averages 
of the neutrosophic data set. The neutrosophic coefficients of variation of y, and X, are given as 
Cw €Cywr, Cys and Cy €0,y,,C.yy® respectively. The correlation coefficient between the 
neutrosophic variables y, and x, is represented as P,,.y © QO .vz7 Pyxwy © The neutrosophic coefficients 
of skewness and kurtosis for xy are given by By.yy © By wry yxy and Byyy € By ner Porny® 
respectively. The neutrosophic quartiles of x, are given by QO, €@.y,,Qny®, 1=1,3 and the 


neutrosophic median of auxiliary variable as M ,, ©. jy,,M pny. 


1.5. Flow Chart of the Study 
The graph given below represents the flow chart of the suggested study using neutrosophic numbers. 
The following chart is a recreated flow chart suggested by [43]. 
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Figure-1: Flow chart of the study 


1.6. Standard Approximations 

Following are some standard approximations used for the sampling properties of the neutrosophic 
estimators, suggested by [43] as, 

Let @,y €@,, ey Gand €,y €&,,,€,y Sbe the mean errors for the study and the auxiliary neutrosophic 
variables along with @,, (7) = yy (i)— Y, and @, (i) =X, (i)—X,, respectively. The expectations of 
these errors for different orders are defined as; 

E(éy) = E(é,,) =0 and, 

E(y )= OF Cx , E(én) = OX, Gy , E(@ew )= 0, XN Pig CC 

Where, 


. 2. 2 Ps 2 2 De 
eon C@ yy, ey ® / Cn CW Oxy ©, Owe CMe uws Cyl ® - Qn CC® , CN SC ey e, 


2 2 
2 Ow 2 _ Fyn 2 2 72 2 2 72. Oya - 
Cw — ra , Cow a 2. , Cw € Cr, Cy @, Cw € Oar Cou e, Pyxn T= Bee Be Pyxn EMP 17 Pyxu @, 
N N OywP ow 
clea . 


> r 2 2 2 2 eas 
a Oy €D,, Ay 8, Ny EM, Nye Tw EO, Fy Tw EO W/O F Oyy ED yy Fy ® 
N 


On the basis of the errors of the neutrosophic variables, bias and the Mean Squared Error (MSE) of the 
introduced and the competing estimators are obtained for an approximation of order one. The Bias and 
the MSE in  neutrosophic environment are defined as, Bias(y,) €oBias,, Bias,® and 


MSE(y,) €QVMSE,, MSE, ©. Further the correlated auxiliary variables are used for the elevated 


estimation of y. and neutrosophic ratio type estimators are applied when there is indeterminacy in the 


data. 


1.7. Review of Neutrosophic Estimators 
The most appropriate neutrosophic estimator for the neutrosophic Y, of Y is the corresponding 
neutrosophic sample mean and is given by, 
ty = Yn 
The variance of the neutrosophic sample mean for the first degree of approximation is, 
V(ty) = Oy¥eC2y (1) 
Where, toy €Qo7/toy © 
Using [1], [43] suggested the usual neutrosophic ratio estimator of Y,, using the known neutrosophic 


population mean of X as, 


maid 
Cry = ES 
Xy 


The bias and MSE of the neutrosophic ratio estimator ft for an approximation of degree one 


RN’ 
respectively are, 


Bias(tpy ) = AyVy OC oy — Cy. ® where, Cyy = Pyw Cy Cu 
MSE( tay) = Oy ¥y Coy + Coy — 2C yay @ (2) 
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Where, try © Ber tey® 
Motivated by [2], [43] suggested the following neutrosophic ratio estimator using CV of neutrosophic 
variable X as, 


ma ere ee 
tw =u x 2] 


pee Oe 


The bias and MSE of the neutrosophic ratio estimator ¢,,,, for an approximation of order one respectively 


are, 

Bias(t,y ) = Oy, Vy iy Cow = ACen ® 

MSE(¢,y ) = OV ke - Anew a 2A wow © (3) 
X 

Where, A,y ==—*—- and ty € ty © 


D Gree a Oe 


Based on [3], [43] proposed the following neutrosophic exponential ratio estimator as, 


X gd 
i= yvexn 
2n — Yn {ee 


The bias and MSE of the neutrosophic exponential ratio estimator t,,,, for an approximation of order one 


respectively are, 


: —|3 1 
Bias(t, y ) = anka| 2 Ce a 2 ea 
= C2 | 
MSE(t,y) = 0,¥3) Ci + 75 — Cyn (4) 


Where, toy €@y,,to9 


Motivated by [4], the two neutrosophic ratio estimators using CV and coefficient of kurtosis of X may be 


given as, 

Rosa CoXn an Bacxyn 
CiwXy + Bacon 

toy =F Pius + Cy 


: Po ywXy + Cy 

The biases and MSEs of the neutrosophic ratio estimators f,, and t,,, for an approximation of order one 
respectively are, 

Bias(t,y ) = OY yey Con = Asn Oyu . 

Bias(t,y ) = Oy Vy Ney Coy iar Aan Cyn e 


MSE(ty ) = Oy ¥y Coy a2 yn Sie a 2Agn Cyn ° (5) 
MSE(tyy) = Oy¥ i Coy + May Coy — 2Agy Con ® (6) 
Cc. XxX B, eee 
Where, A,,, = ———""-" —__ 4, = ay and t,, €@,,,ta,O, tyy €&,, ty, 9 
3N CX. of Sei ‘4N Bia 2p Ce 3N 3L/7"3U 4N A4AL7"4U 
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Motivated by [5], the neutrosophic ratio estimator f;,,, using known population coefficient of correlation 
may be given as, 

Xu + Py 

Xy t+ yn 


The bias and MSE of the neutrosophic ratio estimatort,, , for an approximation of order one respectively 


sy = Yn 


are, 

Bias(t;y ) = OY 5 y Coy - AsnC yn io) 

MSE(ty ) = OY a Ai Cos = DAsyC yen ® (7) 
Be 

Where, ens = ——" and tony EW, ty 


Xx N + p yxN 
[43] suggested the following neutrosophic ratio estimator by adapting the estimator by [6], using 
coefficient of kurtosis of X as, 


Xy + Boon 
Xy Ban 


The bias and MSE of the neutrosophic ratio estimator f,, , for an approximation of order one respectively 


lon = Yn 


are, 
Bias(t,y ) = OY yey Coy i AswC uv © 
MSE(t,,,) =O, YC oy ney ae Cae — Dey Cyn (8) 
xX 
Where, Agy = —=—*—_ and ky € 6, , toy © 
N Ke Bia on © ers! ou 


Motivated by [44], the two neutrosophic ratio estimators using first and third quartiles of X may be 
given as, 


_ {X,+O 
ivi = ) 


xy + Qw 
_< | Xv t+ Qs 
tgy = Yn] = 
Xy + Osy 
The biases and MSEs of the neutrosophic ratio estimators t,, and t,, , for an approximation of order one 


respectively are, 
Bias(t,y ) = OY ga Coy Fi Ag nC yn e 
Bias(t,y ) = Oy ¥y Mey Cow = AgnC yn e 


MSE(t,y) = On¥n Cow ap AiCwy ~ 2Ag Cyn 2 (9) 

MSE(tsy ) a OY Cs i Aan — DAgy CO yxy 2 (10) 
xX xX 

Where, 2,y = =—*—,, Agy = =—*“—- anne ty, € G7, , ty ® bey € Ag, ,teg 


Xy+Qy ne Xy + Qay 
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Motivated by [8], the two neutrosophic ratio estimators using coefficients of skewness and kurtosis of X 
may be represented as, 


bo =F Xy + Buon 
9N” IN _ 
Xy t+ Buon 
= BuanX n + Boon 
Lion ~ 


N _— 
BuxywXn a Boon 
The biases and MSEs of the neutrosophic ratio estimators t,, and t,),, for an approximation of order 


one respectively are, 


Bias(ty ) = Oy, YyAoyC oy a Aon © yn i) 
Bias(toy ) = Oy, Vy Aion Cow = Aron © yx © 


MSE(ty ) = Oy¥ Loy +5 yCoy — 2g y Cyn ® (11) 

MSE(t,oy ) Ss pe ae Geer a Aion Ca al 2Aow Cyn e (12) 
Xx a 

Where, Ajy ==—" An = Px — and toy € Ag, ploy S boy €Lor7 hou © 


Xv + Buon ByowX + Bywyn 


Motivated by [45], the two neutrosophic ratio estimators using median and coefficients of variation of X , 
we may define as, 


3% Xy t+ M aan 
fin =Yn| = M 
Xy FM ayy 
7 CwXy + M aan 
Lion = Yn 


Cwry tM aon 
The biases and MSEs of the neutrosophic ratio estimators t,,, and t,,,, for an approximation of order 


one respectively are, 


Bias(t,,y) = Oy ¥y My Con a Aun © 
Bias(t,5,) = Oy ¥y Mon Cow — An Cnn e 


MSE(t,y) > On% 5 Coy a Aig = 2Aiwo yw @ (13) 

MSE(t5y ) = OY Ce, + Any = ZA Cyn e (14) 
xX Caxk 

Where, Ay = x Ayn ——- and ty Ey ty S hoy © Nez, hoy © 


Xy +M aan Cw y +M ayn 
Motivated by [46], the neutrosophic ratio estimator t,,, , using known population coefficient of 
correlation may be given as, 
a Reet ihe 
hay = Yn| > 
Xy +Ny 
The bias and MSE of the neutrosophic ratio estimator t,,, , for an approximation of order one respectively 


are, 
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Bias(t,3y ) = Oy HisyC oy = Ano ® 


7 272 2 2 q 
MSE(t,3y ) = Oy Yn Coy + Aisne — 2AisnC yx 2 (15) 
xX 
Where, Ay3y = >—— and ty © M317 hsv & 
X gp tity 


Motivated by [47], [43] suggested the following neutrosophic modified exponential ratio estimator as, 


(aX , +b) —(aXy “)) 


tay =Yve — 
un ~ Yn (aX , +b) + (ax, +b) 


where, a and Db are the neutrosophic auxiliary parameters. 
The bias and MSE of the neutrosophic exponential ratio estimator t,,,,, for an approximation of order one 


respectively are, 


’ —|3 1 
Bias(t,4y) = Oy ¥y F y bee Gen = 3 Aun © yn 


72 72 2 2 F 
MSE(tiay ) = Oy¥w Cw + Aan — Aan Cyan @ (16) 
aX 
Where, = — and t Eg yt © 
Avan 2(aX, +b) wn Sars hau 
Motivated by [48], [43] proposed the following generalized neutrosophic exponential ratio estimator as, 
1 1 

2 Xa 

tisy = Vy CxP a@| = ——*_; 


X} +(a-1)x} 
where, @ and /are the real known constants with — 00 < @ < ooand h>O. The characterizing scalar a 
(a #0) is determined so that the MSE of ¢,;,, is minimum. 
The bias and MSE of the neutrosophic generalized exponential ratio estimator ¢,;, , for an approximation 


of order one respectively are, 


= 2. 2. 2772 ac 
Biaslis.)= OF) Wag os =| 


ah ah? 2a*h? ah 
aC. 20C <5 | 
a’h? ah 


The optimum value of the characterizing constant ais obtained by minimizing MSE(t,;,) and the 


MSE(tysy) = 0,¥3) Ci + (17) 


optimum value is, 


ac: 
ea (18) 
hC yn 
The minimum value of the MSE(¢,;, ) for the optimum value of 4,,, is, 
7272 2 
MSE vin(tisy) = AVY Cw (1- Py) (19) 


2. Material and Methods 
Motivated by [49], we suggest a ratio cum exponential ratio class of neutrosophic main variable using the 
neutrosophic auxiliary parameters as, 
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pete wn yy eel (Xn +8) - (ay +8) 

ax, +b (aX , +b) + (ax, +b) 
Where, «, and Kk, are the characterizing scalars to be determine such that the MSE of f,,, is minimum. It 
is worth notable that, 
(i) If K, =O, then the introduced estimator? reduces to [49] ratio type estimators having different 
estimators by different authors as its special cases. 
(ii) If «, =O and x, =1, the introduced estimator? reduces to ratio type estimators having different 
estimators by different authors as its special cases. 
(iii) If x, =O, then the suggested class of estimators f,,, reduces to [49] exponential ratio type estimators 
having different estimators by different authors as its special cases. 
(iv) If K, =O and «, =1, the suggested family of estimators ty reduces to exponential ratio type 


estimators having different estimators by different authors as its special cases. 
Expressing the introduced estimator in terms of @,, and @, , we have 


aX , +b (aX , +b)—(aX, (1+@,) +b) 
aX , (1+ @,)+b (aX , +b) + (aX y(1+@,,) +b) 


=F 42.) — Ore eng Ru tb) Kn 1+ Fy) +) 
ve ONY aX y(1t@y) +b) > “(aX y +b) + (aX y (1+ by) +8) 


ton onus Jeske @yy ) eX 


=F, (1+2 I (lt Ae y)t 4K; ox (1+ a 9 


Expanding the terms on the right hand side and simplifying and retaining the terms for the first degree of 
approximation, we get 


Ai. Ae wey is 3 


ton = Y, ex, (1+ Ew — Ab — Ae ew +e) + Ky (1+é,y — 5 9 gt ewe 


Subtracting a on both sides of the above equation, we have 


Se eee ae ae 
toy —Yy =Yy OK (1+ Oy — A@y — AC yey +L Eq) +t ey — % - 3 Lee : Ve>,)—1e (20) 
Taking expectations on both sides of (20) and putting values of different expectations, we get the bias of 
ty as 

pN©™7 


Bias (t,.) = Py0X(1— AOyLyX yCyy + A20yX2C%,) + Ke 0S OFX Cw + = #0,X3C%) ~10 (21) 


Squaring on both sides of (20), simplifying for the first degree of approximation, we get 


1+; (1+ ew +302, - ANE Ey) + K3(1+ ey +VE2, - 2AE Ew) 


(toy — Y,) =¥04-2«, (1+ 7723, — Me yb) — 2K, (1+ “He a s CC) 


+2«,K,(1+ ey ip 2 ae — 322 yey) 
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Putting values of different expectations after taking expectation on both sides, we get the MSE of f,,y as, 


1+ Kz (1+ O,¥i Coy, +34°0,X Coy — 4A ONY X yC yy) 
+3 (14+ OV Coy +40 X pCa, — 240 Vy X yC yy) 
MSE( tw) = Yu 4— 2K, (1+ 1°, X ny Coy — AOyYy X yC yay) (22) 


~ 2k, (1+ ; LiPo Ge Suet ~ - Oy¥yX yOu) 


+ 2x (1+ OF2C% + = #O.X2C) “310.7, 50,2) 
MSE(t,y) =Yvd+ Ax; + Bey —2CK, -2DK, +2FK,x,6 (23) 
Where, 


A=(14 Oy¥y Coy +320, X Coy — 4AON Vy X yC yay) 
B= (1+ OV¥y Coy + OVX Coy — 2A y X yO) 
C= (14+ VOX i Cay — AOyYy X yC yy) 
D=(14 = 176)X3C3 -£ 0%, X Cw) 
- 1 = == 

F =(1+ OY, Coy + 2 BO, X3C3 —BAO¥yX yyy) 
The optimum values of the characterizing constants K, and «, which minimizes the MSE of the 
suggested estimator f ,, respectively are, 

(DF — BC) (CF — AD) 
Ky(opt) = Jad py AF Koop) = Ta 

(F*° — AB) (F*° — AB) 
The minimum value of the MSE of t pN for these optimum values of K,and K, is, 
2C(DF — BC)(F* — AB) + 2D(CF — AD)(F? — AB) 
—2F (DF — BC)(CF — AD) — (DF — BC) —(CF — AD) 

(F? — AB)’ 


MSEyu(tyy) =¥241 | 


(24) 


=> P 
MSE yin (ty ) = Yy i! ‘| (25) 
Where, 
Bie ee — BC)(F* — AB) + 2D(CF — AD)(F* — AB) 
—2F (DF — BC)(CF — AD) —- (DF — BC) —(CF — AD) 
Q=(F? — AB)’ 
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3. Theoretical Efficiency Comparison 
Under this section, we have compared the introduced neutrosophic estimator with the competing 


neutrosophic estimators of Y using the neutrosophic auxiliary parameters. The efficiency of the 
introduced estimator has been compared in terms of MSEs and the efficiency condition of the introduced 
estimator to be more efficient than the competing one is obtained. 


The suggested estimator f,,y is more efficient than f, for the condition if, 


V (ty) — MSE, in(t py) > 0 or, 


CR Gee {1-5} >0 


The introduced estimator f,,, has lesser MSE than estimator fp, for the following condition. 


MSE(tay) — MSE pin(t,,y) > Oor, 
Oy oy + Coy — 2C yyy O- {i I >0 


The suggested estimator? is better than the estimator ft, by [43] under the restriction if, 


MSE(t,y) —MSEvin(tpy) > Oor, 


ER eae (oa ev ae | z | $0 


The suggested estimator fy is better than the exponential ratio type estimator f,, by [43] for the 


condition if, 


MSE(tyy) —MSEin(tpy) > Oor, 


: E 
On cay +S Ca (! rho 


The introduced estimator 1, performs better than the estimator f,,, if, 


MSE(tyy,) — MSE yip(t,y) > Oor, 
Le oes ee noe (! 2 r 0 


The introduced estimator f,,y has lesser MSE than the estimator f,, if it satisfies, 


MSE(t,y) - MSE yin(t,y) > Oor, 
O,8C oy + May Coy — 2AgyC yx OR ! ~ eI >0 


The proposed estimator 1, is better than the estimator f,,, if, 


MSE(t,y) — MSE vin(t,y) > Or, 
OSC w + AC a 2Asy Cyn o- ( a | >0 


The suggested estimator fy performs better than the ratio estimator f,, by [43] if, 
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MSE(t,y) — MSEnin(tpy) > Oor, 
P 
2 2 2 
Oy © yy + Mey Coy — 2A gy Cy O- ! — eI >0 


The introduced estimator t pN is better than the ratio estimator f,,, under the condition if, 


MSE(t,y,) MSE nin (t,y) > Oor, 


Oy oy + Ap Coy — 2g C yxy O- (! = | >0 


The proposed estimator f,,, has lesser MSE than the ratio estimator fg, for the condition if, 


MSE(t,y) -— MSE prin (ty) > Oor, 
0,80, + Ay Coy — 2g C yay O ( - eI >0 


The introduced estimator 1, performs better than the estimator f,,, if, 


MSE(ay ) — MSE yin(t,y)) > Oor, 
Oy sw + Asn Can a 2Ag nC yn o- ! = eI >0 


The introduced estimator f,,y has lesser MSE than the estimator fy if, 


MSE(tyy.) — MSE in(ty) > Oor, 


P 
2 2 2 
Oy Ly a AvonC wn 53 2A nC nw = (! ~ | >0 
The proposed estimator f,, has lesser MSE in comparison to the ratio estimator ¢,,, under the condition 
if, 
MSE(t,y) —MSEnin(tyy) > Oor, 
P 

2 2 2 

Oy Ly a3 Aan Cw =! DAin Cn o- (i - | >0 


The introduced estimator f,,y is better than the ratio estimator f,,, for the condition if, 


MSE(tyy) —MSEvin(t,y) > Oor, 


Oy oy + May Coy — 2g € yxy O- (! = A >0 


The proposed estimator f,,, perform better the estimator f,3, if, 


MSE(t3y ) — MSE, in(t on) >Oor, 


Oy oy + yan tee => 2ArsnC yn o- (! = I >0 


The suggested estimator f ,, has lesser MSE with that of the ratio estimator f,,, under the condition if, 


MSE(tyyy) —MSEvin(t,y) > Oor, 
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Oy vy eS Any = Zine yx e-| = A >0 


The introduced estimator f,,y is better than that of the estimator 1,5, if, 


MSE vin (tisy ) — MSE vin (ty) > O0r, 


P 
Oy Con (1- Pow) (! Fh >0 


4, Simulation Study 
To verify the theoretical efficiency conditions and evaluate the efficiencies of the suggested and 


competing neutrosophic estimator of y utilizing known auxiliary parameters, we have simulated a 
neutrosophic data set using the same parameters of [43]. To generate the neutrosophic data, we have 
considered that the neutrosophic main and auxiliary random variables Y, and X, follow the 


neutrosophic normal distributions. Thus Y, © NN (Ly Ow) ;Y, €(.¥,), My € as My) , 
cae € (C/O yn) and Xy © NN (Lay Ow) i Xy E(X,, Xu), bay © Aes La)» ome € (C365) . 
For the numerical illustration, we have taken Y,, © NN (6.0, 84.99 12.9)" . (17.2)°9 , where, 
Ly € (76.0,84.9) , Oy €(12.9,17.2) and X, © NN(471.2,180.49 45.8)", (6.7)°9 , where, 
My €(171.2,180.4) , o, €(5.8,6.7) and generated 1000 normal random observation for both the 


variables. The descriptive statistics for the simulated data is presented in Table 1. 


Table 1. Descriptive statistics of the simulated data for the neutrosophic data 


Parameter Neutrosophic Value Parameter Neutrosophic Value 
Ny A000,1000e Cx &.0332, 0.0369 

ns, 20,200 Bryn &.0020, 0.005 Ie 

Hy 0&/6.20,85.636 By 8.0227, 2.95390 

Bx A71.08,180.34e Q),)y 41 67.3941176.11449 
Ow A2.79,17.370 M ayn A70.9067,180.345 lo 
Ow &.67, 6.650 O37, N A74.9269,184.75860 
Cw &.1679, 0.20280 p,.. &.01933 0.00703 


The Table 2 is representing the neutrosophic MSEs of different competing along with the suggested 
estimator of population mean. 
Table 2. Neutrosophic MSEs of different competing and suggested estimator 


SR.No. Estimators MSE 

1. to [8.019213, 14.77799] 
2. ten [17.39673, 27.98680] 
3. tin [17.39674, 27.98681] 
4. ton [8.066852, 14.8812] 
5. a [17.39709, 27.98701] 
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6. fis [17.39674, 27.98681] 
z, ae [17.39674, 27.98681] 
8 ee [17.3978, 27.98741] 
9. fi [17.42703, 28.00546] 
10. faa [17.4277, 28.00592] 
11. a [17.39673, 27.98681] 
12. ane [17.4517, 28.01563] 
13: Fae [17.42734, 28.00569] 
14. ane [17.45602, 28.02323] 
15. on [17.40314, 27.99058] 
16. traw(a=1,b=0) [17.42736, 28.00569] 
ee tran(a=1,b=1) [17.42754, 28.00579] 
18. a [8.016216, 14.77726] 
19. iy [7.864525, 13.821846] 


5. Results and Discussion 
From Table 2, it may clearly be observed that the estimator f) of Y, has its neutrosophic sampling 
variance as [8.019213, 14.77799] and the neutrosophic MSE of the exponential ratio estimator t,, is 


[8.066852, 14.8812] while the neutrosophic MSEs of all the mentioned ratio type estimators lie in the 
interval [17.45602, 28.02323]. The neutrosophic ratio type estimators have high MSEs than the 
neutrosophic estimator f) because of the low neutrosophic correlation between neutrosophic y and x. 
The neutrosophic MSE of the suggested class of estimators is [7.864525, 13.821846], which is the minimum 


among the group of all neutrosophic estimators of ee in competition. 


6. Conclusion 


In this scripture, we have suggested a novel family of neutrosophic estimators of ‘e for the elevated 


estimation of neutrosophic Ke using the known neutrosophic auxiliary parameters. We studied the 


neutrosophic sampling properties mainly bias and MSE of the proposed family of estimators for the 
approximation of degree one. The neutrosophic optimum values of the characterizing scalars of the 
introduced estimator are obtained and the neutrosophic minimum MSE of the suggested estimator has 
also been obtained for these neutrosophic optimum values of the characterizing scalars. The introduced 
estimator has been compared with the neutrosophic competing estimators theoretically and the efficiency 
condition over the competing estimators have been obtained. These efficiency conditions are verified 
using a neutrosophic simulated data set. The results in Table-2 are showing that the suggested estimator 


is most efficient among the class of all neutrosophic competing estimators of ae Thus the introduced 


class of estimators may be recommended for elevated estimation of neutrosophic ie in different areas of 


applications. It is to be mentioned here that the neutrosophic estimators are most suitable for improved 
estimation of population mean for the situations where the observations of the study variable are 
nondeterministic but for the situation where its observations are deterministic, it may be inferior to the 
classical estimators. 
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Abstract: We approach learning characteristic on a neutrosophic graph such as r-edge regular neutrosophic 
graph, strongly edge regular neutrosophic graph and absolute degree of vertex since a neutrosophic set NS = 
{(x, NSx(x), NS\(x), NSx(x)); x € X} of a universe set A. We discuss different aspects of these graphics in this 


article. We've also included several examples to help you understand these concepts. 


Keywords: Neutrosophic set, r-edge regular neutrosophic graph, strongly edge regular neutrosophic graph, 
absolute degree of vertex. 


1. Introduction 


By changing the definition of the fuzzy set, Smarandache [2] presented the neutrosophic set. 
Any vague real-life problem can be solved using the neutrosophic set, which can function with 
uncertain, indeterminate, unclear, and inconsistent details. It's essentially a hybrid of the crisp set, 
Type 1 fuzzy set, and the IFS. The truth, indeterminate, and false membership degrees of any object 
are used to define it. These three membership degrees are independent of one another and always 
fall within the range of [0, 1+], ie. a nonstandard unit interval. Numerous scholars have long 
become more interested in neutrosophic graph theory, such as Ye [3] and Yang et al. [5]. Borzooei 
[1], Azadi et al. [9], Arkam [6] and Poulik, S., Ghorai, G [9-14] . The vertex degree is a useful way to 
define a vertex's total number of relationships in a graph, and it can also be utilised evaluate the 
graph. In a fuzzy graph, Gani and Lathi raised the concepts of irregularity, total irregularity, and 
total degree. Maheswari and Sekar suggested the d2-vertex term and defined several assets of the 
d2-vertex degree of a fuzzy graph. Darabian et al. introduced the dm-regular vague graph, the tdm- 
regular vague graph, the m-highly irregular vague graph, and the m-highly complete irregular 
vague graph, as well as some of their attributes. In this article, we look at neutrosophic graphs 
using certain r-edge regularity and absolute degree of vertex properties. The purpose of this work is 


to generalise an idea from neutrosophic graph. 


2. Preliminaries 


2.1. Definition [7] 
A graph G = (V,£) is really an ordered pair made up of a non-empty vertex set V, another edge set 
E, and a link that connects each edge across two end points. 


M.Kaviyarasu, r- Edge Regular Neutrosophic Graphs 


240 
Neutrosophic Sets and Systems, Vol. 53, 2023 


2.2. Definition [7] 
Consider the graphG = (V,E). Since & & Vand BCE then O, = (A,B) could very well be a sub 
graph of G. 


2.3. Definition [11] 
A function pi : & — [0, 1]. Defines a fuzzy set on a set UW. 


2.4, Definition 
A fuzzy graph G = (0, ) is called complete fuzzy graph if (a,b) = min{o(a), o(b)}, Va, € 0. 


2.5. Definition 
A fuzzy graph G = (0, ) is called strong fuzzy graph if p(a,b) = min{o(a), o(g)} Va, b ep. 


2.6. Definition 
The complement of a fuzzy graph G = (0, ) is a fuzzy graph and it is represented as G° = (0°, u'°), 
where o° = o and p“(a,h) = minto(a),o(b)} — ua, b). 


2.7. Definition [7] 

A fuzzy graph U, = (V,A,) is a non-empty set V together with pair of functions A:V > [0,1] and 
pV XV = [0,1] such that for all a,b € V,u(a,b) < min{A(a),A(b)} where A(a) and u(ab) represent 
the membership value of the vertex a and the edge a, in %¢, respectively. The underlying crisp 
graph of the fuzzy graph WU, = (V,A, pu) is denoted by Ux = (V,A*,u*) where 4* = {a € V;A(a) > O} 
and u* = {ah € V x V; u(ah) > 0}. Thus for underlying fuzzy graph 4* = V. 


2.8. Definition [14] 

An intuitionistic fuzzy graph is a pair Let G = (V,E) of a graph G* = (V,E) where & = (WU, W)an 
intuitionistic fuzzy set on V is and 8 = (%,, By) is an intuitionistic fuzzy relation on E such that 
B, (ab) < min{,, (a), Uy, (b)} ,B, (ab) = max{%, (a), W,(b)} for all a,b in V. The underlying crip graph 
of G=(U,B)is the crisp graph G*=(V,E),where V = {a;%(a) > 0 or U(a) = O} and £ = 
{ab; 8, (ab) > 0 or B, (ah) = 0} 


2.9. Definition [3] 
A neutrosophic graph is of the form G = (V, E) where 
1. V such that T,:% — [0,1], 4: — [0,1] and %,: WU — [0,1] denote the degree of membership, 
degree of indeterminacy and non-membership of the element v; € V, respectively, and 0 < 
Ti(v,) + £) + BiW;) < 3, for every v; € V, i = 1,2, ...... Nn). 


2. ESVXV, Where X,:U > [0,1], bh: [0,1] and ¥: A [0,1] 
such that T (v;,v;) < min{Z, (v;), Ty (y)}L (vi, v;) > max{l, (vi), 4 (v;)}, and 
So (vi, v;) > max {1 (vi), B1(v;)} and 0< Ti(v;, vj) + 1;(v;, ¥;) + 6;(v;, »;) <3 for every 
v;,,0; EE, Gf = 1,2)... Nn). 


2.10. Example 


Consider a neutrosophic graph G, such that & = {a,b,c,d,e}and % = {ab,ac,cb, ce, ed, bd, cd, eb} as 
in Figure 1. 
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a(0.2,0.4,0.5) (0.2,0.4,0.5) b(0.3,0.4,0.5) 


(0.2,0.5,0.7) (0.1,0.5,0.6) 


(0.1,0.5,0.7) 


d(0.1,0.5,0.6) 
c(0.4,0.5,0.7) 


e(0.3,0.4,0.6) 
Figure 1: An example of neutrosophic graph 


3. Neutrosophic graph in r-edge regular 


3.1. Definition 


241 


A graph G* = (, 8) with a neutrosophic graph G = (1, B) is said to be strong if, for all ah € W& and 


1. Bz (ah) = min{Wz(a), Ax(b)} 

2.B(abh) = max{,(a), %(h)} 

3. Bg (ab) = max{Uz(a), Uy ()} 
3.2. Example 


Consider a neutrosophic graph G, such that & = {a,b, c, d} and B = {ab, bc, cd, da} as in figure 2. 


(0.4,0.3,0.2) (0.3,0.4,0.2) 
a (0.3,0.4,0.2) b 


(0.4,0.3,0.2) (0.3,0.4,0.3) 


(0.4,0.3,0.3) c 
(0.5,0.3,0.2) (0.4,0.3,0.3) 


Strong neutrosophic graph 


eas Figure 2 
3.3. Definition 


A graph G* = (&, 8) with a neutrosophic graph G = (YU, B) is said to be complete if, for all ah € B 


and 1.Bz(ah) = min{Xz(a), As(h)} 
2.8,(ab) = max{2,(a), U,(b)} 
3. Bs (ay) = max{5(a), Az (b)}. 
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3.4, Example 


Consider a neutrosophic graph G, such that & = {a,b, c,d} and B = {ab, bc, cd, da, ac, db} as in figure 
3. 


(0.4,0.3,0,2) (0.3,0.4.0.2) 
a (0.3,04,0.2) b 


(0.4,0,3,0.2) (0.3,0.4,0,3) 


d (0.4,0,3,0.3) c 
(0.5,0.3,0.2) (0.4,0.3,0.3) 


A Complete neutrosophic graph 


Figure 3 


3.5. Definition 

A complement of a neutrosophic graph G = (, B) is a neutrosophic graph 
G = (a, B), where U = (Ay(a), U,(a), Uz(a)) and B = (Bz (a), B, (a), Bs (a)) 
Here, 


1.Bz(ah) = min{z(a), Ax(b)} — Br (ah) 

2.B,(ab) = max{2,(a), %,(b)} — B,(ab) 

3. Be(ab) = max{WU (a), Ug (b) }-Bg (ab) for all a, h € B. 
3.6. Example 


Consider a neutrosophic graph G, such that & = {a,b, c,d} and B = {ac, ad, db, bc} as in figure 4. 


4040.20) 030203) 040203) 03.04.03) 


(0.3,04,05) 


(04.05.03) 939405) 04.05.03) —(0.3,0.4.0.5) 


Complement Neutrosophic Graph 
Figure 4 


3.7. Definition 
The absolute degree of any vertex an is determined by if G = (Q,%) is aneutrosophic graph. 
Dy = (Tp(a), Ip(a), Fp(a)), where 

1.Ip(a) = Y Be (ab); a # bab € E 

2.Ip(a) = 1 B(ab);a# b,ah € E 

3.$p(a) = LBs (ab)i;a# b,ah € EF 


And hence Dg = | Yash Bx (ah) — Laxey Bi(ab) — Lary By (ab) 
acV acV acV 
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3.8. Example 


Let G* = (U, B), where U = {a,b, c,d, e} and B = {ab, ae, bd, ad, de}, then 


D,, = |(0.3 + 0.2) — (0.5 + 0.5) — (0.6 + 0.6)| = 1.8 
Dy = |(0.4 + 0.3) — (0.6 + 0.5) — (0.7 + 0.6)| = 1.7 
D, = |(0.3 + 0.4 + 0.2) — (0.6 + 0.6 + 0.6) — (0.7 + 0.7 +0.7)| = 3 


Da = |(0.2 + 0.2 + 0.2) — (0.5 + 0.5 + 0.6) — (0.6 + 0.6 + 0.7)| = 2.9 
D, = |(0.3 + 0.2) — (0.6 + 0.5) — (0.7 + 0.6)| = 1.9 


a(0.3,0.5,0.6) (0.3,0.5,0.6) b(0.4,0.5,0.6) 


(0.2,0.5,0.6) (0.4,0.6,0.7) 


(0.2,0.6,0.7) 


d(0.2,0.5,0.6 c(0.5,0.6,0.7) 


e(0.3,0.4,0.6) 
Figure 2: Graph G which id defined in Example 3.8 


Figure 5 
3.9 Definition 
If G* = (V,E) is a crisp graph and i= a,b is an edge in G*, then D, = D, + Dy — 2 is the degree of the 
e EE. 


3.10. Definition 
Let G = (U, B) be a neutrosophic graph. Dy(a) = (Na (a) + Ng(a)) is the degree neighbourhood of a 
vertex. Where Ny (a) = Yen a) Us (b), Ny (a) = dena) U,(b). and Np(a) = dpe (a) By (bh). 


3.11. Definition 
In a neutrosophic graph G = ( Ut, B) an edge's total open neighbourhood degree ab € Eis known as 


Tp (ab) = (Thx (ab), Tr (ab), Try (ab) ) 
Where, 

Tp Uz (ah) = Tp (a) + Tp(b) — Bz (ab) 

Tp%(ah) = Tp(@) + Tp (a) — Bi(ab) 

Tp Ug (ab) = Tp (a) + Ty (b) — Bg (ab) 
An edge's minimum total open neighbourhood degree is equal to Arg = min{Tp (ab); ab € F} 
An edge's minimum total open neighbourhood degree is equal to A;g = min{Ip (ah); ab € E} and 
An edge's maximum open neighbourhood degree is known as Frg = max{Fp(ab); ah € EF}. 


3.12. Definition 

Let G = ( %, B) be a neutrosophic graph. The degree neighbourhood of a vertex ais defined as Dy = 
(N;(a), N; (a), Nr(a)), Where N;(a) = Yoeny(a) T (b), N,(a) = Yen; (a) ! (b) and N-(a) = 

Ypenp(a) F (b). 
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3.13. Definition 
Assume G = (2, 8) is a neutrosophic graph on G*. 
1. Galso is an r-edge regular neutrosophic graph if all of its edges get the same 
neighbourhood degree r. 
In a neutrosophic graph G = (U, B), the open neighbourhood degree of an edge ab € E is 
classified as Da, = (Dyx(ah), Dor (ah), Dug (ah) such that; 
Dux (ab) = Lp(a) + Tp(b) — 2Bzx (ah), Dar (a) = Iya) + In(h) — 2B, (ah), 
and Dys(ab) = F(a) + Fp) — 2Bz (ay). 


3.14. Example 
Consider a neutrosophic graph G = (2, 8) such that 


@(0.3,0.4,0.5) 


f(0.3,0.4,0.6) 
An example of a neutrosophic graph 


Figure 6 
D, = (0.5, 1.2, 1.6) Dy = (0.3, 1.2, 1.5) D, = (0.5, 1.2, 1.6) 
Dg = (0.5,1.2, 1.5) D, = (0.6, 1.2, 1.6) Dy = (0.8, 1.2, 1.8) 


Dyr(ab) = Tp(a) + T(h) — 2Bz(ah) = 0.5 + 0.3 — 2(0.1) = 0.6 

Dy (ab) = Ip(a) + Ip(b) — 2B,(ah) = 1.2 + 1.2-2(0.4) = 16 

Dyg(ab) = Fp(a) + Fo(b) — 2Bg(ab) = 16415-2005) = 2.1 
Day = (Daz (ab), Dai(ah) Dar (ab)) = (0.6, 1.6, 2.1) 


Dax (bg) = Tp(Q) + Tp (G) — 2Bx(b¢) = 0.3 + 0.5 — 2(0.1) = 0.6 

Dy (b¢) = In(b) + In (G) — 2B,(0¢) = 1.2 4+1.2 — 2(0.4) = 1.6 

Dag (og) = Fob) + Fo(G) — 2Bg(b¢) = 154+ 1.6 - 2(0.5) = 2.1 
Dye = (Dyx(b¢), Dax (b¢) Dug (b¢)) = (0.6, 1.6, 2.1) 


Dyz(od) = Xp(¢) + p(d) — 2By(cd) = 0.5 +.0.5 — 2(0.2) = 0.6 

Dey(cd) =Ip(G) +Ip(d) — 28,(¢d) = 1.2 +1.2—2(04) = 16 

Dug(cd) = ¥p(s) + Fy(d) — 2Bg(cd) = 1.6 + 1.5 — 2(0.5) = 2.1 
Dea = (Dur (Gd), Dox (Gd) Dyg(¢d)) = (0.6, 1.6, 2.1) 

Dyz(da) = Xp(d) + Tp(a) — 2Be(da) = 0.4 + 0.4—2(0.1) = 0.6 

Dey(da) = Ip(d) + Ip(a) — 28,(da) =0.9+13-2(0.4) =14 

Dyg(da) = Fp(d) + F(a) — 2Bg(da) = 1.9 + 2.1 —2(0.6) = 2.8 
Dag = (Dyz (da), Dyy(da), Dug (da)) = (0.6, 1.4, 2.8) 


Dyz(af) = Tp(a) + Tp(f) — 2Be(af) = 0.5 + 0.8 — 2(0.3) = 1.1 
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Do(af) =Ip(a)t+by(f) —2B (af) =1.2+1.2 —2(0.4) = 1.6 
Dug (af) = F(a) + Fn(f) — 2Bg(af) = 1.6 + 1.8—2(0.6) = 2.2 


Dar = (Duz(@f), Dar (af) Dar (@f)) = (1.1, 1.6, 2.2) 


Daz(ef) = Lp(e) + Up(f) — 2Be(ef) = 0.6 + 0.8 — 2(0.3) = 0.8 

Du(ef) =Ip(e) +h(f) -2B,(ef) =124+1.2-2(0.4)=16 

Dug(ef) = Spe) + Fo(f) — 2Bg(ef) = 1.6 + 18 — 2(0.6) = 2.2 
Der = (Duz(ef), Def) Dug (ef)) = (0.8, 1.6, 2.2) 


Dax (¢f) = Tp(¢) + InP) — 2Bx(Gf) = 0.5 + 0.8 — 2(0.2) = 0.9 

Duh) =hbG@) +b) -2B¢f) =1.24+1.2 —2(04) = 1.6 

Dag (Cf) = Fo) + BoP) — 2Bg(Gf) = 1.6 + 1.8 — 2(0.6) = 2.2 
Dee = (Duz(¢f), Daf) Dug (¢f)) = (0.9, 1.6, 2.2) 


Dyz(be) = Tp(b) + Tp(e) — 2Bz(be) = 0.3 + 0.6 — 2(0.1) = 0.7 

Do (be) = Ip(b) + Ip(e) —28,(be) = 1.2 +1.2-2(0.4) = 1.6 

Dag (be) = Sp(b) + Fp(e) — 2Bg(be) = 1.5 + 1.6 — 2(0.5) = 2.1 
Dpe = (Dyz (be), Day (be) Dy (be)) => (0.7, 1.6, 2.1) 


Dyx(de) = Ip(d) + Tp(e) — 2Bz (de) = 0.5 + 0.6 — 2(0.2) = 0.7 

Doy(de) = Ip(d) + 1p(e) —28,(de) =1.2+1.2-2(0.4) =1.6 

Dag (de) = ¥p(d) + Fn(e) — 2Bg(de) = 1.5 + 1.6 —2(0.5) = 2.1 
Dhe = (Dyz(de), Dox (de) Dyx(de)) — (0.7, 1.6, 2.1) 


Dur (ab) = Lp(a) + Tp(h) — Bz (ah) = 0.5 + 0.3 — (0.1) = 0.7 

Dar(ab) = Ip(a) + (Qh) — Bab) = = 1.24 1.2 - (0.4) = 2.0 

Dyg (ab) = Sola) + FQ) — Bg (ah) = 1.64 1.5 - (0.5) = 2.6 
Dap = (Dax(ab), Dar(ab) Dar (ab)) = (0.7, 2.0, 2.6) 


Dayz (b¢) = Tp(Q) + Tp (GF) — Bx (he) = 0.3 + 0.5 — (0.1) = 0.7 

Dy (bg) = In(b) + p(G) — Bie) = 1.2 4+1.2- (0.4) = 2.0 

Dug (be) = Fo(h) + Fo(G) — Bg (bg) = 1.5 + 1.6 — (0.5) = 1.6 
Dye = (Dyx(h¢), Dan (b¢) Dug (b¢)) = (0.7, 2.0, 1.6) 


Dx (cd) = p(s) + Xp(d) — Be(cd) = 0.5 +0.5 — (0.2) = 0.8 
Dey(cd) =Ip(G) +Ip(d) — Bod) = 1.2 +1.2— (0.4) = 2.0 
Dug (¢d) = Sn(¢) + Bod) — Bg (Gd) = 1.6+1.5 — (0.5) = 2.7 
Dea = (Dur (Fd), Day(Gd) Dug (¢d)) = (0.8, 2.0, 2.7) 


Dyx(da) = Tp(d) + Lp(a) — Be (da) = 0.4 + 0.4— (0.1) = 0.9 

Doy(da) =Ip(d) + Ip(a) -B (da) =0.9+1.3- (0.4) = 2.0 

Dag (da) = §p(d) + Fy (a) — Bg(da) = 1.9 + 2.1 — (0.6) = 2.6 
Daa = (Dax (da), Dax (da), Dug (da)) = (0.6, 1.4, 2.8) 


Dyz(af) = Ip(a) + Ip(/) — Be(af) = 0.5 + 0.8 — (0.3) = 1.0 

Du(af) =h@t+hY) -Blaf) =124+12- (0.4) =2.0 

Dug laf) = So@) + Bo) — Bglaf) = 1.64 1.8 - (0.6) = 2.8 
Dar = (Duz(af), Dar (af) Dur (af)) = (1.0, 2.0, 2.8) 


Dyr(ef) = Tp(e) + Ip(f) — Be(ef) = 0.6 + 0.8 — (0.3) = 11 
Do(ef) =Ip(e) +f) -B (ef) =12+1.2-(0.4) = 2.0 
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Dug (ef) = Fp(e) + Fo) - Bz (ef) =16+1.8 — (0.6) =2.8 
Der = (Daz(ef), Dur(ef) Dug (ef)) = (1.1, 2.0, 2.8) 


Das (Gf) = Tp(¢) + InP) — BalGf) = 0.5 + 0.8 — (0.2) = 1.1 

Duh) =hbhG)+bhGQ)-BGf) =124+12- (0.4) = 2.0 

Dug (¢f) = Bo) + Bo) — Be(Gf) = 1.6 + 1.8 — (0.6) = 2.8 
Dee = (Dux (6f), Dar(¢f) Dug (¢f)) = (1.1,2.0, 2.8) 


Dyx(be) = Tp(b) + Ip(e) — By(be) = 0.3 + 0.6 — (0.1) = 08 

Dy (be) = Ip(b) +Ip(e) -B (be) =12+1.2—(0.4) = 2.0 

Dyg(be) = %p(b) + Fle) — Bg(be) = 1.5 +16 — (0.5) =2.6 
Doe = (Dyx(b), Dae) Dy (be)) = (0.8, 2.0, 2.6) 


Dy (de) = Lp(d) + Tp(e) — Bz (de) = 0.3 + 0.6 — (0.1) = 0.9 

Dy (de) = Ip(d) + Ip(e) -B (de) =1.24+1.2— (0.4) = 2.0 

Dag (de) = p(d) + Fp(e) — Bg(de) = 1.5 + 1.6 — (0.5) = 2.6 
Dye = (Dux (de), Doy(de) Dyg(de)) = (0.9, 2.0, 2.6) 


3.15. Definition 
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A neutrosophic graph G is a totally (7,7,73) -edge regular neutrosophic graph if every edge has the 


same total degree (%, 7,13). 


3.16. Definition 


A neutrosophic graph is G = (Y, 8). G is shown to be a regular neutrosophic graph of degree 


11,1, 13) if every vertex does have the same degree(1j, 7,73). 
19429 '3 1 


3.17. Definition 


If any vertex in a neutrosophic graph G = (U, B)has the same degree(y, 12,73), then G is called a 


(1,12, 73) edge regular neutrosophic graph. 


3.18. Theorem 


G = Yaiajer Daiay = Naiev Daj if G is an edge regular neutrosophic graph on a cycle G*. 


Proof 
Since G is an edge regular neutrosophic graph, thus 


> Daj ajar = ® Days (aia; ) bY dala) >" Dest 


>. Daz (aaj) = Daz (aiaz) + Dax (aza3) + ++ + Daz (nar) 
Since, 
Anti = Dyx (az) + Daz (a2) — 2B(araz) + Dy x(az) + Dyx (a3) — 2B(aza3) + 
+Dyz (an) + Dux (ar) — 2B(@na1) 
= 2Dyq (aq) + 2Dyq (a2) + 2Dyz (an) — 2(B(ara2) + Blazaz) + Blanar)) 
= 2 Vasev Dux(a.) + 2 Viti (aiaizi) — 2 Lies Be (aiais1) 


= Yaev Dux (aj) 
Then 
dizi Dux (aiaji) = Naev Dax (aj) 
Similarly 
dist Don (ajai+1) = Yajev Dar (ai) 
die1 Dag (aiaizi) = Laev Dug (ai) i=1D(@iaiv1) = 


( dist Dax (ayaja1), Nica Der @iai1), Lir Dag (aiai+1)) 
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i=4 D(ajai+1) = Pay Da;- 


3.19. Lemma 

If G is an edge regular neutrosophic graph on G*, then rayajeE D(ajaj) = 
(Zzajee Dor (aiaj) Bx (aay), Uiiayer Dor (aay) Bi(aias), Dijajer Dov (ary) 8; (aay) 
Since, De (ajay) = Dg:(aj) + De(aj) — 2, forall aja, € E. 


3.20. Proposition 
If G is an r-regular G* edge regular neutrosophic graph, then Laajee D(aiai+1) = (cr = 


1) Day Day (4), (7 = 1) Day Duy, (@), (7 - 1) Day Duty (@u)). 


Proof 
By lemma we obtain Y D(ajaj) = 
(ayes De: (aiaj) Bx (aiaj), Diajer Dex (aiay) Bi(aiay), Diajer De*(aiay) 8; (aay) 
Y (De: (ai) + De (aj) — 2) Bx (aia), 
= | L(De-(ai) + Dex (aj) — 2) Bi(aray), 
L(g (ai) + Dex(aj) — 2) Bg (aia;) 
We know G’* is regular then the degree of every vertex in G* is r, this means that 
Dg« (aj) = r and hence, 


YD aan) = ((r +7 - 2)DBe(aay), (7 +7 — 2) DB, (aaj), (7 +17 — 2) LBs (aaj) 
= (2(r - DY Be(aiaj), 207 — 1) YB, (aay), 207 -— DY Br(aia;)) 
De yee Daas) = ((F — 1) Lay Dury (@), (F — 1) Lay Duy, (@), (7 - 1) Day Dy (@i)) 


3.21. Corollary 
Y De: (aay) Bx (aay) + X Bx(aiay), 

Yd Tp (aia) = Y De (aiay) B,(aia;) +> B (aaj), , where G is a regular neutrosophic graph with 
2 De: (aay) Bg (aias) + X Bs (aay) 


edges on G*. 


Proof 

YT (aia) = (ET Ax(aiay) + ZT A, (aay) + ZT Ay(aiay)) 

= (2% Ux(aiay) + Br (aay), DT (aay) + B.(aay), ZT Ur(aiay) + Bg(aiaj)) = 
(X Da, (aay) +2 Bx (aay), LZ Du, (aaj) + ZB, (aay), Z Du, (aiay) + ¥ Bs (aay) ) 


By lemma, we get 
>. De (aay) Bx(aiay) + >. Br(aay) 
y Tp (ajay) = y Der (aay) B,(aja;) + > B,(aia,;) 
>. De-(aiay) Br(aay) + >. B5(aay) 


3.22. Definition 
When a neutrosophic graph G is strongly regular, it means: 
1. G is aregular neutrosophic graph (1%, 17,73) 
2. aj,a, of is the number of the member values of the general neighbourhood vertices of any 
pair of adjacent and non-adjacent vertices. G has the same weight and is denoted by the 
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symbols a = (@1,@2),6 = (6,62). SNg = (r, a, 8) represents a strongly neutrosophic graph 
G. 


3.23. Theorem 
If G is a complete neutrosophic graph with constant functions (Wz, UW, Ux) and (Bz, B, Bg) then G 
is a highly normal neutrosophic graph. 


Proof 
Since that (Ur, Ay, Ug) and (Be, Br, Bs) are constant function, then 
Ur(a;) =k, A (ai) = s, Ura) = t and Ay(aay) = dy, (aay) = do, Us (aay) = ds. 
Such that k,s,t,d,,d,,d3 are constant, and G is complete, then 
Dajay = ((n — Dds, (n — 1)d2,(n — 1)ds), 

Therefore G is 

LAs (aay), UA(aay), VAg(aiay)) =Da,y(ajaj), Dy, (aay), Dag (aias) 

= ((n- 1d, (n — 1)dz, (n — 1)ds), 

On the other hand, in a regular neutrosophic graph with n vertices, the sum of ¥, |. F of common 
neighbourhood vertices of any pair of adjacent vertices a = (n — 2)k, (n — 2)s, (n — 2)t is equal, and 
the sum of &, ,F values common neighbourhood vertices of any pair of non-adjacent vertices 8 = 0 
is equal. 


3.24. Theorem 
G° isa (1,172,173) regular if G is a strongly regular neutrosophic graph that is strong. 


Proof 
We know G is strong, then 
0 ajay € B 
Box(aja;) = 
(aia) nore ajay € B 
ajay € B 
B° (aja;) = 
(aay) aes) ajay EB 
ajay € B 
B°-(aj;a;) = 
rlaa)={in(tgCad.thla)) ase 
Also, 
Dg (aj) = (TD ¢ (aj), 1D°¢ (ay), YD" ¢(ai)), 
Such that, 


TD°,(a;) = > Box (aja;) 
aitay 
a Lajtay min (a°s (aj), U°x(ay)) sata 
IDS Gy »: BS (aja) 
aitay 


= Lajtay min (a°(a;), U°,(ay)) = 19 
BD",(a) =), Bos(aa) 


aiFaj 
= Data min (a°s (a), ax°s(aj)) =f3 
For all a; € V. Thus D(ajaj) = (11, %, 73). Hence G° is (11,712,713) regular neutrosophic graph. 
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Application 

The models of graph are used in wide application in much area of computer science, 
mathematical models of social sciences. These graph models need to incorporate more structure 
than simply the adjacency between vertices. In the discussion of set behaviour, it is observed that 
certain people can influence thinking of others. Each element of a set is represented by a node. 
There is a directed path from node a to node b when the member represented by node a influence 
the node represented by node b. 

In any social set all the nodes can never be members of the group always. Any node can be 
removed from the set at any time if his/her activity is against the set. Each node of the set is 
represented by a vertex and every vertex has two values; the first value represents the power of the 
node in the set which means how much it possess to control the set, the second value represents the 
power of the node in the set when it became removed itself from the set. 

Each path has also two values such that the first component represents the influence by the 
first node over the second node when the first node is element of the set. The second component 
represents the influence by the first node over the second node when the first node is non-member 
of the set. Any different neutrosophic graph needs large data for training to be able to help in 
decision making technology and science. The new style which is generalized in this research is 
based on the pattern of unique cases that can help us to make a better choice in the contrast to the 


established solutions of neutrosophic graph. 


Conclusion 
The main contribution of this manuscript is to introduce the idea of regularity in 


neutrosophic graph theory. In it paper, we have described the idea over the on regular neutrosophic 
graph. Some unique kinds on neutrosophic graphs certain as the regular, regular strong, r-edge 
regular neutrosophic graph, strongly edge regular, neutrosophic graph and absolute degree of vertex, have 
been introduced here. We bear additionally provided some sufficient standards for r-edge regular 


neutrosophic graph and strongly edge regular. 


In the future, we pleasure focal point about the education on neutrosophic intersection 
graphs, neutrosophic interval graphs, neutrosophic hyper graphs, or therefore on. The notion over 
the neutrosophic graph execute stay ancient of countless areas regarding expert systems, image 


processing, computer networks, and communal systems. 
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Abstract: 
In this paper we introduce for the first time the concept of single valued neutrosophic queueing 
systems (SVNQSs) as an extension of crisp and fuzzy queueing systems which are very applicable 
and important in controlling systems. SVNQSs have been defined assuming that arrival rates and 
departure rates are single valued neutrosophic trapezoidal numbers, and depending on this 
assumption probabilities and performance measures were also single valued neutrosophic 
trapezoidal numbers. Numerical examples were presented and solved successfully, and because of 


hard computations, a maple code is presented to make calculations easier. 


Keywords: Single Valued Neutrosophic Set; Single Valued Trapezoidal Neutrosophic Number; 
Queueing Systems; Markovian Queues; Performance Measures 


1. Introduction 


Fuzzy sets presented by L.A. Zadeh assume that each element x belongs to a set A © with 
membership degree 0 < w,(x) <1 and doesn’t belong to the set with non-membership degree 
Ugc(x) where pac(x) = 1— u,(x) [1]. This definition was extended by K. Atanassov by assuming 
that 0 < wa(x) + Wac(x) <1 or O < wy(x) + v4(x) < 1 [2]. Recently F. Smarandache presented what 
is known by neutrosophic set as a generalization to fuzzy sets and intuitionistic fuzzy sets assuming 
that ~0 < py(x) + 64(x) + v4(x) < 3* where 6,(x) is degree of indeterminacy, also F. Smarandache 
supposed that all these three components are subsets of nonstandard real intervals ]~0,1*[. When 
these components are taken as subsets of standard real intervals, we have what is named by single 
valued neutrosophic set, ie., when p4(x), 54(x), v4(x) € [0,1] and 0 < wax) + 64(x) + v4 (x) < 3 [3] 
[4]. 

Due to this generalization, many extensions to all branches of science have been made including 
probability theory, statistics, reliability theory, queueing theory, artificial intelligence, data mining, 
algebra, linear algebra, mathematical analysis, complex analysis, differential equations, physics, 
philosophy etc [5] [6] [7] [8] [9] [10] [11] [12] [13] [14]. 

In probability theory, neutrosophic probability measure was defined by F.Smarandache as a 
mapping NP:X > [0,1]? where X is a neutrosophic sample space and the neutrosophic probability 
function of an event A © is defined by NP(A) = (ch(A), ch(neutA), ch(antiA)) = (a,B,y) where 
O0<a,fB,y<s1and0<a+f+y <3,i.e, NP(A) canbe called a single valued probability measure. 

researchers introduced many neutrosophic probability distributions like Poisson, exponential, 
binomial, normal, uniform, Weibull, ...etc. 
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Later, M.B. Zeina and A. Hatip in [15] defined the neutrosophic random variable in the form 
Xy =X +I where I is indeterminacy which satisfies 1* =I and then defined many probabilistic 
properties based on the last definition, which opens new philosophy to the study probability measure 
and many new definitions and extensions were made depending on it like in [16] [17]. 

One of the most important applications of probability theory is queueing theory presented by 
A.K. Erlang when he created mathematical models describing systems of telephone exchanges and 
then this theory has been applied in many telecommunication systems [18]. 

Queueing theory was generalized to fuzzy queueing theory to fit uncertainty in 
telecommunication systems in many papers like [19] [20] [21]. Many neutrosophic queueing systems 
were defined and studied by M.B. Zeina in many papers like [22] [23] [24] [25]. 

In the previous studies about neutrosophic queueing systems only indeterminacy was taken in 
hand where systems have been studied assuming that parameters are of the form a+ bl where I is 
indeterminacy. In this paper we will study neutrosophic queueing systems assuming that parameters 
(Arrivals and Departures) are single valued trapezoidal neutrosophic numbers as a more general case 
of fuzzy and intuitionistic fuzzy queueing systems, then we present a maple code that makes 
calculations easier. 


2. Preliminaries 


2.1 Neutrosophic Set [4] 

Let E be a universe. Then, a neutrosophic set A over E is defined by: 

A =| ae om (x) , I, () Fa (x)) >;xeé E} 

Where: 

Ty : E > ]~0,1*[ is called truth-membership function. 

I, : E > ]~0,1*[ indeterminacy-membership function. 

F,a:E —> ]~0,1*[ falsity-membership function. 

—0 < Ty (x) + Ip (xX) + Fa (x) << 37 

2.2 Single Valued Neutrosophic Set [4] 

Let E be a universe. Then, a single valued neutrosophic set A over E is defined by: 

A = nee oY (x) , I, (x), Fa (x)) >;xeé€ E} 

Where: 

Ta : E > [0,1] is called truth-membership function. 

I, :E > [0,1] indeterminacy-membership function. 

Fy: E > [0,1] falsity-membership function. 

0 < Ty (x) + I, (X) + Fag () $3 
This set is used in engineering, biology, decision-making and other applications because its 
concept is clearer and more applied than neutrosophic sets. 

2.3 Single Valued Trapezoidal Neutrosophic Number (SVTNN) [26] 

A single valued trapezoidal neutrosophic number is denoted by: 

a =< (a4,by,C,,d,) ; wg ,Uz ,Ya > 
Where: 
w; is the nucleus of truth membership, uz is the nucleus of indeterminacy membership and 
a is the nucleus of falsity membership where: 
Truth-membership function is: 


(x — a,) wy 
nase cane ja, Sx<b, 
b, -a, 
1G = Wy sb, <x<q 
= (d, — x) wz 
———\ 34, <x<dy 
dy — cy 
0 ; otherwise 


Indeterminacy-membership function is: 
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(b; — x + ug (x — aj)) 


se ja, Sx<b, 
= ug sb <x<cqy 
FO) @-atu-) lg 
dy = Cy , “1 as 7 
1 ; otherwise 
Falsity-membership function is: 
b, —xt+ys(x-a 
(b, Ya ( »D) 5a, <x <b, 
by — a, 
Fx (x) = Ya sb <xeq 
(x — cy + ya (dy — x) 
3C, <x<d, 
d, — cy 
1 ; otherwise 


2.3 Operations on SVTNNs [26] 
Let & = < (a,,b,,c,,d,) ; wa ,Uz ,Yx >)b =< (ag, bg, C2, d2) ; Wg ,Ug »¥g > be two 
SVINNs and y = 0 any real number, then: 
a Ob =< (a, + az,b, +by,c, + Cz, d, + dy) ; wz + Wp — WzWg ,UzUg ,Yaz¥5 > 
& @b =< (ayag, bybz, cyC2, dd) ; wyW5 »Ug + Ug — UZUg , Yr + YG —YaYe > 
ya =< (ya yby,cy,vd,) ;1— (1 — wz)’ ug” yz” > 
aY =< Cay by ey ly JP Wal ok dg) bd ye) > 


3. Recall of Some Crisp Queueing Systems [18] 


Here we recall definitions and properties of some crisp queueing systems including M/M/1, 


M/M/c, M/M/c/b. 
3.1 M/M/1 Queueing System 
In this system we have one server with arrival rate 1 customers per time unit and serving 


rate 7 customers per time unit. 
The probability that we will not find customers in the system is: 
Py = (1—p) an) 7 
The probability that we will find n customers in the system is: 
Py, = (1— p) * p” ;n=0,1,2,... 
The average number of customers in queue is: 
pe 
q 1- p 
The average number of customers in system is: 
p 


L, =—— 


1-p 


The mean waiting time in queue is: 


Wy 1 


The mean waiting time in system is: 


3.2 M/M/c Queueing System 

In this system we have c servers with arrival rate A and serving rate 7. 

The probability that we will not find customers in the system is: 

1 mN 
PO = ——~—————__ ; p=-, g <1 
yert Poy p n c 
mon "ol (1 - 2) 
C 


The probability that we will find n customers in the system is: 
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n 


P PO ;n=0,1,..,c-—1 
n! 
Pn= 
"PO 
pe ;n=c¢ctl,.. 
ol es 
The average number of customers in queue is: 
pctt PO 
i * 


The average number of customers in system is: 
L, = Lq +p 
The mean waiting time in queue is: 


The mean waiting time in system is: 
Ls 
W; => a 


3.3 M/M/c/b Queueing System 
Here we have c servers and the system size is limited by b where c < b with arrival rate 4 


and serving rate 7. 
The probability that we will not find customers in the system is: 


1 xr 
ie pan) PWG 
—ct+1 
Pod: ah pe i) 
»» reer 7 
m=or oC! c! _p 
Cc 
The probability that we will find n customers in the system is: 
n 
P «PO ;n=0,1,..,c-1 
n! 
Pn = 
p" PO 
— * ;n=cct+1,..,b 
(ol Ae oh 


The average number of customers in queue is: 


b 
p° * PO pyn-c¢ 
Geog 1 2 Ooo) 


n=ct+1 


The effective arrival rate is: 
Ae =Ax* (1 = Ps) 
The average number of customers in system is: 


he 
Ly = Lq + 7 
The mean waiting time in queue is: 
W, = id 
q Xe 
The mean waiting time in system is: 
_ Ls 
SS Ae 


4. Single Valued Neutrosophic Queueing Systems 


Here we suppose that both of arrival rate and serving rate are SVTNNs given by 
NA =< (Ay, Az, A3,A4); Wy) UA, VA >, Nn =< (1, N23) 4); Wy Uy, Vn > 


Where: 
O<wau,V,51 & OF Wy, Uy, Vy S 1 


O<wtuytys3 & OSw,t+u,t+v, <3 


The neutrosophic utilization coefficient is: 
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NA Ay Ap Ag Ag 

= =< ( , J , 
Nn M4 13 N2 M1 

We will depend on all of our results on neutrosophic operations defined in 2.3 

4.1 Single Valued Neutrosophic M/M/1 Queueing System 

In this system we have one server and infinite queue size and based on (2.3,3.1) we can find the 

following: 


Np ); Wa * Wy, Ug + Uy — Ug * Un, Va + V_ — Va * Vy > 


Neutrosophic probability that we will not find customers in the system 
NPp =< (1 — 4,1 — p3,1 — P2,1— 1); Wp, Up, Vp > (1) 
Where Wp, Up, Vp are truth, indeterminacy and falsity of neutrosophic utilization coefficient 
respectively. 
The neutrosophic probability that we will find n customers in the system will be: 
NP, =< ((1 — P4)p1", (1 — p3)p2”, (1 — p2)p3”, 1 - 01)p4"); Wo a Wo) L= (1 = is) 
= (1 cs (1 e Up) Up + Up 1 — (1 ~ vee ~ (1 m3 (1 ~ Vp) Vp +Vp >; 
n= 0,1,2,... (2) 
The neutrosophic average number of customers in queue is: 
2 2 2 2 
p 1 p 2 p 3 p 4 ) 3 2 2 
NL, =< i , 7 sw,’ ,1—-—(1l-u —(1-(1-u un, +uU,, 
i (, Lo py: 1 pp“ pi ‘ ( °) ( ( 0) )% : 
2 2 
1-(1-v,) -(1-(1-v9)") vp + vp > (3) 
The neutrosophic average number of customers in system is: 
P1 P2 P3 P4 
NL =< (——. [ a 
° f=p, fps Pep lam 
The neutrosophic mean waiting time in queue is: 
NL 2 2 2 2 
NW, =—!= boo): Wa *Wp3, 
Ni Ag (1 — pa) A3(1 — pz) A2(1 — p2) Ar — px) 
2 2 2 2 
1-(1-u,) — (1 -(1-u,) )up + Up + ua —(1- (1 - up) — (1 -(1-u,) )up + up) *un, 
2 2 2 2 
1-(1-v,) -(1-(1-v,) ) vp +¥p + va — (1 - (1 - vp) —(1-(1-v,) ) vp +p) * Va > (5) 
The neutrosophic mean waiting time in system is: 


); We, 205 Un 2p Vp > (4) 


NLs 
NW, = te ( Px P2 P3 Pa ); ne 
Nd Ag (1 = pa) A3(1 — P3) A2(1 — p2) ALC = pi) 
2Up — Up? + Ug — (2Uy — Up”) * Uy, 2Vp — Vo? + Va — (2Vp — Vp?) * Va > (6) 


Example 1 (Single Valued M/M/1 Queue) 


Suppose that both arrival rate and serving rate are SVINNs given by 

NA =< (1,2,3,4); 0.8,0.2,0.01 >, Nn =< (5,6,7,8); 0.9,0.1,0.01 > 
The neutrosophic probability that we will find no customers in systems using equation (1) will be: 

NPy =< (0.2000000000,0 .5000000000,0 .7142857143,0 .8750000000), 0 .72, 0.28, 0.0199 > 
Which means that with possibility 72% the probability of finding 0 customers in the system will range 
between 50% and 71.43% and will never be less than 20% or more than 87.5%. 

Weare also unsure with percentage of indeterminacy 28% of these results and we may be false by 
1.9% falsity degree. 

Figl. Below shows all the possibilities of different truth, indeterminacy and falsity degrees by drawing 
a horizontal line on the graph, e.g. if we draw a horizontal line at y=0.4 we say that: with truth degree 
40% PO will lay between about 0.36 and about 0.78, with indeterminacy degree 60% (which is 1-y) PO 
will lay between 0.45 and 0.74 and with falsity degree 60% (which is also 1-y) PO will lay between 0.44 
and 0.75. 
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Fig1. NPO in single valued neutrosophic M/M/1 queue 


The neutrosophic probability that we will find 3 customers in system using equation (2) will be: 

NP3 = < (0.0003906250000, 0.01166180758, 0.08928571429, 0.4480000000), 
0.26873856,0 .73126144, 0.07725530557 > 

Which means that with possibility 26.9% the probability of finding 3 customers in the system will 

range between 1.2% and 8.9% and will never be less than 0.04% or more than 44.8%. 

We are also unsure with percentage of indeterminacy 73% of these results and we may be false by 

7.7% falsity degree. 

Fig2. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NP3: 


1 


04 


0.1 02 03 
Fig2. NP3 in single valued neutrosophic M/M/1 queue 


Neutrosophic performance measures using equations (3) to (6) will be: 
NL, = < (0.01785714286,0 .1142857143,0 .5000000000, 3.200000000), 
0.373248,0 .626752, 0.05851985060 > 
Which means that surely 37% the average number of customers in queue will range between 11% 
and 50% and will never be less than 1.8% or more than 3.20. 
Weare also unsure with percentage of indeterminacy 62.7% of these results and we may be false by 
5.8% falsity degree. 
Fig3. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NLq: 
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Fig3. NLq in single valued neutrosophic M/M/1 queue 


NL, =< (0.1428571429, 0.4000000000, 1.,4.),0 .5184,0 .4816, 0.03940399 > 
Which means that surely 51.8% the average number of customers in system will range between 40% 
and 100% and will never be less than 14.3% or more than 4. 


We are also unsure with percentage of indeterminacy 48% of these results and we may be false by 
3.9% falsity degree. 


Fig4. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NLs: 


08 
0.6 
04 
02 
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1 2 3 os 
| mes 


Fig4. NLs in single valued neutrosophic M/M/1 queue 


NW, =< (0.004464285715, 0.03809523810, 0.2500000000, 3.200000000) , 
0.2985984,0 .7014016, 0.06793465209 > 
Which means that surely 29.8% the mean waiting time in queue will range between 3.8% and 25% and 
will never be less than 0.44% or more than 3.20. 
Weare also unsure with percentage of indeterminacy 70% of these results and we may be false by 
6.8% falsity degree. 
Fig5. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NWq: 
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Fig5. NWq in single valued neutrosophic M/M/1 queue 


NW, =< (0.03571428572,0 .1333333333,0 .5000000000, 4. ), 
0.41472,0 .58528, 0.0490099501 > 
Which means that surely 41% the mean waiting time in system will range between 13.3% and 50% 
and will never be less than 3.5% or more than 4. 
Weare also unsure with percentage of indeterminacy 58.5% of these results and we may be false by 
4.9% falsity degree. 
Fig6. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NWs: 


NWS 


08 
0.6 


04 


~ 


1 2 3 
Fig6. NWs in single valued neutrosophic M/M/1 queue 


4.2 Single Valued Neutrosophic M/M/c and M/M/c/b Queueing System 

In M/M/c system we have c parallel servers working homogeneously with neutrosophic arrivals 
and neutrosophic departures and unlimited queue size. M/M/c/b is as same as M/M/c except that 
the first one has limited queue size. Finding probabilities of these queueing systems cannot be done 
by hand because of complex calculations so we will present a Maple package of code which makes 
calculations easier. 

4.3 Single Valued Neutrosophic Queueing Systems Package 
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Notice that equations (1-6) are very hard to be applied by hand calculating, so we wrote a maple 


code depending on our previous neutrosophic package in [14] to handle neutrosophic queues 


easily. 
A general procedure with overloading in parameters named 


QueueingSystem(NLambda,NMu,n,c,b) calls a procedure to calculate neutrosophic probability of 


finding 0 customers in the system, neutrosophic probability of finding n customers in the system, 


neutrosophic average number of customers in the system, neutrosophic average number of 
customers in the queue, neutrosophic mean time in the system and neutrosophic mean time in 


the queue then plots these numbers, where: 
NLambda is NA (neutrosophic arrival rate) 
NMu is Nu (neutrosophic departure rate) 


nis number of customers that we want to calculate the neutrosophic probability of finding them 


in the system. 

cis number of servers working in parallel. 

b is size of system (including servers). 

We can use this procedure to describe different types of queues as shown in table 1: 


Procedure Neutrosophic Queueing System 
QueueingSystem(NLambda,NMu,n,c,b) NM/NM/c/b 
QueueingSystem(NLambda,NMu,n,c) NM/NM/c/co or NM/NM/c 
QueueingSystem(NLambda,NMu,n) NM/NM/1/0o or NM/NM/1 


Table 1. Single valued neutrosophic queueing systems overloaded procedures. 


Also, a plotting procedure is programmed to plot the results as follows: 


SVTINOQPlot(QueueingSystem(NLambda,NMu,OVERLOADED PARAMETERS),measure); 


Where ‘measure’ can be replaced by p0,pn,lq,ls,wq or ws. 


Example 2 (Single Valued M/M/c Queue) 


suppose that we have a queueing system with arrival rate given as follows: 
NA =< (2,2.5,3,3.5); 0.8,0.2,0.01 >, Nn =< (5,5.5,6,6.5); 0.9,0.1,0.01 > 

We can define these rates using the code: 

NLambda :=SVTN(2,2.5,3,3.5,0.8,0.2,0.01); NMu:=SVTN(5,5.5,6,6.5,0.9,0.1,0.01); 

Suppose that we have 2 servers, and we would like to calculate the following: 
1. Probability of finding no customers in the system. 
2. Probability of finding 3 customers in the system. 
3. Performance measures. 

These can be done by typing: 

QueueingSystem(NLambda,NMu,3,2); 

Which results: 


The neutrosophic probability that we will find no customers in systems using equation (1) will be: 


[0.4814814815, 0.5714285711, 0.6551724136, 0.7333333331], 


NES 0.96224256, 0.03775744, 0.00001560437408 


Which means that with possibility 96.2% the probability of finding 0 customers in the system will 


range between 57% and 65.5% and will never be less than 48% or more than 73.3%. 


We are also unsure with percentage of indeterminacy 3.8% of these results and we may be false by 


0.002% falsity degree. 
SVTNQPIlot(QueueingSystem(NLambda,NMu,3,2),p0); 


Fig7. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NPO: 
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Fig7. NPO in single valued neutrosophic M/M/c queue 


The neutrosophic probability that we will find 3 customers in system using equation (2) will be: 
NP; = eau er 0.01033399471, 0.02658099950, 0.06288333332] , 
0 .1678434279,0 8321565721, 0.2449034052 
Which means that with possibility 16.8% the probability of finding 3 customers in the system will 
range between 1.04% and 2.7% and will never be less than 0.35% or more than 6.3%. 
Weare also unsure with percentage of indeterminacy 83% of these results and we may be false by 
24.5% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,3,2),pn); 
Fig8. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NP3: 
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Fig8. NP3 in single valued neutrosophic M/M/c queue 


Neutrosophic performance measures using equations (3) to (6) will be: 
Wi = amar es 0.01648858989, 0.05025470221, 0.1488362919], 
a 0.2004575439, 0.7995424561, 0.2419205946 
Which means that surely 20% the average number of customers in queue will range between 1.65% 
and 5.03% and will never be less than 0.48% or more than 14.9%. 
Weare also unsure with percentage of indeterminacy 79.9% of these results and we may be false by 
24.2% falsity degree. 
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SVTNQPlot(QueueingSystem(NLambda,NMu,3,2),1q); 
Fig9. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NLq: 


Ng 
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Fig9. NLq in single valued neutrosophic M/M/c queue 


[0.3125897671, 0.4331552566, 0.5957092477, 0.8488362919], 
0 .7761281123, 0.2238718877, 0.004814219833 
Which means that surely 77.6% the average number of customers in system will range between 
43.3% and 59.6% and will never be less than 31.3% or more than 84.9%. 
Weare also unsure with percentage of indeterminacy 22.4% of these results and we may be false by 
0.48% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,3,2),|s); 
Fig10. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NLs: 
NIs 
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Fig10. NLs in single valued neutrosophic M/M/c queue 


NE, =| 


[0.001399274126, 0.005496196630, 0.02010188088, 0.07441814595e] , 
0.1603660351, 0.8396339649, 0.2495013887 

Which means that surely 16% the mean waiting time in queue will range between 0.55% and 2.01% 

and will never be less than 0.14% or more than 7.44%. 

We are also unsure with percentage of indeterminacy 83.9% of these results and we may be false by 

24.9% falsity degree. 


NW, =| 
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SVTNQPlot(QueueingSystem(NLambda,NMu,3,2),wq); 
Fig11. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NWa: 


Nig 


Fig11. NWq in single valued neutrosophic M/M/c queue 


[0.08931136203, 0.1443850855, 0.2382836991, 0.4244181460], 
0 .6209024898,0 .3790975102, 0.01476607764 
Which means that surely 62% the mean waiting time in system will range between 14.4% and 24% 
and will never be less than 8.9% or more than 42%. 
We are also unsure with percentage of indeterminacy 37.9% of these results and we may be false by 
1.4% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,3,2),ws); 
Fig12. Below shows all the possibilities of different truth, indeterminacy and falsity degrees of NWs: 
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Fig12. NWs in single valued neutrosophic M/M/c queue 


Example 3 (Single Valued M/M/c/b Queue) 


Suppose that we have a queueing system with: 
NA =< (2,2.5,3,3.5); 1,0.01,0.01 >, Nn =< (4,4.5,5,5.5); 0.9,0.1,0.01 > 
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Suppose that we have 2 servers and system size limited by 4, and we would like to calculate the 
following: 

1.Probability of finding no customers in the system. 

2.Probability of finding 4 customers in the system. 

3.Performance measures. 
These can be done by typing: 
NLambda :=SVTN(2,2.5,3,3.5,1,0.01,0.01); NMu:=SVTN(4,4.5,5,5.5,0.9,0.1,0.01); 
QueueingSystem(NLambda,NMu,4,2,4); 
Which results: 
The neutrosophic probability that we will find no customers in systems using equation (1) will be: 

NP. = [0.3919316843,0 .5013054829,0 6022304833, 0.6955662590] , 
0.9912331324, 0.01057498123, 0.0002232497869 
Which means that with possibility 99% the probability of finding 0 customers in the system will 
range between 50% and 60% and will never be less than 39% or more than 69.5%. 
We are also unsure with percentage of indeterminacy 1.05% of these results and we may be false by 
0.02% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),p0); 
NPO 


09 


Fig13. NPO in single valued neutrosophic M/M/c/b queue 


The neutrosophic probability that we will find 4 customers in system using equation (2) will be: 

NP. = [0.0008566227644, 0.003916449084, 0.01486988847, 0.05096602137], 

x 0 .28702067 13,0 .7337556823,0 .3662088099 

Which means that with possibility 28.7% the probability of finding 4 customers in the system will 
range between 0.39% and 1.5% and will never be less than 0.08% or more than 5.09%. 
We are also unsure with percentage of indeterminacy 73.4% of these results and we may be false by 
36.6% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),pn); 
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Fig14. NPn in single valued neutrosophic M/M/c/b queue 


Neutrosophic performance measures using equations (3) to (6) will be: 
NL. = eau 0.02349869451, 0.07434944242, 0.2184258058] , 
7 0 .5090336259,0 .5139856353, 0.2064567181 
Which means that surely 50% the average number of customers in queue will range between 2.4% 
and 7.4% and will never be less than 0.64% or more than 21.8%. 
Weare also unsure with percentage of indeterminacy 51.4% of these results and we may be false by 
20.6% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),lq); 
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Fig15. NLq in single valued neutrosophic M/M/c/b queue 


[0.3515279356, 0.5160637503, 0.7384051431, 1.092676261] , 

0 .6358593744,0 .3920560678, 0.07821019297 
Which means that surely 63.6% the average number of customers in system will range between 52% 
and 74% and will never be less than 35% or more than 1.1. 
We are also unsure with percentage of indeterminacy 39% of these results and we may be false by 
7.8% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),|s); 


Ni, =| 
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Fig16. NLs in single valued neutrosophic M/M/c/b queue 


_ [[0.001837193992, 0.007863695934, 0.03018867926, 0.1150779691], 
0 .1461031730,0 .8718954227,0 5020886664 
Which means that surely 14.6% the mean waiting time in queue will range between 0.8% and 3% and 
will never be less than 0.2% or more than 11.5%. 
Weare also unsure with percentage of indeterminacy 87% of these results and we may be false by 
50% falsity degree. 
SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),wq); 
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Fig17. NWq in single valued neutrosophic M/M/c/b queue 


[0.1005226630, 0.1726976115,0 .2998203524, 0.5756781558] , 
0.1825047845, 0.8397569988, 0.4216199638 

Which means that surely 18% the mean waiting time in system will range between 29.9% and 83.9% 

and will never be less than 10% or more than 57.5%. 

We are also unsure with percentage of indeterminacy 83.9% of these results and we may be false by 

42% falsity degree. 

SVTNQPlot(QueueingSystem(NLambda,NMu,4,2,4),ws); 


nw, =| 
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Fig18. NWs in single valued neutrosophic M/M/c/b queue 


6. Conclusions 


Ignoring indeterminacy may lead decision makers to make wrong decisions especially in 
controlling systems which is one of the most important applications of queueing theory. We found 
that neutrosophic queues are more reliable and applicable than crisp queues because of dealing with 
indeterminacy and uncertainty. We are looking forward to study and define more queuing systems 
in neutrosophic logic including tandem networks, open Jackson networks, balk queues, etc. 
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Appendix (Maple Code) 
interface(warnlevel = 0): 
with(plots):with(plottools): 

SVTN = proc (al, a2, a3, a4, wa, ua, ya) 
return [[al, a2, a3, a4], wa, ua, ya]; 

end proc: 

SVTNNPlotT:=proc(n::list) 

nl:=n[1][1]; 

n2:=n[1][2]; 

n3:=n[1][3]; 


n4:=n[1][4]; 
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f=n[4]; 

It-=piecewise(nl<w and w<n2,t*(w-n1)/(n2-n1),undefined); 
mt:=piecewise(n2<w and w<n3,t,undefined); 

rt:==piecewise(n3<w and w<n4,t*(w-n4)/(n3-n4),undefined); 
plot({lt(w),mt(w),rt(w)],w=n1..n4,color="green",legend=["T","",""],labels=['",""]); 
end proc: 

SVTNNPlotl:=proc(n::list) 

ni:=n{1][1]; 

n2:=n{[1][2]; 

n3:=n{1][3]; 


n4:=n[1][4]; 


f=n[4]; 

li=piecewise(nl<u and u<n2,(n2-uti*(u-n1))/(n2-n1),undefined); 
mi:=piecewise(n2<u and u<n3,i,undefined); 

ri=piecewise(n3<u and u<n4,(u-n3+i*(n4-u))/(n4-n3),undefined); 
plot([li(u),mi(u),ri(u)],u=n1..n4,color="blue",legend=['T","",""],labels=["",""]); 
end proc: 

SVTNNPIotF:=proc(n::list) 

nl=n{1][1]; 


n2:=n[1][2]; 
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f=n[4]; 

If=piecewise(nl<y and y<n2,(n2-y+f*(y-n1))/(n2-n1),undefined); 
mf:=piecewise(n2<y and y<n3,f,undefined); 

rf:=piecewise(n3<y and y<n4,(y-n3+f*(n4-y))/(n4-n3),undefined); 
plot((lf(y),mf(y),rf(y),y=n1..n4,color="red",legend=["F","",""],labels=["",""]); 
end proc: 

SVTNPlot:=proc(n::list;myTitle) 

t:=SVTNNPlotT(n): 

i:=SVTNNPlotl(n): 

f:=SVTNNPIlotF(n): 

display([t, i, f],title=myTitle); 

end proc: 

SVTNOPIlot:=proc(q::Matrix, property) 
properties:=[p0,pn,lq,ls,wq,ws]; 
i:=ListTools[SearchAll](property, properties); 
n:=rhs(op(convert(q[i],list))); 

my Title:=lhs(op(convert(q[i],list))); 

SVTNPlot(n,myTitle); 

end proc: 

CrispNumberSS := proc (n) return SVTN(n, n, n, n, 0, 1, 1); end proc: 
CrispNumberMD := proc (n) return SVTN(n, n, n, n, 1, 0, 0); end proc: 


CrispNumber:=proc (n,NRho) return SVTN(n, n, n, n, NRho[2], NRho[3], NRho[4]); end proc: 


SVTNSum := proc (t1, t2) x = tl; y = t2; 

Ll = x(H Py) U2P yl} x33) x1 yf: 
Ul = x2 y[2}2/*y[2], x13)" [3], xI4]*y[4); [[L1], UL}; end proc: 
SVINSub := proc (tl, t2) x := tl; y = t2; 

Li = x(1 1 - yl} x12 YES) X13 }-yl12), xt -y 1; 
Ul = x2 y[2}2/*y[21, x3 }*y 13], x{4]*y [4]; [[L1], U1]; end proc: 
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SVTNMullt := proc (t1, t2) x := tl; y = t2; 

Li = xf yA) x2 Py M2) xSP ys) x4 Py 4) 

Ul = x[2}y[2), x3 y[3}-x13PyL3], x[4}+y[4]-x14 Py [4]; [[L1], UL]; end proc: 
SVTNScalarMult := proc (t1, PN) x := t1; 

L1 := PN*x{[1][1], PN*x[1][2], PN*x[1][3], PN*x[1][4]; 

U1 := 1-(1-x[2])*PN, x[3]*PN, x[4]*PN; [[L1], U1]; end proc: 

SVTNDiv := proc (t1, t2) x := t1; y := 2; 

L1 = x1] /yH4) x2 Vy), x1 V/y G2) xy; 

Ul = x[2}y2), x3+y[3}-x13Py[3), x[4}+y[4)-x[4 Py [4]; ([L1], UL); end proc: 
SVTNPower = proc (t1, PN) x := t1; 

L1 := x[1][1]/PN, x[1][2]*PN, x[1][3]*PN, x[1][4]*PN; 

U1 := x[2]/PN, 1-(1-x[3])*PN, 1-(1-x[4])*PN; [[L1], U1]; end proc: 
SVTNSeries:=proc(x,n, NRho) 

S:=CrispNumber(1,NRho); 

for i from 1 by 1 to n-1 do 
S:=SVTNSum(S,SVTNScalarMult(SVTNPower(x,i),1/(i!))); 

end do; 

S; 

end proc: 

SVTNSeriesmmcb:=proc(x,c,b) 

Lq:=SVTNScalarMult(x,1/c); 

for i from c+2 by 1 to b do 
Lq:=SVTNSum(Lq,SVTNScalarMult(SVTNPower(SVTNScalarMult(x,1/c),i-c),i-c)); 
end do; 

Lq; 

end proc: 


QueueingSystem:=overload( 


[ 
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proc(NLambda::list, NMu::list,n::integer,c::integer,b::integer) option overload; 
NRho:=SVTNDiv(NLambda, NMu); 
NP0:=evalf(SVTNDiv(CrispNumberMD(1),SVTNSum(SVTNSeries(NRho,c, NRho), SVTNMult(SVT 
NScalarMult(SVTNPower(NRho,c),1/(c!)), SVTNDiv(SVTNSub(CrispNumberSS(1),SVTNPower(SV 
TNScalarMult(NRho,1/c),b-c+1)),SVTNSub(CrispNumberSS(1),SVTNScalarMult(NRho,1/c))))))); 


if0<=nandn<c then 
NPn:=evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,n),1/(n!)),NPO)); 


NPb:=evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,b),1/(b!)), NPO)); 


elif c<=n and n <=b then 
NPn:=evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,n),1/(c!)), SVTNScalarMult(NP0,1/(c4(n 


-¢))))); 


NPb:=evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,b),1/(c!)), SVT NScalarMult(NPO,1/(c“(b 
-C))))); 


end if; 


NLq:=SVTNMult(SVTNMult(SVTNScalarMult(SVTNPower(NRho,c),1/c!), NP0),SVTNSeriesmmcb( 
NRho,c,b)); 


NLambdae:= evalf(SVTNMult(NLambda,SVTNSub(CrispNumberSS(1),NPb))); 
NLs:=evalf(SVTNSum(NLq,SVINDiv(NLambdae,NMu))); 


NWs:=evalf(SVTNDiv(NLs,NLambdae)); 


NWoa:=evalf(SVTNDiv(NLq,NLambdae)); 
<'NPO'=NP0, 

"NPn'=NPn, 

"NLq'=NLq, 

"'NLs'=NLs, 


'NWq'=NWg, 


'NWs'=NWs>; 

end proc, 

#MMc 

proc(NLambda,NMu,n,c) option overload; 


NRho:=SVTNDiv(NLambda, NMu); 
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NP0:=evalf(SVTNDiv(CrispNumberMD(1),SVTNSum(SVTNSeries(NRho,c, NRho), SVTNDiv(SVIN 
Power(NRho,c),SVTNScalarMult(SVTNSub(CrispNumberMD(1),SVTNScalarMult(NRho,1/c)),c!)))) 
); 


NLq:=evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,ct+1),1/(c!)) SVTNDiv(NP0O,SVTNScalar 
Mult(SVTNPower(SVTNSub(CrispNumberMD(1),SVTNScalarMult(NRho,1/c)),2),c)))); 


NLs:=evalf(SVTNSum(NLq,NRho)); 


NWs:=evalf(SVTNDiv(NLs,NLambda)); 


NWgq:evalf(SVINDiv(NLq,NLambda)); 

if n>=0 and n<c then NPn:= evalf(SVTNMult(SVTNScalarMult(SVTNPower(NRho,n),1/(n!)), NPO)); 
elif n>=c then NPn:= 
evalf(SVINMult(SVTNScalarMult(SVTNPower(NRho,n),1/(c!)),SVTNScalarMult(NP0,1/(c*(n-c))))); 
end if; 

<'NPO'=NPO, 

"NPn'=NPn, 

"NLq'=NLq, 

'NLs'=NLs, 


'NWq'=NWg, 


'NWs'=NWs>; 

end proc, 

#MM1 

proc(NLambda,NMu,n) option overload; 

NRho:=SVTNDiv(NLambda, NMu); 

NLs:=evalf(SVTNDiv(NRho, SVTNSub(CrispNumberSS(1),NRho))); 
NLq:=evalf(SVTNDiv(SVTNPower(NRho,2), SVTNSub(CrispNumberSS(1),NRho))); 
NWs:=evalf(SVINDiv(NLs, NLambda)); 

NWoa:=evalf(SVTNDiv(NLq, NLambda)); 


NP0:=evalf(SVTNSub(CrispNumberSS(1),NRho)); 


NPn:=evalf(SVTNMult(NP0, SVTNPower(NRho, n))); 
<'NPO'=NP0, 


"NPn'=NPn, 
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'NLq'=NLq, 
'NLs'=NLs, 
'NWq'=NWg, 


"NWs'=NWs>; 


end proc 


] 
): 
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ABSTRACT. A refined neutrosophic set (RNS) is an extension of a neutrosophic set in which all the uncertain 
belonging-based entities like belonging-grade, non-belonging-grade, and indeterminate-grade are further cat- 
egorized into their respective sub-belonging grades, sub-non-belonging-grades, and sub-indeterminate-grades, 
respectively. In other words, the RNS provides multi sub-grades for each uncertain component of theneutro- 
sophic set. This study is aimed to integrate the classical concepts of convexity and concavity with RNS to make 
the RNS applicable to various optimization problems.Thus, convex RNS and concave RNS are developed. Some 
of their important aggregation operations and results are investigated and then modified. 


Keywords: Sub-belonging grade; Sub non-belonging grade; Sub-indeterminacy grade; Infimum projection; 


Supremum projection; Ortho-convexity; Ortho-concavity. 


1. Introduction 


To deal with uncertainty, Zadeh [1] proposed a fuzzy set (FS) in 1965. Each component 
of the universe under investigation is given a belonging grade from the range [0,1] in an 
FS. Zadeh [2] used his own idea of FSs as the foundation for a theory of possibility. The 
link between FSs and probability theories was studied by Dubois et al. [4}5]. For algebraic 
operations carried out between random set-valued variables, they derived the monotonic- 
ity property. Dubois et al. |3] performed research on ranking fuzzy numbers in the context 
of possibility theory. Beg et al. computed similarities between FSs under specific implica- 
tions [6}8}. The solution of nonlinear partial differential equations in a fuzzy environment 
was determined by Osman et al. [9]. Khan et al. envisaged some semi-groups in the 


context of fuzzy interior intuitionistic ideals. With applications in both the first and second 
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senses, Rahman et al. [11] and Ihsan et al. proposed the conceptual framework of (m,n)- 
convexity-cum-concavity on fuzzy soft set and fuzzy soft expert set, respectively. 

Only being a member is insufficient in some real-world situations. Atanassov conceptual- 
ized an intuitionistic fuzzy set (IFS) to make the FSs suitable for the non-belonging grade in 
1986 [13|{14]. Each component of the universe of discourse receives an allocation of both be- 
longing value and non-belonging value from a [0,1]. The generalization of the FS, the IFS, has 
shown to be a very useful tool for academics. With their study of operations, algebra, model 
operators, and normalization on IFSs, Ejegwa et al. broadened the concept. 

Since both Zadeh’s FS and Atanassov’s IFS are insufficient for the grade of indeterminacy, 
Smarandache devised the neutrosophic set (NS) to overcome these drawbacks. Addition- 
ally, because the NS does not impose the dependency requirement on uncertain components, 
truthfulness, falseness, and indeterminacy grades are independent and can take on any value 
inside a closed unit interval. 

The concept of a concave FS was presented by Chaudhuri (17/78). He also examined some of 
the sets’ valuable qualities and defined some of their related concepts and computing meth- 
ods. The development of fuzzy geometry and fuzzy structures can benefit from this idea. 
This idea was improved by Yu-Ru Syau to include convex and concave fuzzy map- 
pings. Concavo-convex FSs were introduced by Sarkar [20], who also established some of 
its intriguing characteristics. The discussion on convex IFSs given by Ban led to the 
development of convex temporal IFSs. The collection of convex IFSs was described and its 
generalized qualities were covered in depth by Diaz et al. [23]. Sarkar [26 discusses convex- 
ity on the NS. 

Smarandache introduced refinements in FS-like structures including NS by developing 
their relevant models with refined settings which categorizes the uncertain grades of these 
models into their respective sub-grades. Rahman et al. studied the fundamental proper- 
ties, operations, and results of refined IFSs with examples. The researches 
have many concepts which lead to the motivation of this study and thus convex and concave 
sets are generalized under refined NS (RNS). Additionally, few significant properties and re- 
sults are investigated in this context. 

The remaining portion of the paper has been divided into three sections: section 2, section 
3, and section 4. Section 2 is about the recalling of some important definitions, section 3 is 
aimed to investigate the notions of classical convexity and concavity under the RNS environ- 
ment along with modifications of various results, and the last section summarizes the paper 


accompanied by future scope. 
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2. Preliminaries 


This portion is aimed to recall few definitions which assist the readers to understand the 
main concepts. The acronyms A,G,L, é, é and é are meant for initial set of objects, 2”, [0,1], 
true-belonging, false-belonging and indeterminate-belonging functions respectively. 
Definition 2.1. A FS A is stated as A = {(, €,(@)) IME A} such that an :A > [0,1] 
with €;(@) € [0,1] as belonging-grade of @ in A. If Ay and Az are FSs then 

(1) A° = {(@,1-€4(@)) : @ € A}. 
(2) As = AU Ag = { (6,max{2,,(6),24,(6)}) 0 € Al. 
(3) Ay= Ain Ag = { (@,min{e,, (6),€;,(O)}) + @ € Al. 


Definition 2.2. AFS A is stated to be convex FS when its belonging function ¢, satisfies 


Shs 
hs 


the following inequality €, (¢@1 + (1 —¢) @2) => min (Cx (@1),€, (2)) with € € [0,1] and 
Pr, G2 € A. 
Definition 2.3. A FS A is stated to be concave FS when its belonging function ¢, satisfies 
the following inequality C4 (¢@1 + (1—¢) @2) < max (Za (G1), (@2)) with ¢ € [0,1] and 
Pr, G2 € A. 
Definition 2.4. [13 AIFS T is stated as f = {(@, (Cp(@), bp(@))) : @ € A} such that Cp, d} : 


An 


A + [0,1] with €;(@),8e(@) € [0,1] as belonging-grade and non belonging-grade of in A 
such that 0 < €;(@) + de 


(©) <1. If f, and If, are IFSs then 

(1) f° = { (@, (85(@), Go(@))) : @ © A}. 

6r,(©)},min{dp, (0), 8p, (@)})) : © € Af. 
1,()}-max{ Bp, (6), p,(@)})) :@ € A}. 


Definition 2.5. [21 A IFST is stated to be concave IFS when its belonging function ¢- and 


, Of, 
Op, 


non belonging function 8, satisfy the following inequalities 
(1) Cp (661 + (1 — €) G2) > min (Cp (61) , Se (#2) 
(2) Bp (G1 + (1—¢) oa) < max (5 (G1), Bf (2)) 
with ¢ € [0,1] and (1, @2 € A. 


Definition 2.6. [16] A NS ® is stated as 
R = {(6, (2a (0), 8g (O), a(@))) = © € A, Sg, Bg, bg € ]-0,17 |} 
with €¢, bs and €, as belonging, non-belonging and indeterminate functions such that ~0 < 
Ca(@) + 89(@) + Oa(@) <3". 
Definition 2.7. A NS Nis stated to be convex NS when its belonging function Ca, non 


belonging function 8g and indeterminate function é, satisfy the following inequalities 
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(1) €g (C1 + (1— 6) G2) = min (fg (1) Sg (2) 

(2) By (601 + (1 — 6) 2) < max (Bg ($1), Bg (#2) 

(3) &: (G1 + (1 — €) 2) < max (E (01), &g (@2)) 
with ¢ € [0,1] and (1, 62 € A 


Definition 2.8. A refined FS Ors is stated as 
Ores = { (@, (2h sec P): Creng (Bro ch _.(®))) :p22ZQ€ Ares} 
with Cos as sub-belonging grades of k'”"-type entities of A with respect to Ors, and for 


P a A 
ke ae p| and )> sup Cs <1,VO € Ores. 
k=1 


Definition 2.9. [24 A refined IFS Ors is stated as 


fal ~\ 2 s ep P 
A A pees A 0 ) , A 
Orirs = 9, ors Days P) “Cus' ) pts 23,0 € Oris 
Pres (6), OO ears (6), _ Oris (6 


with CO airs as sub-belonging grades of k‘"-type entities with respect to Ogjrs, and 6. 


Ores 


as sub non-belonging grades of /"'-type entities with respect to Ojrs and 5 sup 6K + 
k=1 


sup 8! <t,and@K 8. — C [0,1] fork € [1, p] and! € [1,5]. 


Ortrs’  Orirs = 


it 


~ 


Definition 2.10. 124) A RNS Opns is stated as 


1 Lay ee x ap eh) 
Orns)” SAens fh, g(®)); 
A _ A 41 a\ 42 A 4 mi : ee. 
Orns = °( Po ang 7 Peng P)r 7 PH, o(®)) p+st+t 23, € Orns 
1 n\ 42 a n 
(é Orns): Cans P)y os a (0)) 


with CH ens as sub-belonging grades of k'"-type entities, BF ans as sub non-belonging grades 


of I'""-type entities and a ens *S sub indeterminate grades of m"'-type entities with respect to 
Pk : gl t 2m + Pk 0! 2m 

Orns aioe py oe Sq nsf po UGiais - yy ied SOs ane SO Cina Orns S 

]~0,1*[ fork € [1, p],l € eu é [1,#]. 

3. Convexity and Concavity on RNSs 


This portion describes the notions of convexity and concavity for RNSs. Throughout the 


a 


paper, the symbols “RNS” and ”2)22” are meant for RNS and line-segment correspondingly. 
Definition 3.1. In Y, a RNS Qpns is stated to be convex if the points 21,22,23 € Y on 2122 

ek 5 (Pk > \ Pk 5 

Cheng (23) 2 min (Ch, (21), 6... (22)) -€ € [LPI 


Dens (23) < max (65, (21), Baers (22)) Le [1,5] 
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|, (23) <max (2% (41),28 (22) me € [Lf 
where Ch ens is k''-type grade of sub-belonging of the entities with respect to Ons, and for 


P s a 
k € [1,p], © supé* < 1, Be ens is l'"-type grade of sub non-belonging of the entities with 
k=1 
A s an A 
respect to Orns, and for] € [1,s] and ) sup é! < 1 and Oats is m'"type grade of sub- 
I=1 


A t x 
indeterminacy of the entities with respect to Orns, and for m € [1,t], © supé” < 1 with 
m=1 


P es s x t x 7 

condition Y sup@* + Y sup d+ Y supé” < 3. The symbol Zc;gns is meant for family of 
k=1 l=1 m=1 

convex RNSs. 


Definition 3.2. In Y, a RNS Ons is stated to be ortho-convex if the points 21,22,23 € Y on 
2122 which is lying on that line which is || axis 

ok sl : ok sl ok sl 

COans (25) za ca Cr (24) GO anc (2) ) ,k ss be p]. 

Ol sl gl sl gl ra] 

B . (&) < max Ca (21), 84, (2)) le [1s]. 

zm al zm sl zm al 

Gr, (25) <max (2 (24)... (2)) me [th 
with same conditions as provided in Definition |3.1] The symbol 22 2x75 is meant for family 
of ortho-convex RNSs. 


Remark 3.3. If Orys € Be ae then Orns € Ecyrvs but the converse is not true. 


Definition 3.4. In Y, a RNS Qpns is stated to be concave if the points 21, 22,23 € ¥ on 2122 


Orns Orns Orns 
Cans (2) 2 min (4 (21) ae (22)) ,ME iy t] 


where 


CR is k'"-type grade of sub-belonging of the entities with respect to Orns, and is subset 
P a a 
of I fork € [1,p] and & sup¢* < 1, BF ens is l'"-type grade of sub non-belonging of the 


A Ss a 
entities with respect to Orys, and is subset of I for] € [1,s] and )° sup 0! < 1 with condition 
I=1 
P A s A Ks 
y sup + ¥ sup 8! < 1 and COens is m'"-type grade of sub indeterminacy of the entities 
k=1 I=1 


‘i t re 
with respect to Orns, and is subset of I for m € [1,t] and YY supé™ < 1 with condition 
m=1 


P x 8 es t am 
y sup¢k+ ¥ sup! + Y supé” <3. 
k=1 1=1 m=1 


The symbol =coRNS is meant for family of concave RNSs. 
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Definition 3.5. In Y, a RNS Opns is stated to be ortho-concave if the points 21, 22,23 € Y on 


212 that is lying on line which is || axis 


a, (24) > min Ca (24), 0! (25)),1 € [Ls]. 


Orns f Orns 
eexs (25) = min (Cf... (21) 88. (22) om € [Al 


with same conditions as provided in Definition[3.4] 

The symbol 22 275 is meant for family of ortho-concave RNSs. 

Remark 3.6. If Orns € Be is then Orns € Ecorns but the converse is not true. 
Theorem 3.7. If Orns € Ecxrrns then Ob ae © BicoRNs- 


Proof. If Orns € S&cxrns then for points 21, 22,23 on 2122 


gh (23) > min (C6 (1).€5,., @2)) ke [Lal 


SO 


sk p . =k 2 sk a 

ieee (23) > 1 — mun (1 ~~ Com (21) ri ~~ Grae (2) ,k = iy P| (1) 
now if 

sk ; = : 
1 Cee 41) S14 —Ghigge (2) 
then 
=k ; =k ; of ; 
min (1 ~ Egus (21)-1~ Ergus (22) ) = 1 — Fog (2) 

and there from 


similarly if 
then 


so from 


Hence 
sk 2 sk A” sk re 
CGiaes (23) <= max (Zien (21) eoiee (2) Ps = [1, pl. 
Again 
8l,,.,, (23) < max (8, (21), 85... (22) 1 € [Ls] 


Orns 
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then 
Borers (23) > 1 — max (1 = Berens Git Borene ()) 1é [1s] 
now if 
1—8q,,,, (21) > 1— Ban, (22) 
then 
mas (1 — Berens (21) 11 — Bergn (2) =1-Ba..- (21) 
and from 


similarly if 


then 


so from 


Hence 
zl fl 
Bus (2a) 2 min (Bogus (21) Begs (22)) 21 € 
Similarly 
Stews (23) < max (ee (21) ie ri (22)) ,m € [1,t] 
so 
zm q —<m . = . 
Cogs (23) 2 1 — max (1 _ Chic (21) 4 1 ~~ GOune (4)) me (1, t] 
now if 
sm n 
1 Clhsies (21) 2 1 Gliese (22) 
then 


=m . ym ie yn a 
max (1 mee (2g CA (22)) = 1 =<hinis (21) 
and there from 


similarly if 
then 


so from 


zm 7 zm 7 
Ghisee (23) 2 ee (22) . 
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Hence 
zm 


Gaens (23) = min (Brgy, (21) » Berens (22)) om € [Lyf 


consequently ou € Ecorns- 


Remark 3.8. If Orns € Be awe then Ogys € Because and Orns € EcornNs- 
Theorem 3.9. Tf Orns, Orns € Ecxrns then Orns U Orns © Ecxrrns: 


Proof. Let Orns and Orns be two convex RNSs and fans = Orns U Orns and the points 


21, Zo, 23 on. 2120. Now 


Orns 

Ch (é2) =min (Ch (22), 08, (22) ke [LP] 

Cans (43) = min (é ws (23) Msc (23)) ,k € [1,p] 
Now 

min oe (21), Cans (22)) 
— (min oe (41) : Cans (41)) un (Cans (22) Cans (22))) 

= min (24, (21) ,8,., (21) Ch, « (22) Ch... (22)) (4) 

let 
Cans (23) < COans (23) 

in (4) so that 


as Orns is convex RNS so 


eh (23) 2 min (ar (21) Coens (22)) 


Le 
Pk 5 Pk 5 (Pk 5 \ Pk 5 
Ch us (23) = 0%, (23) 2 min (C (21) 2, (22)) 
similarly for [Bans (23) < oe (23) in equation (4) so that 
Pk B Pk 5 
OH ens (23) = Se (23) 


as Orns is convex RNS so (4) becomes 


. (ek » \ ’k 5) Pk 5 Pk 2 
> min (Ch (21) SOanc (21) Se... (22) GO anc (22)) 
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1.e. 
C Pans (2) a (6.5 (21) ae (22)) 
Again 
OS ens (21) ee Ca (21) , DB ens (41)) sce (1, s| 
ay . ; oa ; 
ens (22) ae ca (22) f Sans (22)) l € (1, s| 
i, (23) = max (6h, (2), 54, 23)) +1 € [Ls] 
Now 
max (5 ; (21), Dene (22)) 
= 5.) #! 5 I 1 : 
=a (max Cam (21), Vorvs (41)) ,max (8% = (22) dca (22))) 
let 
51 2 41 x 
Orns (23) = Deans (23) 
in (5) so that 
ig! 5) _ gl A 
Owens (23) = Parr, (23) 


as Orns is convex RNS so 


Le. 
41 5,\ — ol 5 gl 5 \ Gl 5 
Pers (28) = Bigs 28) $m AX (Bp, 1) Bays (2)) 
Aer 4] a 4] Anes , 
similarly for OG ans (23) > ae (23) in equation (5) so that 
I oe i 
Panis 23) = Fans 23) 


Orns 
a] a 1 D ol 7 y o 
ines (8% NS ( 1)/%6 NS (41) Oe, ( 2) ”” Ons (22)) 
1.e 
al be 41 5) gl 5 
Peas (23) < max (Bic (21) Pe ans (22) . 


Similarly now 


CF ens (22) se ( (22) otk (22)) ,ME (i, t] 
CP ays (23) = Max (8 (23),68.... (2s)) ,m € [1,#]. 
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Now 
max (. (21), Cl. (22)) 
See (max Gr (21) CBs (4:)) ne (4. (22) i COens (22))) 
= max (.. (21) CBee (21) Shang (22) + SGane (4)) (6) 
let 
Cans (23) S a (23) 
in (6) so that 


as Orns is convex RNS so 


be. 
Gn (23) = OG... (23) S max (Ge (21) GF (22)) 
similarly for Coens (23) > ae (23) in equation (6) so that 


CFens (2 3) = cOans (23 3) 


as Orns is convex RNS so (6) becomes 


1.e. 


Theorem 3.10. If Orns, Orns € BS ane then Orns U Orns € Se aus and Orns U Orns € 
HCxRNS- 
Proof. Let Orns and Orns be two convex RNSs and Yang = Qang U Opns and the points 


2125, 25 On 2) 2) | asde. 


Now 
Ci aus (24) = min (C5 (24) Sey 
Chens (2 4) = min (6, 2) + [Oe “ ee 


CF exe (24) = min (26... (25) -26,,,, (25)) -* € LL Pl. 
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Now 
min (24. (21) Shane (24)) 
= min (min (Zi5 21) Sb ans 21) min (Cyne (24) 5 pus (2))) 
= min (C5, (21) +b ng (21) Sans (22) » bans (2)) 0 
let 


CO ans (23) < Sans (23) 
in (7) so that 
Cavs (23) = Sang (25) 
as QO RNs is ortho-convex RNS so 
ews (28) = min (Ch, (24) Shreve (2)) 


> min (Chas (21) Sb ens (21) Stays (22) Sb uns (22)) 


oan (25) - CPs (23) 2 min (Ge (24) CY ans (5) ) 


similarly for ns (25) < Chak (24) in equation (7) so that 
ok al\ _ #k sl 
CHaus (23) = SOans (23) 
as Orns is ortho-convex RNS so 
ok sl : ok sl ok sl 
CB aye (25) 2 min (C5 21) Lays 22)) 


ee (Chen (21) Cans (21)  COrens (25) Cans (4) ) 


1.e. 
Bi cg (25) = Cones (4) > mri (Goan C1) Cae @)) 
Again 
By aug (24) = max (85, (21) 54,5 (21)) 2! € [5] 
1 ay (28) = max (BL, (24) 54, ()) 1 € [Ls] 
Bag (2) = max (54... (2) 86, (2)) 1 € [Ls] 
Now 
max (84... (21) Bh... (25)) 
= max (max (8, (24) 55, (21)) pmax (84, (25) 85... (£))) 
= max (Bae. (21) / Boye (21) Blrgus (28) Beane (22)) () 
let 


gl sl gl al 

Perens (23) 2 Pens (23) 
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in (8) so that 


as Orns is ortho-convex RNS so 


bl. (25) < max (8), es (24) D6 6 (2)) 


Orns 


S max (Bryn, (2) Bogus (2) Bays (8) Momus 2) 


Hoes (28) = Bays (2) < max (Bo, (2) qu, (2)) 
similarly for Bens (25) 2 Be avs (24) in equation (8) so that 
Byers (25) = ~ 8 ens (25) 


as Orns is ortho-convex RNS so 
Boag (25) < max (3%, (21) 85, (22)) 


< max (6 (2 vy 8% ye (21 1) BA vs (2 2)» Borers (22)) 


Orns 
i.e. 
Beng (28) = Bi gue (25) S mar (By. (21) Baus (2)) 

Similarly 

Ey ays (21) = max (&4., (2) 68... (24)) om € [Ll 

fy (2%) =max (ER (2) 88 (24)) me [Lt 

a, (2) =max (én (24) ,28. (4) ) me [La] 
Now 

— (Bers (21) 4 Fans (2)) 
= max (max (&%,., (2) -€8,.4 (21) -max (8.5 (24) Baus (22))) 

= max (.. (2 ae Cans (2 (24 Ay CBrne 2 (2 a as on (25) ) (9) 

let 
eens (23) 2 Sbens (23) 

in (9) so that 


Fans (23) = COens (23) 


as Orns is ortho-convex RNS so 
BBs (25) < max (8%, (21) SB ane (22)) 


< max (65. (24) £8 png (2) -2ang (28) Bang (2) 
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as 


1.e. 
Gr (25) = OF, (4) < max (CF (21) &.,., ()) 
similarly for €% (25) 2 68. (25) in equation (9) so shat 
ey (&) = eR (2) 
as Orns is ortho-convex RNS so 
ext, (25) <max (@% (2) ,88. (2) 
<max (6% (21) 8 (21) 66. (22) C4... (2) 


i.e. 
Baus (2) = Cau (2) <max (8... (21) Fans (6)) 


since every ortho-convex RNS is also convex RNS. Hence the proof. 


Remark 3.11. If epee E CxRNS then U Oey € CxRNS- 

a 
Remark 3.12. If O%x5 € BO png then U O8n5 € Be RNs and UOkns € EcxRNS- 
Theorem 3.13. If Orns € = CoRNS then Ops € = CxRNS. 


Proof. Let Orns € &corns and the points 21, 22,23 on 2122, then 


ae (23) < max (Cee (21) Aes (22)) ke [1p] 


SO 
Conus Ca) & 1 max (1 — Figs (24) 1 — Eqns (20)) K€ (I (10) 
now if 
1 — Loveys (21) <1 — Cereng (22) 
then 


and from 
similarly if 
then 


so from 


sk sk 
Ofigue 428) = GAigas (21) 
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Hence 


gk 2 sk Za sk n 
Coane (28) 2 min (Zeye (21) Zens Ca) ) K€ Ep 


consequently Q9n35 € Ecxrns- 


Again 


so we have 


now if 
1 U Pics (21) 21 Beans (22) 
then 
Y zl ” =l m =l * 
mn | bP (24) eh Oia (2)) =1—- a, y, (22) 
and there from 


similarly if 


then 


so from 


Hence 


Similarly 


so we have 


now if 
“RL - zm = 
UC has (S1) = 1 = Gage 2) 
then 
: zm A zm ~ zm Q 
min (1 — Gers (21) 1 — Brqys (22) = 1- Greys (22) 
and there from 


zm " zm n 
Ceres (23) S Sens (22) 


(12) 
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FE 


similarly if 

zm " zm Z 

T= Ciee 22) 2 LS EA a) 
then 
7 sm - zm a zm " 
min (1 = Chae 21)! Gaus (22)) = 1— Chpns (21) 

so from 

zm zm 

G Cane (23) SGAmy, (41): 
Hence 

zm 


Baens (23) S max (Berens (21) Gens (22) 1 € [1A] 


consequently Ong € ECrRNS- 


Remark 3.14. If Orns € oe then Ogn5 € Oar and Orns € EcxrRNs:- 
Theorem 3.15. Tf Orns, Orns € “corns then Orns UOrns © EcorNS: 


Proof. Let Qrns,@rns € corns, Y RNS = Orns U Opns and the points 21, 22,23 on 2122 


now 
Cans (21) ra ae (a (21) BC oa (41)) ,KE (1, P| 
Chas (22) = hax (Gow (22) oe (22)) ,KE ee P| 
Chas (2s) aaah (Ces (23) oe (2s)) ,k € (1, P| 
now 
Pk 2 ok a 
ail OF ans (41), Cw ans (22) 
= max (max (Cree (21) CB ene (41)) ,max (ee (22) ng (22))) 
= max (G8... 21) Sb yyg 21) Brag (22) Bg (22)) a3) 
let 
Ch ans (23) 2 bans (23) 
in equation so that 


Pk Z Pk 5 
CH ans (2s) ~ Sais (2s) 


as Orns is concave RNS so equation (13} becomes 


Eas 23) = Sayys 23) S max (Chay, 21), Sans 2)) 


Orns 


Cee (23) < max (@ (21) Bess (21) ey (22) Ce (22)) 


Orns 


i.e. 
Cans (3) S max (25... 21) Gans @2)) 


Muhammad Arshad, Atige Ur Rahman, Muhammad Saeed, An abstract approach to convex 
and concave sets under refined neutrosophic set environment 


Neutrosophic Sets and Systems, Vol. 53, 2023 


peice Bk s ok Bh : 
similarly for ¢6 | (23) > ¢' —_ (23),in equation (13) so that 
Dk 5 \ _ bk 5 
OW ens (23) = COens (23) 
as O RNs is concave RNS so equation becomes 
ok 5 bk 5 Dk 5 \ $k 5 
C5 ee (23) = Cheng (2a) < max (CK. (21) C6, (22)) 


Chg (23) <max (Eh (21) 8... 21) Ch... (22) Oe, (22)) 


Orns 
i.e. 
OFens (23) = nen (8.0 (21) Cte. (22)) : 
Now 
Bi,,., (21) =max (6, (41), 05... 21) Le [Ls 
Brays (22) = max (Bi, (22) Bb... (22)) 1 € [Ls] (14) 
gj! l eA SA) P 
Yrs (23) = max (% NS (23), Orns (2s)) ie (1, s] 
now 
max (8 : (21), Dens (22)) 
ee (max Cae (41) ‘ Bens (41) oe Ne S (22) Bang (22))) 
l S 4l a 4l bs P 
= max (8) : (21) VQ avs (21) Ue ree (22) U6 ; (22)) 
let 
1 2 1 4 
Orns (23) = POang (23) 
in equation so that 


as Orns is concave RNS so equation (14] becomes 


#, (8) =8, (83) < max (85... (21), 0. (22)) 


Orns 


b. (23) < max iy (21) j Bens (21) ; De ens (22) ol. 


YRNS Orns Orns 
1.e. 
al s al ay Al 7 
i < A i 
Bly... (23) < max (Bax (21) By. (22)) 
similarly for 6. 23) > bl. 23),in equation so that 
yfor de (23) 2 ¥q. . (23),in eq ) 


O_ (23) = By (23) 


Yrs Orns 


as O RNs is concave RNS so equation becomes 
al 5 \ _ 4l 5 4l > \ Al 5 
Bi, (23) = 84. (23) < max (35, (1), 84. (22)) 
(22)) 
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i.e. 
By. (23) < max (8% ue 21) Sobers (4)) 

Similarly 

4 ys (21) = max (84 (21) 28... (21) -m € [Lf] 

Gy, (22) =max (@% (22), 88. (22)) me [LA] (15) 

CF ens (23) = max (fv (23) ae (2)) ,m € [1,t] 
now 

max (24.5 (21) Maus 2)) 
= max (max ( Tyg 21) oe (41)) ymax (&" (22), 8m (2))) 

= max (6%, 21) BBs (1) EBay 22) CBs 22)) 

let 
Cans (28) 2 Sens (23) 

in equation so that 


2M D _ &m rs 
OF ans (23) _ Stand (23) 
as Orns is concave RNS so equation becomes 


CFs (2 23) = Cons (23) < max (é, NS (21) ,6% ' (22)) 
Gy, (&5) <max (2 (1), (G1), ER, (22) 8 (22) 


Le 
Fans (28) S max ($F, (61) OF, 22) 
similarly for COans (23) > bse (23),in equation so that 
CF aus (28) = bbs 23) 


as Opns is concave RNS so equation (15} becomes 


Orns Orns 
EF ays 23) S mar (6B, (21) EB (21) Bens (22) BBs 22)) 


1.e. 


hence the proof. 


Theorem 3.16. If Orns, Orns € Bo eee then Orns U Orns € caer and Opens U Orns € 


HCuRNS: 
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Proof. Let Orns,Orns € Oeaeen Yrns = Orns U Orns and the points 2), 25,23 on 2424 so 


that 2/25 || axis. 


Now 

Ch ays (21) = max (C6, (21) 6... (21)) - © [Pl 

CF ays (2) = max (C6, (22) £6... (2)) - € [PI 

Ch ays (24) = max (26. (25) -66,.,, (2)) ok © LP] 
now 

max (C4 ue (21) bans (22)) 
Pens O17 opus 2 
= max (max (Ch, (2) Sb aus (21) =x (Chu 22) buns ))) 

ae (Cn (21) ‘ Gans (21) ’ Oni (23) “ a ()) (16) 

let 


Stans (5) 2 Sbqus (2) 
in so that 

CPans (25) = fo (25) 
as Orns is ortho-concave RNS so 


EF ans (28) = Fagus (25) S 9% (Clays (2) rene (2) 


Can (23) = imax (Cans (21) Cans (21) eens (22) COans (2)) 


ok 5 ok at ok 5 
Cleans (28) S Ax (Ch aye (24) Sans (28)) 
+: Pk a] ak ar\ + : 
similarly for ¢ bie (25) => ¢ Giese (24),in equation so that 
ok l\ _ #k ol 
Stas (23) = SB ares (23) 
as O RNs is ortho-concave RNS so equation becomes 
ok al\ __ Pk s/ ok a] a sl 
Baas (2) = SO gus (28) SOx (C5 yr5 (21) Stags 22) 


Bays (28) max (Zh, (21) Lia (21) Leng (2) Cones (2) 


i.e. 
Ch avs (28) S max (25... (24) Sans (22)) 
Again 
By, (24) =min (84, (24) -05,.,,, (21) Le [Ls] 


Bays (22) = min (04. (4) 8 
by (2%) = min (8 (24), 85. (4)),1€ [1,5] 


YRNS Orns 
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now 
min (8. (24) Ban, (2) 
= min (min (8%, (24) ,85,.,. ()) -min (8, (2) 85... (2))) 
= min (Bf... (2) Bogus (21) Magne (2) Plus (2)) a7 
let 


in so that 


as O RNs is ortho-concave RNS so 
Bans (23) ~ Borens (23) amin (Boren (21) Boras (2) 


Bo aus (23) ae (Bens (2 i) Borns (21) Borns (2 2) oe (22)) 
Bays (25) 2 min (dy. (21) Bays (2)) 
similarly for Beene (Ayo ey (24),in equation (17) so that 
Beans (2 (5) = oa Bens (25) 


as Opns is ortho-concave RNS so equation becomes 
Beans 2 (5) = Pears (25) aan (Bens (21) / Boravs (4) ) 


Beans 2 (2 25) aa (Breve (21) 7 Beans (21) Bons 2 (2 2) Bons (2)) 


is 
Bt ve (25) = min (d,. (24) 8... (24)) 

Similarly 

éy,., (24) =min (EH, (24) 28... (2) m € [1 

Ee (22) = min (82, (2) BB pug (22)) oe € (eA 

EBs (2) = min (28. (8) 68s (8) € Lf 
ne 

min (@f (21) €4,., (25)) 
= min (min (@% (21) 2% (2) amin (&% (2), €8,. (2))) 

=min (Gn (24) 28, (21) ER, (2) 28. ()) (18) 

let 


em sl zm sl 

Bans 23) S Sens (23) 
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n so that 
Chas (2 (25) = Cis (25) 


as Orns is ortho-concave RNS so 


Le. 
z sl : z Ss! z a! 
EB ays (24) = min (84. (21) Oy, (22) 
similarly for Chews (25) < oOoens (24),in equation so that 


as Gauve is ortho-concave RNS so equation becomes 
Fane (25) = CBee (25) 2 min (28.5 (21) Cans (2)) 
FF ys (25) 2 min (G5 (24) ,€5,., (24) Braue (22) SS. (2)) 


1.e. 
ey, (2) = min (21) &4, ())- 


Since every ortho-concave RNS is also concave RNS which leads to completion of proof. 


Remark 3.17. If OS ue C A CoRNS then U OF ge € CURNS- 
a 
Remark 3.18. If Olys € clare then U ORNs Be ews and U Orns © EcuRNS: 


Definition 3.19. If Y be any line and p be any point on it with Y, L Y at Orns then the 
inf projection of Ons, denoted by Oy, is stated as a mapping # : Y — X such that for any 
pe L,0(p) = inf {Orns(?),? E ay where { Orns (?),? E ay c x. 


Definition 3.20. If be any line and p be any point on it with % 1 7% at Ons then the 
sup projection of Ons, denoted by O.v, is stated as a mapping p : Y — X such that for any 
p & L,p(p) = sup {Orns(?),? € Z} where {Oprns(?),? € ZG} CX. 


Theorem 3.21. If Orns € CoRNS then Ay = CORNS: 


Proof. Let 21,22,23 are the points lying on with 23 that is lying on 2122, for any @ > 0, 
let 2,25 be the points lying on -7:, and -Z:, with Che (21) > oe (2) —2 and Ch. (22) > 


ce (25) —€. Let 2, = Bt A Zz. Since Orns is concave and 2 € 2/24, then we have 
RNS 


CK ug (25) Smax (2h. (4), C8,., (2) ) € € (Lvl, 
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< max (ch (21) +, Cae (22) + é) 
= max (Zh, (&1),¢h, (2) +2 
but 
Coens (23) 2 4, (23) 
hence 
Che (23) < max (ch (21), 06, (42)) +é 


as é > 0 is of arbitrary nature, therefore 


CK (2s) < max (CK. (41), @2))- 


Again 
Brey (25) = min (8f,.., (24) Blrgye (2) 1 € [es], 
> min (Bf, (21) +8 Bf, (22) +2) 
= min (6, (1), 84 (2)) 48 
but 
Dens (23) S 84, (2s) 
hence 


Similarly 
én (23) 2min (8% (24) 8h. (22) -m € [LA], 
> min (% , (41) +664, (22) +8) 
= min (6%, (21),4%, (@2)) +2 
but 
Go eos (23) SO, (3) 
hence 


as é > O is of arbitrary nature, therefore 


gx | (2s) = min (€m | (41),€%, (22)) 


so (1 y is concave. 


Remark 3.22. If Orns € = CxRNS then Ay € CxRNS:- 
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4. Conclusion 


Through this research, the existing idea of NS is refined by categorizing its uncertain com- 
ponents into their respective multi-sub-grades. This refined idea is then integrated with the 
classical theory of convexity and concavity to make it applicable to solving optimization- 
related problems. Several useful axiomatic results are generalized with convex and concave 
RNS settings. It is observed that all classical results that are discussed in the paper, are quite 
valid for such settings. By taking into consideration the various kinds of convexity, the pro- 
posed model may be extended to generalize the results for them. Additionally, these results 


can also be utilized successfully for establishing various types of mathematical inequalities. 
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Abstract: The neutrosophic approach is a potential area to provide a novel framework for dealing 
with uncertain data. This study aims to introduce the neutrosophic Maxwell distribution (MD) for 
dealing with imprecise data. The proposed notions are presented in such a manner that the 
proposed model may be used in a variety of circumstances involving indeterminate, ambiguous, 
and fuzzy data. The suggested distribution is particularly useful in statistical process control (SPC) 
for processing uncertain values in data collection. The existing formation of Vsg-chart is incapable of 
addressing uncertainty on the quality variables being investigated. The notion of neutrosophic Vsg- 
chart (Vsq) is developed based on suggested neutrosophic distribution. The parameters of the 
suggested Vsg-chart and other performance indicators, such as neutrosophic power curve (PC), 
neutrosophic characteristic curve (CC) and neutrosophic run length (RL) are established. The 
performance of the Vsg-chart under uncertain environment is also compared to the performance of 
the conventional model. The comparative findings depict that the proposed Vsg-chart outperforms 
in consideration of neutrosophic indicators. Finally, the implementation procedure for real data on 


the COVID-19 incubation period is explored to support the theoretical part of the proposed model. 


Keywords: Neutrosophic probability; Maxwell distribution; Maxwell control chart; Simulation; 
Estimation 


1. INTRODUCTION 


Statistical process control (SPC) is a set of statistical methods for process improvement and 
quality control. SPC is applied to observe and control a process to reduce the possibility of rework 
[1]. The ability to work at maximum capacity is made possible by monitoring and controlling the 
process [2]. SPC is a process for determining whether or not produced products satisfy the criteria 
and then adjusting the process to generate the desired proportion of conforming items [3]. The 
control chart is one of the most well-known SPC tools for observing and reducing the variation in 
the process. Because of many inherent causes, normal variation occurrence in closely every 
manufactured object is the best possible phenomenon [4]. The SPC is a standard approach that uses 
statistical techniques for estimating fluctuations in production or manufacturing process 
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parameters [5]. The role of a SPC is more significant in manufacturing industries [6]. This method is 
widely used to study the behaviour of processes and enhance their production [7]. SPC aims to 
detect irregularities in made items as early as feasible to stop the progression before defective 
products are made [8]. The Shewhart’s model, developed by Walter A. Shewhart, is a popular 
predictive process tool that is simple to apply and comprehend [9]. The Shewhart control chart 
scheme is usually not recommended in service sectors and production operations where slight 
modifications can result in substantial monetary losses due to its ease of development and 
widespread use [10]. As a result, a chart of memory types that highly responsive to small shifts in 
study parameters. By contrast, most real-world systems can have uncertainties or indeterminacies 
[11]. Shewhart control charts cannot accurately identify a process if the process is ambiguous or 
essential quality characteristics are determined by human subjectivity [12]-[14]. As a result, 
problems are explained and modelled using fuzzy set theory. Research studies [15]-[17] reveal a 
simple application of fuzzy charts. On average, fuzzy-based control charts are more sensitive than 
traditional control charts [18]. The neutrosophic approach is a more general concept and provides a 
platform that combines a fuzzy concept set with the notion of a classical set [19]-[21]. The 
neutrosophic philosophy considers the existence of truth, false, and imprecise situations . The 
concept of neutrosophy is currently being used in various disciplines [22]. New application areas 
for SPC techniques are emerging, demanding further attention. 

In a variety of real-world scenarios, the collected data may be ambiguous [23]. Various 
researchers use neutrosophical philosophy to address the problems of having incomplete data [24]- 
[29]. In the field of neutrosophic statistics, the traditional statistical methods have been 
comprehensive to address the management of data involving ambiguity. When the underlying data 
consists of incomplete, unclear, or uncertain data on quality characteristics, it is impossible to utilize 
a typical control chart technique. Numerous researchers such as [13], [16], [30], [31] have suggested 
statistical approaches that are linked with neutrosophic logic in the domains SPC [17]. When the 
premise of normality is seriously questioned, the use of commonly used control charts is far less 
appropriate [32]. The Vsq is one of these approaches for dealing with nonnormality in quality data, 
which is best represented by the classical Maxwell model [33]. The Maxwell distribution is a 
statistical distribution that has sparked the interest of many scholars owing to its numerous 


practical applications [34], [35]. 


In this work, neutrosophic aspect of the Maxwell model with application domains in SPC is 
presented. The neutrosophic version of the Vsg-chart that may handle the vague, incomplete or 


imprecise observations in underlying Maxwell quality characteristics is suggested. 


The rest of the work is organized as follows: The notions of MD are first introduced in Section 2. 
Section 3 contains the proposed control chart based on MD. The suggested neutrosophic design 
performance measure is provided in Section 4. Section 5 contains a comparative analysis of the Vsq- 
chart. An actual example of the useful execution of the suggested Vsq-chart is expounded in Section 


6. Section 7 summarizes the key findings of the work. 


2. STRUCTURE OF THE PROPOSED DISTRIBUTION 
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This section presents an overview of the suggested distribution and introduces it in a unified 
framework. The following definitions establish a connection between the proposed model and its 


applications in the neutrosophic framework. 


Definition 1: The neutrosophic density function (PDF) and Distribution function (CDF) respectively 


of the MD with fuzziness in the scale parameterSare defined as: 


2 
fy(t,8) = [@5-*2e 2 ;8>0,t>0 (1) 
2 ~ 
Fy(t,5) =(Z)vF ze]:5>0t>0 (2) 


where 9 = [9,,9,] and the neutrosophic random variable T. In the framework of neutrosophic 


calculus, it is defined as the integral of the variable density over a specified range. The neutrosophic 
parameter § denotes simply the scale factor whose different values result in a variety of 


neutrosophic curves of the proposed distribution. The graphs of PDF and CDF for a continuous 


random variable T with different neutrosophic values of the scale parameter are depicted in Figure 


1 and Figure 2, respectively. 
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Figure 1. The PDF plots of the proposed model with (a) 9 = [1.5, 2] and (b) 8 = [2, 3.5] 
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v=[1.5, 2] v= [2, 3.5] 
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Figure 2. The CDF plots of the proposed model with (a) 3 = [1.5, 2] and (b) 3 = [2,3.5] 


Figure 1 shows that the densities are asymmetric and skewed toward the right. In the neutrosophic 
framework, the density curve is represented by a thick layer rather than a single curve. The layer 
thickness (shaded region) corresponds to an indeterminacy part and total area under the sturdy 
curve equal to one due to completeness of PDF. In addition, Figure 2 shows the overall behaviour 


of CDF which is right continuous and varies in the interval [0, 1]. 


Definition 2 Mean and variance of the MD are respectively given by 


pm 98 | ande= (ap a) 
p= 20 |2,anaa = (32 3 ies 


Proof By definition 
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= (29, |? , 28, 2) 
(3) 


y 


20 E is the required mean value of the random variable T 


Now the second raw moment of the MD is given by: 


co 


E(T*) = | t? fy(t)dt 


0 


- | 2 [fi(t), f(t)lat 
0 


co 


= I r fuoat, { i? fade 
0 


0 


E(T?) = 38? 


Thus the variance becomes 

Now 02y(0) = ECT?) — (E(T))? = [38,, 384) - (28,2, 28, 2? 

After simplifying, we get 

= (3-8) ,(3n— 9) 2 (4) 


Further neutrosophic measures of the proposed can be derived in a similar way using the 


neutrosophic calculus. 


The Maxwell distribution is extensively used to describe wind speed data, communications 
data in signals processing, modelling of wind speed data, lifetimes of different objects in reliability 
studies, and noise factor modelling in magnetic imaging and SPC. With particularly focus on SPC, 
designing of new Vso. The chart based on the neutrosophic version of the Maxell model is described 


in the next section. 
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3. CONSTRUCTION OF CONTROL CHART 


Assume that the desired quality attribute is given by Y and that it follows the neutrosophic 
form of the Maxwell model as described in (1). In most real-world circumstances, the value of the 
neutrosophic parameter ¥ is rarely known and usually estimated by the maximum likelihood (ML) 
approach. Let yi, Yon, Y3n ++ ++-Ymn be the observed interval values sample from MD with density 
function fy (y,3) . Assume the parameter 8 is unknown in the defined distribution, then 
11”, fv (7,8) be the joint probability of the observed sample. 


mm 


Taking the logarithm of the product [1™, ¢v (yi, 8) provides log-likelihood as: 


bs 7 2 Pe, ~ ri ym i 2 
Ew(yin,9) = log (=) — 3itlogd + log TIM, yin? — == (5) 


where m = [m;,m,] is the neutrosophic sample size which turns to classical sample size when m, = 


m, =m 


The ML estimate of the unknown 9 is the value that maximizes éy(y, 3) i.e., 
o = max (Ey (vin, 5)) 


The ML estimates, namely Ay can be obtained by using the neutrosophic calculus as: 


dn (y.9) _ S891) SSuViw9u) 
x5 yr rs | (6) 
5,) = ™og (2) — 3mlogd my 2 Ninn il 
where &(y,9,) = 5 log (2) 3mlogd, + log [];-, Vi Be 
and 
5 Mu 2 q u Det vin? 
Ey, 5,,) = = log (2) — 3nlogi,, + log Lyn? = eae 


Simplification of (6) provides: 


oes m 
5En(y,8) _ pam evi -3my 4 Bei vin’y 
58 31 3, on 3, 


(7) 


Equating (7) to [0, 0] yields: 
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Sy yin? 


+. — is the required ML estimator for the neutrosophic parameter of MD. 


For structuring the parameters of proposed Vsg-chart, we have to establish the distribution of the 0- 
estiamator. The chi (vy) random variable Z with 3-degree of freedom (df) is associated with the 
estimator 8 as follows [31]: 


oe oO 
b= ez (8) 


It is now assumed that uncertain values of o and m are provided instead of accurate values. Under 


neutrosophic environment expression (8) can be written as follows: 
p= 27 (9) 


where oy = [0), Oy], #% = [mj,m,] and Z is the neutrosophic chi (yy) a random variable with 37% 
degree of freedom. The skewed curve is a collective term for the y distribution. The density plot of 


the yy variable with neutrosophic df is displayed in Figure 3. 
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Figure 3. Probability curves of the 7 random variable 
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Figure 3 is sketched to familiar with the neutrosophic form of the 7 distribution for the case of 
various neutrosophic degrees of freedom. It is depicted from Figure 3 that distribution is skewed to 


the right for the lower degree of freedom. The distributional characteristics of the estimator 8 using 
(9) can be established) as : 


V (8) = o2y[1 - 67] (10) 
; (em) 
where 6 = ) (ay) is an interval form of the neutrosophic constant and counts on M. 
2 


According to (10), the estimator 9 is not the unbiased statistic of On. For the analysis, suppose T 
samples with imprecise observations are available. For each sample batch, ML estimate of 0 is 
obtained, then the mean of all collected sample groups will be: 


= yf 
§ = he” (11) 


Thus an unbiased estimator for dy can be developed as follows: 


Oy = (12) 


| ov! 


Because the distribution of 9 is highly skewed, particularly for smaller values of m, three-sigma 
limits are ordinarily inapplicable due to unequal tail sizes [36]. A common procedure in SPC is to 


use probability limits (PL) to address this issue. Since 9 is followed by the 7y distribution, its at2 
percentile is determined as: 


F(Z) =a (13) 
Using (8) in (13) yielded: 


~ 


§= p12) (14) 


As a result, the PL of the Vsq-chart is constructed as follows: 


= On -1 a = ~ 
uply = Vaame (1 = 5) = Ont, 
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on 


Fy*(1-5) = | 


where f, = iti land i = Tar = [t2), t2,] are neutrosophic values. 


When the parameter defining the MD distributed quality characteristic is not provided, it is derived 


using an estimator described in (10). Thus the estimated PL becomes: 


ee, SON -1(,_%_ 

tiply = Fry (1 >) = vi, 

Ts ET -1(@\ _ = 

Iply = Fry (¢) = bt, (16) 


Fy71(4-& 7 Fy (2 
nes) = (tap tay,) and t¢= rt) = [tap tau] 


where f3 = 
For a fixed of false alarm probability @ and various values of m, the classic pair of crisp values 
(1,2) and (t3,t4) are easily computed and viewable in [31]. Three-sigma limits may be derived 
similarly but are not discussed in detail here due to the asymmetric form of the underlying statistic, 


particularly for the lower value of Mm. 


PERFORMANCE METRICS 


The performance measures applied in this study are explained in this section. The suggested 
control charts' performance is assessed using a variety of metrics, however the average 
neutrosophic run length (ARL) is the most frequently used and well accepted metric for analyzing 
neutrosophic control charts. The other related quantities such as neutrosophic power function (PF) 
and neutrosophic characteristics function (CH) are also described. The PF and CH functions are 
traditionally used to evaluate the sensitivity of the control chart to identify a sustained shift in key 
parameters. Whereas average number of neutrosophic points display on a control chart prior to the 
detection of an out-of-control signal is referred to as the ARL. In this concept, it has been considered 
that samples are taken at evenly spaced time intervals. The ARL is actually the average value of the 
run-length distribution when the process is in-control (IC) and is usually denoted by ARLo. On the 
other hand, when a shift occurs, the number of samples collected from that point onward is known 
as out-of-control (OC) run length (ARL,). Of course, the optimum circumstance for a given chart is 
for ARL, to be large and ARL, to be small. However, this is harder to establish, as it is with the 
Type-I and Type-II errors probabilities in the hypothesis test framework. As a remedy for this 
problem, the SPC literature employs an approach similar to hypothesis testing in which the ARL 
value is fixed at a certain level and the ARL, value is reduced as much as feasible. To compute the 


value of ARL,, the ability of Vsq-chart of not detecting the shift is given by: 


Faisal Shah, Muhammad Aslam and Zahid Khan, New Control Chart Based On Neutrosophic Maxwell 
Distribution with Decision Making Applications 


Neutrosophic Sets and Systems, Vol. 53, 2023 306 


By = Pllply $9 < uply/Hy] (17) 
Further simplification of (17) yielded: 

B = F,,, (05,V3m) — F,,, (05.V3m) (18) 
where 6 is the shift constant that linked the IC parameter with OC parameter as: 

5, = 089; So = [Bio Buo] (19) 
Thus ARL, can be defined as: 


1. 1 
1-Fy, (6, V3M)+Fyy (Of2V3m) 1-8 


ARL, = (20) 

Note that the expression 1—F,,(@t,V3m) + F,,(@t,V3m) =1-— 8 establishes the PF of the 
proposed chart and when @ becomes equal to 1, (20) provides ARLy i.e., mean of IC run length while 
the other values of 0 ie., 8 #1, provides upwardly and downwardly shifts in the observed 
parameter of the proposed model. Now we compute the values of ARL, and (PF) of the proposed 
chart for known value of process parameters. For this, we assume that m = [3,5], crisp ARLo = 
[370,370] and upwardly shift in the observed parameter. In such case, computed ARL, and (PF) are 
depicted in Figure 4 and Figure 5, respectively. 


50 


7 ARLy = 370 
m= [2, 3] 


ARL, 


shifted parameter:6 


Figure 4 The ARL, curve of the proposed Vsg-chart 
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Figure 5 The PF curve of the proposed Vsq-chart 
Figure 4 depicts the geometric shape of the RL distribution for a certain Mm, several curves may be 
graphed similarly for various m values. It is clear from the graphs in Figure 4 that ARL, drops as 0 
or M grow. The graph in Figure 4 might be useful in determining the average interval number of 
samples required for a specific change in the study parameter. On the other hand, various changes 
in the observing parameter have been detected by the Vsq -chart as revealed in Figure 5. For 
example, the shifted amounts of 359 and 59) have been detected by the proposed chart with 
interval powers equal to [0.23, 0.42] and [0.85, 0.95], respectively. Thus as a conventional the Vsq- 
chart also detects the greater shifts with higher probabilities. In addition, we have provided the 
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performance of Vgg-chart in terms of ARL, in Table 1. The results in Table 1 are based on 105 


simulations of each shift in the study parameter at a fixed benchmark value ARLy = [370,370]. 


Table 1 The estimated ARL of Vsq-chart 


Sample size 


Shifting @, 30 &, 70 &, 120 
amount (8) 

1.00 871.77,372.050 69.54,370.570 65.69,370.570 
1.25 132.32,214.550 5.80,62.820 2.57, 35.800 
1.50 5.88, 80.030 .51, 11.620 &.27,5.510 
1.75 (13.23, 35.950 (1.95, 3.810 1.36,1.950 
2.00 6.18, 18.600 (1.21, 1.910 (1.04,1.210 
2.25 &.47, 10.750 (1.03, 1.300 1.00,1.030 
2.50 &.27,6.810 1.00, 1.090 o1.00,1.000 
2.75 (1.67, 4.650 1.00, 1.020 o1.00,1.000 
3.00 1.36, 3.380 o1.00,1.000 o1.00,1.000 
3.25 (1.18, 2.600 1.00,1.000 1.00,1.000 
3.50 (1.18, 2.600 o1.00,1.000 o1.00,1.000 
3.75 1.09,2.090 1.00,1.000 1.00,1.000 
4.00 (1.04, 1.750 el .00,1.000 1.00,1.000 
4.25 (1.01, 1.520 o1.00,1.000 1.00,1.000 
4.50 1.00, 1.360 o1.00,1.000 o1.00,1.000 
4.75 1.00, 1.250 1.00,1.000 1.00,1.000 
5.00 (1.00, 1.170 o1.00,1.000 1.00,1.000 


Results in Table 1 show the performance of Vsg-chart at various neutrosophic sample sizes. It looks 
that estimated ARL, is closer to the benchmark value of 370 when no shift occurred in the process 
parameter, i.e., 8 = 1. In contrast, for other values of 8, ARL, steadily decreases as expected with an 


increase in the shifted parameter. 


5. COMPARATIVE STUDY 


In this section, the performance of the suggested chart is compared to that of other existing 
model utilized to monitor the parameter of interest of the Maxwell model. It has been evaluated 
against an existing model of the V-chart in an indeterminate framework to observe how well Vsq- 
chart performs. Various measures can be used for this comparison, although power curves are 
routinely employed in many research studies [37]-[39]. The equation (20) shows that power curve is 
a function of a, mand 8. Power curves are often used to show the connection between these 
parameters. The development of the power curve for the suggested model is also based on the 
distribution of the estimator S. In estimating how large sample size is needed to detect an 
observable difference with a given probability, power curves can be helpful. In our case, the power 
of the Vsg-chart is defined as if the computed § statistic surpasses the design limits for particular 


values of aand m. To construct the power curve, assume that 9) is an IC value of the observed 
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process. Then PF indicates the likelihood of detecting a shift to a new value, say §,, where 9, = 09, 
on the first sample after the shift. This approach is used to evaluate the neutrosophic power of the 


recommended chart and its counterpart for fixed values of ARLy and M in Figure 6. 


1.0 
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Figure 6 Power comparisons of Vsg-chart at (a) ARLo = [370,370] and m = [3,5], (b) ARLo = [370,370] and 


im = [8,10] 


For examining Figure 6, it is observed that the suggested Vcq-chart is particularly successful in 
identifying process changes even for small sample size. As an illustration, the power of Vsq-chart 
and neutrosophic V-chart for detecting a shift of amount 35, are [0.75, 0.95] and [0.25, 0.40] 
respectively at m = [3,5].Whereas the same comparison with higher probabilities hold for a larger 
sample size, i.e., M = [8,10]. Thus the proposed chart is deemed efficiently and highly sensitive for 
detecting the shift of different amounts in the studied parameter of the neutrosophic Maxwell 


process. 
6. REAL-LIFE APPLICATION 


In this section, a real-life example of the healthcare sector has been described to explain the 
theoretical framework of the proposed method. A patient's life or death is at stake in healthcare 
quality. To ensure patient satisfaction and safety, the healthcare system requires both investment 
and quality. Quality is a major concern for investors in this sector, which has seen a steady rise in 
investment. The assumption that the distribution of most medical data is normal is not accurate in 
most cases, so the customary assumption of normality approximation turns into inadequate for 
nonnormal data analysis. On the contrary, the techniques proposed in this work may effectively 
monitor and model the healthcare data. The capacity to reliably monitor the mean incubation time 


of COVID-19 and its variability in healthcare has become a major issue for the government, 
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industry, the general public, and academics. We have applied Vsg-chart to COVID-19 mean 
incubation time data taken from the source [40] to examine the possible variability in incubation 
periods estimated from different studies. Being aware of the incubation period model while dealing 
with a point source pandemic enables statistical evaluation of exposure time. This information may 
also be used to evaluate hypotheses about whether the pandemic has come to an end by analyzing 
incubation time distribution during point-source epidemics. The incubation time, defined as the 
period between initial infection and illness manifestation, is an essential indicator for characterizing 
the spread of contagious diseases and developing quarantine policies [41]. It is important because 
reproduction numbers are often calculated using the mean incubation time, while quarantine 
durations are typically determined by using the maximum incubation period. The typical 
incubation time for COVID-19 varies widely, ranging from 3 days to 18 days [42]. As a result, it's 
impossible to quantify a precise quarantine period. Incubation periods have been found to vary 
widely in different research studies most likely because of the study population size and the 
estimating methodologies used. As a result, the mean incubation duration worldwide from the 


source is reported in Table 2 with uncertainties rather than precise figures in 12 subgroups. 


Table 2: COVID-19 mean incubation period data with uncertainties 


Sample Mean incubation period values 

batch 

1 [7.81, 9.00] [8.31, 9.16] [4.48, 5.65] [7.43, 8.51] 
2 [4.95, 5.80] [6.75, 7.62] [5.05, 6.01] [4.95, 5.22] 
3 [6.49, 7.73] [5.58, 6.45] [5.55, 6.80] [6.85, 7.18] 
4 [3.99, 4.57] [4.82, 5.04] [6.58, 7.12] [3.38, 4.45] 
5 [8.94, 9.48] [6.11, 7.60] [5.36, 6.40] [4.84, 5.05] 
6 [5.35,6.63] [9.48, 10.68] [8.35, 9.27] [7.93, 8.74] 
- [5.91, 6.16] [9.90, 10.50] [10.31, 11.37] [8.32, 8.92] 
8 [5.21, 5.98] [5.88, 6.68] [5.03, 5.31] [3.83, 5.18] 
9 [5.82, 6.90] [6.01, 7.01] [5.07, 6.14] [2.52,-3:73] 
10 [7.38, 8.18] [5.80, 7.26] [6.76, 7.57] [6.52, 7.70] 
11 [6.32, 6.86] [5.33, 6.78] [5.07,5.77] [2.07, 3.65] 
12 [7.42, 8.21] [4.06, 5.92] [4.17,5.48] [3.72, 4.52] 


Mean incubation time uncertainties are introduced to the technique devised in [13]. An informal 
graphical approach has shown that the Maxwell distribution is an acceptable model for 
representing the incubation time data since most actual data does not stray greatly from the 
theoretical red lines. The process data are skewed, as seen from the histogram and CDF plot in 
Figure 7 and Figure 8. As a result, the data may be further examined using the model that has been 


suggested. 
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Figure 7. Histrogram of COVID-19 incubation period data 
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Figure 8. Theoretical and empirical CDF plots of incubation period data 


By considering the individual values given in Table 2, the ML estimator % can be obtained from 


each subgroup in Table 3: 
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Table 3: Neutrosophic estimates of the proposed model for each sample group 


Sample batch Neutrosphic estimator ( 3) 


[4.14, 4.73] 
[3.16, 3.59] 
[3.54, 4.07] 
[2.79, 3.12] 
[3.75, 4.22] 
[4.52, 5.16] 
[5.06, 5.45] 
[2.91, 3.36] 
[2.92, 3.52] 
[3.83, 4.44] 
[2.86, 3.41] 
[2.92, 3.56] 


SO ONaDTHKH WN FR 


eal lll seed 
NRO 


After finding ML estimate of 9 from each sample batch, the mean of all collected sample groups 


from (10) can be obtained as: 

5 = [3.54, 4.06] 
The upper and lower probability limits for sample size 4 utilizing (16) thus can be obtained as: 
uply = max[5.90, 6.78] and Iply = min[1.60,1.80]. 


The proposed control chart based on these limits is depicted in Figure 9. 


x + Neutrosophic upper limit: 6.78 


Neutrosophic Maxwell estimator 


“*)  Neutrosophic lower limit: 1.6 


2 4 6 8 10 12 


Sample batch 


Figure 9. Control chart based on the proposed model 
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The depicted Maxwell estimator in Figure 9 exhibits a random tendency within the control limits. 


Thus, observable data-generating mechanisms may be inferred as a statistical control condition. 


7. CONCLUSIONS 


The classical Maxwell model under the neutrosophic logic has been extended in this work. Several 
theoretical aspects of the proposed MD distribution, such as its probability density function, 
characteristic function, and a few raw moments, are investigated. The theoretical framework of the 
suggested model, notably in domains of SPC, have been described for working data, including 
ambiguous, indeterminate, and imprecise observations on examined variables. Because of its 
suitability for dealing with ambiguous data in SPC applications, a new control chart based on the 
suggested MD distribution has been developed. Some essential charting characteristics such as 
power curve (PC), the neutrosophic characteristic curve (CC) and neutrosophic run length (RL) of 
the proposed chart in terms of neutrosophic logic have been derived and validated through 
simulated data. A simulation study is carried out to demonstrate the theoretical results and the 
effectiveness of the Vsg-chart is evaluated to that of existing counterparts. Simulation results reveal 
that the proposed chart is deemed efficiently and have highly discriminatory power for detecting 
the shift of different amounts in the studied parameter of MD distribution. Finally, the usefulness of 
the Vsg-chart has been described considering the real data example on the incubation period of 
COVID-19. Based on the results given in this study, neutrosophic extension may be designed for 


other statistical models in future work. 
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Abstract: Breast cancer is among the most prevalent cancers, and early detection is crucial to 
successful treatment. One of the most crucial phases of breast cancer treatment is a correct diagnosis. 
Numerous studies exist about breast cancer classification in the literature. However, analyzing the 
cancer dataset in the context of clusterability for unsupervised modeling is rare. This work analyzes 
pointedly the breast cancer dataset clusterability via applying the widely used c-means clustering 
algorithm and its evolved versions fuzzy and neutrosophic ones. An in-depth comparative study is 
conducted utilizing a set of quantitative and qualitative clustering efficiency metrics. The study's 
outcomes divulge the presented neutrosophic c-means clustering superiority in segregating similar 


breast cancer instances into clusters. 


Keywords: Breast cancer dataset clusterability; Fuzzy c-means clustering; Neutrosophic c-means 


clustering; t-SNE; Silhouette coefficient. 


1. Introduction 


One of the biggest problems in the healthcare system is cancer-related death. It ranks among the 
major causes of death among women [1]. More people have died from breast cancer than from any 
other disease, including tuberculosis and malaria. 


Initial analysis of this condition can reduce the rate of mortality, which is on the rise [2]. Breast 
cancer is the sixth foremost reason of mortality globally, according to the Globocan 2020 data, and it 
is diagnosed in one out of every four women worldwide [3]. 


Making a precise diagnosis of malignancies is crucial. Most breast tumors are caused by benign 
(non-cancerous) alterations, however, if a benign tumor is assumed as a malignant one, it might 
have disastrous consequences. The most crucial actions to lowering breast cancer mortality are early 
detection and receiving state-of-the-art cancer therapy. Early-stage, mild breast cancer that hasn't 
spread can be treated successfully and quickly. Routine screening tests represent the most 
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dependable method for identifying breast cancer in its earliest stages [4]. In an extraordinarily rich 
information environment, healthcare has extraordinarily little knowledge. Healthcare systems 
contain a vast amount of data, and it is crucial to find and establish connections with hidden data. 
The International Classification of Diseases (ICD) divided the foremost origins of death into five 
categories, with breast cancer being part of two of them [5]. According to a McKinsey report, the 
amount of data is increasing at a pace of 50% annually. Data science has now formally emerged as an 
especially important field. According to research, the phrase "data science" describes a systematic 
examination of the structure, properties, and evaluation of information along with the role that data 
play in society [6]. Statistics knowledge can be exploited from a diversity of areas, even though 
machine learning procedures are the most frequently used healthcare datasets. 


A data analysis method called machine learning teaches a computer what results from various 
methods. The most popular machine learning algorithms are decision trees, k-means clustering, and 
neural networks [7]. 

The incidence of breast cancer among women, particularly those between the ages of 35 and _55, is 
rising because of the inhabitants of industrialized and developing nations changing their lifestyles 
from traditional to modern. By identifying breast tumors in their initial stages, it is possible to keep 
track of the prevalence of the illness [8]. Breast cancer screening methods include self- and 
professional breast exams, Magnetic Resonance Imaging (MRI), ultrasound, and mammography [9]. 
The mammogram, which includes the backdrop, the breast region, adipose tissue, breast masses, 
and microcalcifications with high intensities, is the result of the mammography procedure [10]. 
Radiologists may make mistakes or overlook crucial signs as the need for mammography processing 
increases because of weariness [11]. 

In [12]. The DCE-MRI enables a highly accurate follow-up for breast tumors. Fuzzy spatial clustering 
was used by Militello et al. To segment masses on DCE-MRI breast scans, and the results were 


superior to those of other traditional methods. 


The Wisconsin Diagnostic Breast Cancer (WDBC) dataset, a highly well-known cancer dataset, was 
used as the basis for another cluster analysis work [13]. which incorporated a multidimensional data 
analysis. Because the multidimensionality of data has long been a barrier to data analysis this study 
hypothesized that a multidimensional data set must be projected into a lower dimensional space 
where it will inevitably lose some of its features to be displayed due to the limits of handling more 


than three spatial dimensions. 


In [14], a new training dataset of breast cancer is produced using the modified k-means technique, 
which enhances the performance of the support vector machine model. A prediction model for 
breast cancer was developed using k-means and support vector machine. Using the updated 
k-means, a training dataset of the highest caliber was produced. Then, to group the cancerous 


instances of unidentified photographs, classification and accuracy were improved. 


In [15], The R programming language, R visual studio, and Weka machine learning software have all 


been tried on the breast cancer dataset. Using various clustering algorithms were employed to 


Ahmed Abdelhafeez, Hoda K Mohamed, Ali Maher , and Ahmed Abdel-Monem, A Neutrosophic based C-Means Approach 
for Improving Breast Cancer Clustering Performance 


Neutrosophic Sets and Systems, Vol. 53, 2023 319 


examine the proper correlation in the Breast cancer dataset. In this unsupervised learning strategy, a 


pretrained model or label is not necessary. 
The key contribution of this proposed methodology is as follows: 


¢ Through the application of the widely known c-means clustering technique and its advanced 
versions fuzzy and neutrosophic ones, this work specifically investigates the clusterability of the 
breast cancer dataset. 


e Using a collection of quantitative and qualitative clustering efficiency metrics, extensive 
comparative research is carried out. In terms of silhouette score, precision, and rand index, the 
suggested neutrosophic c-means clustering gets the best clustering performance. 


Following are the last five portions of this study: Section 2 gives a review of materials and methods, 
Section 3 presents the metrics and results, and Section 4 presents the overall research conclusion. 


2. Materials and methods 


2.1 Dataset 


The efficiency of the suggested model was evaluated using the WDBC datasets, which are breast 
cancer datasets [16]. Data from the University of Wisconsin Hospitals have previously been 
gathered. Each example was assigned a benign or malignant classification. The WDBC has 569 
occurrences (about 62.7% benign and 37.3% malignant) and 32 significant patient features. A patient 
ID, 30 tumor-specific traits, and one class indicator are among these characteristics. The 
distinguishing features of the tumors of the patients were gathered using ten different elements, 
including texture, radius, area, perimeter, smoothness, concavity, compactness, concave spots, 
fractal dimension, and symmetry. These traits were generated from a breast lumps fine needle 
aspirate (FNA) picture. A set of 30 features was created by deciding the key, recognizing data for 
each image, such as mean, standard error, and the least or biggest standards of these features. 

The dataset from Kaggle that included information about breast cancer. Thirty-two parameters make 
up the dataset. All the indicators can be used to categorize cancer, and if they have significantly high 
values, that could indicate the presence of malignant tissue. A number called ID serves as the first 
argument and is used for identification. The second factor is the diagnosis of membranes, which can 
be either malignant or benign depending on the tissue. The correct tissue diagnosis must be 
established for various cancer kinds if both membranes require various therapies. Following these 
two, a range between the center and a point on the perimeter is shown by estimated means, standard 
errors, and radius means. The estimated standard error is shown by radius se. The center of the 
projected range has the highest value of the radius worst. Knowing the distance between the center 
and the point is crucial since the size affects operation. With large tumors, surgery is not an option. 
The gray-scale values’ standard deviation is represented by the texture mean. The estimated 
standard deviation of gray-scale values is represented by the texture se. Gray-scale values with the 
largest mean standard deviation are characterized as having the worst texture. Grayscale is 
frequently used to locate tumors, and the standard deviation is crucial to identifying data variation 


and explaining how to disperse the values. While the standard error of the mean indicates the core 
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tumor expressed as perimeter se, the perimeter mean represents the mean value for the core tumor. 
The perimeter worst column displays the core tumor's maximum value. Area means, area se, and 
area worst point are identical to the previously mentioned mean of the cancer cell areas. Regional 
variations in the radius range are represented by smoothness mean, local variations in radius length 
are represented by smoothness se, and the biggest mean value is displayed as smoothness worst. 
The greatest mean value of the calculation is referred to as compactness worst. Compactness mean is 
a mean value of estimation of the perimeter and area. Compactness se is used to calculate the 
standard error of the mean. The severity of the concave regions of the shape is shown by the 
concavity mean, and the number of concave points in the shape is indicated by the concave points 
mean. Concavity se denotes the standard deviation of concave areas, whereas concave points se 
denotes the standard deviation of the shape's concave areas. The worst concavity and worst concave 
points represent the highest mean value. The fractal dimension means the calculated mean value for 
the coastline approximation, the fractal dimension se represents the standard error of the coastline 
approximation, and the fractal dimension worst represents the highest mean value [16]. 

Figure 1. Shows the distribution of thirty-one features for all 569 lesions using the Weka tool. 
Through the malignant and benign lesions, each feature was visualized to show how much affect 


the detection of diagnosis. 


~~. Ri. Fe | 
~ Se (ee 


Figure 1 Distribution of dataset features. 


The data is available for download in.csv format. Then, the CSV extension was updated to the 
Weka-compatible Attribute Relation Data Format (ARFF) extension. The data was then subjected to 
extensive preprocessing. There are 569 instances in the collection. The dataset is then further 
normalized using the min-max normalization approach in Weka software so that all feature values 
fall within the range [0, 1]. Being an unsupervised learning technique, clustering solely uses feature 


values. This indicates that the dataset's final column, the category label, is not normalized. We first 
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eliminate the ID number. The Hopkins Statistic Index is then used to analyze the dataset to 
determine whether there is a strong propensity for clustering among the data points. Then, using 
Python programming language and Weka software tools, we apply several clustering techniques. 


Hopkins Statistic Index = 0.6809 shows the dataset is heavily clustered, according to our results. 


2.2 K-means clustering 


K-means is a clustering method that can group enormous volumes of data with a processing time 
that is both quicker and more efficient. The k-means algorithm, in contrast, has a flaw that is 
dependent on the initial value cluster that establishes the center. K-means clustering provides 
superior topical remedies as trial outcomes. However, the testing procedure calls for the data to be 
close together. In order to get a high degree of similarity among the cluster points, this can be 
divided into a number of clusters. The k-means algorithm is also multisided, according to (celebi et 
al. 2013) K-means are too straightforward to modify at each stage of the process because they are 
predicated on the conditions for iteration termination. They are also easy to measure in terms of 
distance. The first data point collection from each cluster's midway is crucial since the k-mean 
cluster is a local optimization [17]. The objectives of these adjustments are the best precision and the 
fastest convergence. If the initial point is selected from the cluster's midway, the k-mean cluster 
algorithm will also be limited to the optimum site. Additionally, a starting point for the k-mean 
clustering method will be chosen at random from the middle, up to style k. The initial centroid 
cluster, which is chosen at random, will have an impact on the total number of centroid cluster 
iterations. Therefore, by locating the centroid cluster in the high starting data points, it can be fixed 
to achieve higher execution. 


Two familiar features of the K-means clustering technique. The first is that as a precondition 
parameter for clustering, it requires the usage of a specified cluster starting value, or "k centroid." 
However, in most cases, without prior knowledge, we are unable to determine the optimal initial 
number of clustering that a given data set can produce. Connecting each point to the closest cluster is 
the other feature. 


2.3 The Fuzzy C-Means Clustering (FCM) 


In their work, Dunn and Bezdek devised the fuzzy c-means method (FCM). Finding the optimal 


participation and clustering center to minimize the optimal solution is the main notion. 


To set up the membership vector, the method must first decide on the number of clusters to create. 
After then, both the Center of Clustering and the Membership vector are regularly revised. Centers 
of various clusters and levels of membership may be produced when the optimal solution is smaller 


than some threshold. 


These are some of the algorithm's drawbacks: Having a high degree of, sensitivity to, and depending 
on, the initial grouping. It is simple for the algorithm to become wedged in a local least if the starting 


cluster center is distant from the global optimum clustering center. 


2.4 The Neutrosophic Sets 
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Smarandache introduced the neutrosophic concept, a generalization of previously expanded 
concepts, to overcome the shortcomings of conventional fuzzy clustering and enhance its capacity to 
manage and communicate unclear knowledge. When applied to fuzzy clustering, the neutrosophic 
theory is able not just to portray non-deterministic difficulties more accurately, but as well as 


provide solutions to those problems that remain open. 


The central tenet of neutrosophic thought is the premise that every vantage point has some element 
of veracity, doubt, and fallacy. For this reason, the concepts of and were proposed as neutrosophic 
elements to signify the seriousness, ambiguity, and humorlessness of occurrences. True, 


indeterminate, and false outcomes are the names given to these agnostic components. 


2.5 The Neutrosophic C-Means Clustering (NCM) 

Conventional fuzzy clustering approaches in clustering algorithms can only explain the degree to 
which each group exists. It is challenging to distinguish which category a given sample belongs to 
and which divisions it joins, especially for the samples located in the border area among distinct 
groups. The neutrosophic c-means clustering method was introduced by Guo et al. To address these 


issues, which is an improvement on the FCM based on neutrosophic theory (NCM). 


We propose a fresh special combination, A, which unites the determinant and indeterminate 
clusters. Let A = Cj UBUR,j = 1,2,...,c,where C; Is an indeterminate cluster, B refers to clusters 
near the edges, R relates to erratically sampled data, and is the union process. Clusters B and R both 
fall within the category of being agnostic. T indicates membership in the determinant cluster, I in the 
perimeter cluster, and F in the noisy set of data. With uncertainty in clustering in mind, we construct 


anew goal function and class membership as follows: 
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2.6 Hopkins statistic 


The Hopkins statistic (Lawson and Jurs 1990) calculates the likelihood that a particular data set was 
produced by a uniform data distribution to evaluate the tendency of a data set to cluster [18]. In 
other words, it evaluates the data's spatial randomness. 


Use the Hopkins score from clustered to estimate the likelihood of cluster formation before doing 
clustering. The outcome was two clusters, indicating the data is eligible for clustering. Unsupervised 
data has no notion of how many supposed clusters there are, therefore, assumptions range from two 
to six. Figure 2. Shows the Silhouette values vs. the number of clusters. 


However, after clustering, the silhouette score used to measure cluster quality varied for each 
cluster. The formula is defined as follows: 
i=1 Vi 


feo Se 2 
ake Pea Yi @) 


How should I interpret the Hopkins data? 


In the case of a uniform distribution of D, 'L4y; and 7.4 x;, would be close to one another, and H 
would therefore be about 0.5. However, if clusters are present in D, the distances between 
manufactured points (Yji1 yi) would be expected to be much greater than those between genuine 
points (4 X;), increasing the value of H. 


Noting from figure 2. Through cluster numbers from two to six, we pick up the highest silhouette 
coefficient, which is determined by the number of two clusters, which suggests that two clusters are 
the optimum choice for data clustering. The average Silhouette Score plot of the number of clusters 
fluctuates between two and six and the highest silhouette value is 0.58, demonstrating that the breast 
cancer dataset is well matched to the given cluster when the cluster size is two. 
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Figure 2. Silhouette values vs. the number of clusters. 


2.7 Silhouette Score Analysis 


Researchers may determine how closely related each observation is to the cluster to which it has 
been assigned about other clusters using silhouette analysis. For each observation in the data, this 
metric (silhouette width) runs from -1 to 1, and it can be interpreted as follows [19]: 

I) Values that are near 1 indicate that the allocated cluster is a good fit for the observation. 

II) Values near 0 point to a possible borderline match between two groups of the observation. 

III) Values near -1 point to the possibility that the observations were placed in the incorrect cluster. 
In the study, we will use three well known clustering methods, investigating which one will be 
superior in detecting cancer cases for the aforementioned dataset. Applying k-means, fuzzy 


c-means, and neutrosophic c-means clustering methods. 


In figure 3, We investigated two clusters of the provided data: a benign cluster and a malignant 
cluster. Clusters C1 and C2 are home to all 569 instances. The two clusters’ average Silhouette values 
are 0.43 for the c-means cluster on the left, 0.5 for the fuzzy cluster in the middle, and 0.66 for the 
neutrosophic cluster on the right. When the Silhouette width has the highest value, which is the 
neutrosophic c-means in the outcomes from the three approaches, we can obtain the best clustering 


result. The silhouette score is shown in Table 1. 
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The average s®touette score for C means is* 043206 The average sithoustia score for Fuzzy Cmeaans ise 0 49000 The average silhouette score for Newro Cmeans is= 0.66348 
A > be - ’ re e- . - rn ~ ees 


Figure 3. Silhouette Score for (a) k-means (left) , (b) fuzzy c-means (middle) , and (c ) neutrosophic c-means 
clustering methods (right). 


Table 1. The silhouette score of the three models. 


Model 1 Silhouette score 
K-Means 0.43306 
Fuzzy c-means 0.49809 
Neutrosophic c-means 0.66348 


2.8 T-Distributed Stochastic Neighbor Embedding 

T-Distributed Stochastic Neighbor Embedding (t-SNE) has emerged as a powerful standard for 
visualizing high-dimensional datasets in a variety of biological data sets, especially for large 
datasets. Using this method will help each class have a clearer image. T-SNE encompasses a variety 
of fields, including Bioinformatics, music analysis, computer security, and cancer biology. Similar to 
SNE, t-SNE chooses two distinct similarity measures for the two-dimensional embedding and the 
high-dimensional information. The objective of this stage is to produce a 2-dimensional embedding 
with a KL divergence between the vector of similarities between points in pairs over the entire 
dataset and the similarities between points in the encoding that is as little as possible. T-SNE is used 
to solve the nonconvex optimization problem utilizing gradient descent and random initialization. 
Figure 4. Shows the three dimensions of T-SNE visualization (best viewed in color) for the four 
clustering methods actual clusters (right-bottom), c-means (left-upper), fuzzy c-means (right-upper), 
and neutrosophic c-means (left-bottom), respectively. By visualizing, it becomes evident that 
neutrosophic c- means is the best option because it is close to the actual clustering. C-means, on the 
other hand, is the clustering approach that is farthest from the actual means; as a result, fuzzy 


c-means is the second-closest method. 
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t-sne for C means 


t-sne for neutrosophic C means 


Figure 4. T-SNE graphs for c-means (left-upper), fuzzy c-means (right-upper), neutrosophic c-means 


(left-bottom), and actual clusters (right-bottom), (best viewed in color). 


3. Results 


3.1. Performance metrics: 


t-sne for fuzzy C means 


ede Ss 
tS te 
Ee 
- ws 
His te Poe 
2 “tee, 


t-sne for actual clusters 


326 


50 


Achieving high intra-cluster identity and low inter-cluster commonality is the primary focus of 


clustering methods (objects in the same cluster are more similar than the objects in different 


clusters). 


In several of my investigations, the clustering methods failed to identify the optimal number of 
clusters. It has been shown that certain methods overestimate the size of clusters while others 
underestimate it. When the final class number matches the number of categories in the gold 


standard, we may use the typical criteria for analyzing recognition accuracy. 


Equation. (3) depicts the clustering technique as a K x S matrix, where K is the expected number of 


clusters of the clustering method and S is the number of classes in the reference set. 


Here, the element a;,, represents the entire number of objects that have been clustered into the k‘” 


cluster and are of the sth class in the ideal distribution. 


When K=S, the clustering method's estimated number of clusters exactly corresponds to the number 


of classes found in the reference data. 
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ky [41 ‘ Us 
matrixk*s=... | : 7h : | B) 
Kx (oe 


Precision 


We find the benchmark class to which the most items have been allocated for each cluster. Following 
this, we take the sum of the largest number of items in every group and divide it by the whole 
number of grouped objects. precision is determined by calculating the resultant value by using K x S 
matrix, as seen in equation. (4). 


Dé ey aks 


precision = =—>——____ 
Yk Dis x aks 


(4) 


Recall 


We find the class where most items belong based on the gold standard. The complete list of grouped 
and unclustered items is then divided by the sum of the maximum number of objects in each gold 
standard class. Equation. (5) demonstrates the K x S matrix's role in deriving the recall (also called 
sensitivity). The number of items that are not in a cluster is denoted by U. 


Dis eat aks 


Recall = -————| 
Ye D3 Bg Aks +U () 


F1-Score 


According to equation. (6), the F1-score is determined by taking the mean of the accuracy and recall 
scores. 


precision * recall 
Fl =2* ——————_—_ (6) 
precision + recall 


Rand Index 
Two clustering strategies may be compared with one another using the Rand index. 
The Rand Index, sometimes abbreviated as R, is determined using the following formula: 


R = (a+b) /(nC2) (7) 


Where: 


a: The frequency with which a given pair of items is assigned to the same cluster by two different 
techniques of clustering. 


b: The frequency with which a given pair of items is found in different clusters when using two 
different clustering techniques. 
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nC2 is the count of all the non-matched pairings in a collection of n items. 


3.2 results analysis 


Applying the equations. (4,5,6) to compute the precision, recall, and f1 score. In the precision, the 
total clustered data is 569 and there is no unclustered data. In the c-means the maximum clustered 
data is 453, so the precision is computed by dividing the maximum clustered data by the total 
clustered data, the outcome is 0.796. Due to no unclustered data, the precision is equal to recall and 


fl score. Table 2 shows all analyses of the precision and Rand Index. 


Table 2. The overall performance analysis of the proposed model. 


Model Precision Rand Index 
C-Means 0.796 0.6748 
FCM 0.8872 0.7919 
NCM 0.9789 0.9586 


Table 3. There are four predicted class data by the neutrosophic and fuzzy c-means clustering. In 
data 1, the fuzzy predicted class 0, neutrosophic predicted class 0, and the actual label is class 0, so 
the fuzzy and neutrosophic predicted this data truly. In data 2 the fuzzy predicted class 1, and the 
neutrosophic predicted class 1, also the actual data is class 1, so the fuzzy and neutrosophic 
predicted true labels. In data 3 the fuzzy predicted class 0, but the neutrosophic predicted class 1 and 
the actual labels are class 1, so the neutrosophic predicted true but the fuzzy predicted false. In data 
4, the fuzzy predicted class 1, the neutrosophic predicted class 0, and the actual class is 0, so the 
neutrosophic predicted true and the fuzzy predicted false. Table 3. The neutrosophic predicted four 


true classes and the fuzzy predicted the two true classes and one false class. 


Table 3. The predicted labels for Fuzzy and Neutrosophic vs. Actual label. 
Data Fuzzy Predicated Label Neutrosophic Predicated Label Actual Label 


Data 1 0 0 0 
Data 2 1 1 1 
Data 3 0 1 1 
Data 4 1 0 0 


4. Conclusions 


This paper analyzes the breast cancer dataset cluster ability via applying the widely used 
c-means clustering algorithm and its evolved versions fuzzy and neutrosophic ones. The conducted 
comparative study utilizes various metrics to fairly judge the breast cancer dataset clustering 
efficiency. The suggested neutrosophic c-means clustering achieves the highest clustering 


performance in terms of silhouette score, precision, and Rand index. 
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Abstract: The purpose of this article is to study the equations of neutrosophic straight line and 
neutrosophic circle, where the neutrosophic point, general neutrosophic equation of a line, the 
equation of a neutrosophic straight line passing through two neutrosophic points and parallel and 
perpendicular neutrosophic lines are defined, in addition, four forms of the equations of neutrosophic 


circle were discussed. Where detailed examples are given to clarify each case. 


Keywords: neutrosophic straight line; neutrosophic circle; the equations; polar; radius; center. 


1. Introduction 


As an alternative to the existing logics, Smarandache proposed the Neutrosophic Logic to 
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecsion, undefined, 
unknown, incompleteness, inconsistency, redundancy, contradiction, where the concept of 
neutrosophy is a new branch of philosophy introduced by Smarandache [3-13]. He presented the 
definition of the standard form of neutrosophic real number and conditions for the division of two 
neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex number, 
and found root index n= 2 of aneutrosophic real and complex number [2-4], studying the concept 
of the Neutrosophic probability [3-5], the Neutrosophic statistics [4][6], and professor Smarandache 
entered the concept of preliminary calculus of the differential and integral calculus, where he 
introduced for the first time the notions of neutrosophic mereo-limit, mereo-continuity, 
mereoderivative, and mereo-integral [1-8]. Madeleine Al- Taha presented results on single valued 
neutrosophic (weak) polygroups [9]. Edalatpanah proposed a new direct algorithm to solve the 
neutrosophic linear programming where the variables and right- 
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal 
neutrosophic number in networking problem, and Shortest Path Problem [11-12]. Y.Alhasan studied 
the concepts of neutrosophic complex numbers, the general exponential form of a neutrosophic 
complex, and the neutrosophic integrals and integration methods [7-14-18]. On the other hand, 
M.Abdel-Basset presented study in the science of neutrosophic about an approach of TOPSIS 


technique for developing supplier selection with group decision making under type-2 neutrosophic 
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number [15]. Also, neutrosophic sets played an important role in applied science such as health care, 
industry, and optimization [16-17]. Giorgio Nordo, Arif Mehmood and Said Broumi studied single 


valued neutrosophic filters [19]. 


The paper is organized as follows. Section 1, provides an introduction, in which neutrosophic 
science review has given. Neutrosophic real number are discussed in Section 2. Section 3 frames the 
equations of neutrosophic straight line. the equations of neutrosophic circle were discussed in section 


4. Finally, In Section 5 a conclusion to the paper is given. 


2. Preliminaries 


2.1. Neutrosophic Real Number [4] 


Suppose that w is a neutrosophic number, then it takes the following standard form: 
w=a+blI where a,b arereal coefficients, and I represent indeterminacy, such 0.J =0 and I” = 


I, for all positive integers n. 


2.2. Division of neutrosophic real numbers [4] 


Suppose that w,,w, are two neutrosophic numbers, where: 


W,=a,+b I, Wz = a, + bol 
To find (a, + bi!) + (az + b2!), we can write: 
a, + byl 
——=x+yl 
Az + byl ad 


where x and y are real unknowns. 


a, + byl = (ag + bo) (x + yl) 


a, + byl = anx + (box + any + boy)! 
by identifying the coefficients, we get: 


A, = a,x 


by = box + (a, + byyy 
We obtain unique one solution only, provided that: 


Ay 0 


by > +b, #0 => aj,(a,+b2) #0 


Hence: a,#0 and a, #—by, are the conditions for the division of two 
neutrosophic real numbers to exist. 
Then: 
a,+bl a, ab, —a,bz 


Q2+bol a, a,(a, +5) 
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2.3. Root index n= 2 of aneutrosophic real number [4] 


1) Case: n=2 
Let w=a-+blI_ be aneutrosophic real number, then: 
Vat+bl=xty.l 


at+bl=(x+y.1)? 
a+bl =x? 4+ 2xy.1+y7I 


by identifying the coefficients, we get: 
x7=a 


y* + 2xy =b 
Hence x=4+Va 


y* +2Vay—b=0 
By solving the second equation in respect to y we find: 


yee EA red rae el 
Then we fined four solutions of Va + bI: 
Va+bl = Va+(-Va+Va+b)./ 
Or: Va + bl = Va—(-Va+Va+b)./ 
Or: Va + bl = —Ja+ (Va +Va+b)./ 
Or: va + bI = —Ja + (Va —- Va +b). 1 


particular case: VI = +] 


2)Case: n>2 
Vat+bl=x+y.l 


a+bl=(x«+y.1)" 


n-1 
atoiest4(S aby ). 
k=0 


£38. = ‘Va ; nodd 
x"=a> RP 
+Va ; neven 
n-1 re 
ck n-k n=b 
ny an = 
k=0 


Solve it in respect to y, we can distinguish two cases: 
When the x and y solutions are real, we get neutrosophic real solutions, 
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When x and y solutions are complex, we get neutrosophic complex solutions. 
3. The equations of neutrosophic straight line 


3.1. Neutrosophic point 


Definition3.1.1: 
Let x4 = %qg + Xpl and yy = Yq + Vpl, where Xg,Xp, Vas Vp are real numbers, while J = Indeterminacy, 
then A(x,,y,) represent the neutrosophic point. 


3.2. General neutrosophic equation of a line 


Definition3.2.1: 
The general equation of a neutrosophic straight line is given by the following formula: 


(ay + al )x + (bo +b Dy + cy +041 = 0 
Where ap, by # Oand dp, A;, bg, by, Cp, C, are real numbers, while | = indeterminacy. 


Definition3.2.2: 
Slope-intercept form of the equation of a neutrosophic straight line is given by the following formula: 


y = (Mg + Mp!)X + Pa + Pol 
where Mg, Mp, Pq Pp are real numbers, while | =indeterminacy. 


Example3.1.1: 
y=(34+2)x+2-41 
Definition3.2.3: 
Equation of a neutrosophic straight line passing through two neutrosophic points, A(x, + X21, y, + 
yo) and B(x, + X21, y¥, + ¥21), is given by the following formula: 


Y-V1-— Val Wt Val —Y1 — yal 
X— xX, — XI X, + X%_l -— x1 -— x2! 


where X1,%2, V1, V2» X1,X2, Vi, ¥2 are real numbers (x, # x, and not zero), while | = indeterminacy. 
Example3.1.2: 


Find the equation of a neutrosophic straight line passing through two neutrosophic points: 
A(3 + 21,31) and B(7 — 31,5 +1) 


Solution: 
y -3I1 5+1-31 


c= So). T= ola Sa 


y-3l 5-2 


x—-3-21 4-5] 
y-3I 5 17 
x-3-21 4 4 


3] = 3-2] (; +!) 
y = (x NG a 
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4 4 4 4 
(; +1) eed 
> =(-—- 
MENA Aye AO A 
Definition3.2.4: 


Let d,,and dz are two straight lines, we say d,,and dz are parallel if their slopes are equal, and we 
say that they are perpendicular if the product of their slopes is —1. 


Example3.1.3: 
dy: y=(2-3Dx +4431 
dz: y= (2-—3)/)x+5+A4l 
Mg, =Mq,=2-31 = d,//d, 


We can illustrate this by giving different values of I: 


> I=0, then: 
dy: y=2x+4 
dy: y=2x+5 
> I[=5, then: 


dy: y=—-7x +13 
dy: y=—-7x+17 


Example3.1.4: 
dq: y=GB+4+5/Ix-3+4+1 


1 


dy: y=(S>)x 47-21 


1 
™Ma,-Ma, =(@+51)(+—)=-1 => d, 1d, 


4. The equations of neutrosophic circle 


Definition4.1: 
The standard equation of a neutrosophic circle: for point p(x,y) to lie on a circle with center c(h + 
hyl,k + k,l) and radius r+7,I > 0, the distance pc must be equal to radius r+7,/. Then, using 
the distance formula we get: 


pe = (@ h-hh? + —k- kD? 


pe=rt+rnl 
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V(x-h-h)?+y-k-k,D? =r4+nI1 


(J@—h- kD? + kD) = (r +70? 
(x -h—-h)? + (y-k—-k,D? =(r+ny1D? (1) 


Example4.1: 
(x -3-2ND?+(y+4-3)1? =4-3] 


The center is c(3 + 2/, —4 + 31), we can find the radius as the following: 


(r+7D? =4-31 


r+nl=v4—3I1 
Let's find V4 — 3] 
v4—3l=r+n1 


4-3] =r? + 2rrnI+7,71 


4-3]. =r74+(2rr,4+7,7)/ 


then: 
r2=4 
(ae +72 =-3 
r=+2 
ies a 
Find 1: 


When r=2 => 7,2+27,+3=0 
m1+3m+D=0 >=rn=-3,n=-1 
(2, —3), (2,-1) 


When r=-2 => 7,2-47,+3=0 


(1.-3(%-1)=0 >7,=3,n=1 


(—2,3), (—2,1) 
Hence: 
2 
r+nl=2-3I <y 
Or r+nl=2-I1 3s1<2 
Or r+nl=-24+31 ;1>2/3 
Or r+nl=-24+1 ;I1>2 
Definition4.2: 


Equation of a neutrosophic circle when the centre is origin 0(0,0), it given by formula: 
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x? + y?% = (r+7!1)? 
Example4.2: 
x?+y* =16-15] 
The center is 0(0,0), we can find the radius as the following: 
(r+71D? =16—15] 
r+nl=v16—15!/ 


Let’s find ¥16 — 15] 
v16—15) =r+mnI 


16-15) =r? 4 2rn1 +771 


16-15] =r? 4+ (2rr,4+7,7)/ 


then: 
r? = 16 
de +72 =-15 
r=+4 
{2 + 2rr,+15=0 
Find 1: 


When r=4 => 7,2+8r,+15=0 
(1.4+3m+5=0 =>r7=-3,7n=-5 


(4, —3), (4,-5) 


When r=-4 = 7,2-8r7,+15=0 


(1. -3%1-5)=0 Sr,=3,4=5 


(—4,3), (—4,5) 
Hence: 
4 
r+nl=4-31 P<y 
Or r+rnil=4-5] 31 < 4/5 
Or r+nfl=-44+3I ;1>4/3 
Or r+n4l=-44+5! 3;1>4/5 
Definition4.3: 


The general equation of a neutrosophic circle given by formula: 
x+y? 4+ (ataDx+(b+bDy+c+cql =0 


Adding (a + a,!)? + (b + b,1)* on both sides of the equation gives, we get: 
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x+y? +(ataDxt+ (b+bDy+ (ata)? + (b+b)? = (at+al?+b+b,)D?2 —c- Gl 


x?@+(ataDxt+(atal?+y* +(b+b,Dy + (b+ b,D? = (ata lt)? + (b+b,D? -—c- G1 


a+a,l\* b+bly\? fatal? (b+b 
(x+ 2 ) +(v+ 2 ) ={ 2 yet 2 eee (2) 


Comparing (2) with (1), we find: 


ata,l 

h+ hl =-(—*) 
2 

b+bl 

k + kyl = —( ) 


atal\? (b+b,I\* 
conn CP) CEB en 


Example4.3: 
To find the standard equation, the center and radius of the following neutrosophic circle: 


x? —6x + y* —6ly + 21 =0 


we follow these steps: 


ata! 6 

h+ yl =—( )=5=3 
2 
b+b,I 61 

k + kyl =—( )=5=31 


5 (Atal? (b+ bly 
(r+7,1) =( 5 ) +( 5 ) -e-a 


=94+91-21 =9+71 
hence: 
(x -3)? +(y-3D? =94+71 
The center is c(3,3/), we can find the radius as the following: 
(r+7rD?=9+71 
r+nl=V9+71 


Let's find ¥9 + 71 
V9+ 72 =r+ 741 


9471 =r? + 2rnl +771 
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94+ 7 =r?4+ (2rr,4+7,7)1 


then: 
r=9 
ba +7,2=7 
r=+3 
ao ee 
find 7: 


when r=3 > 7,2+67,-7=0 
(1+)™%-D=0 =S>7,=-7,71=1 
(3, -7), (3,1) 


when r=—-3 => 7,2-674,-7=0 


(1.-7Dm+D=0 S>r,=7,7,=-1 


(-3,7), (—3, -1) 
hence: 
3 
r+nl=3-71 <a 
Or r+nl=3+1 ;l>-3 
Or r+nfl=-34+71 ;1>3/7 
Or r+nl=-3-I ;Il<-3 


4.1. Polar equation of a neutrosophic circle 


The polar form of equation of a neutrosophic circle, with a center S(7+741,9 + @,I) and 
radius R+R,I, using the low of cosine: 


(r+nl)2+ F+4D7-27r4+n1)F+7,D) cos(6 + 6,1 —— — 9,1) = (R+R, 1) 


_ P(r+n16@ + rl) 

R+RN 

r+n4l 
S(3 -| hlge+@l) 


re 


Z 6 >@,1 +61 . 


Figure 1 
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Note: 
The polar equation of a neutrosophic circle, with radius R+R,I and a center on the polar axis 
running through the pole O (origin): 


Since: 
baa r+nI 
Oe Ol SRR 
then: 
r+71 = 2(R+R,D) cos(6 + 6,1) 
__ P(r +7,1,6 + 61) 
polar axis 
2(R+R,]) 
Figure 2 
Example4.1.1: 


Convert The polar equation of a neutrosophic circle: 


r+nI = (—4+ 61) cos(@ + 6,1) 
into cartesian coordinatedes. 


Solution: 
r+nI = (—4+ 61) cos(@ + 6,1) 


(r+7rD?2 = (-44 61)(r + 41) cos(@ + 6,1) 
by substitute in: 


x? + y?% = (r+7!1)? 


we get: 
x? +y* = (-44 61)(r +71) cos(@ + 6,1) 
we know: 
x =(r+n7!) cos(6 + 6,1) 
then: 


x? + y* = (—44 61)x 


x? -—(-4+ 61x +y?=0 


ata,l —4+ 6] 
5 )= =-2+3]I 


h+ hyl = —( 
2 
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b+bl\ 0 
k+ kyl = -(—*)=5=0+01 


5 (Atal? (b+ bly 
(r+ 7,1) =a 5 ) +( 5 ) -e-o 


= (-2 + 31)?+0+01-(0+0/) =4-31 
hence: 
(x+2-31)*+y?=4-3I1 
The center is c(—2 + 3] ,0 + OJ), we can find the radius as the following: 


(r+7rD? =4-31 


r+nl=v4—31 
let’s find V4 — 3] 
vV4—3l=r+n1 


4-3] =r? +2rrni+7,71 


4-3]. =r74+(2rrn4+7,7)/ 


then: 
r?=4 
es +72 =-3 
r=+2 
uo eG 
Find 7: 


When r=2 => 7,7+27+3=0 
m4+3Dm%4+0D=0 =>r,=-3,7n=-1 
(2, —3), (2,-1) 


When r=-2 => 7,2-47,+3=0 


(1.-3(%4-1=0 =>7,=3,7n=1 


(—2,3), (—2,1) 
Hence: 
2 
r+nl=2-3I s<y 
Or r+rnl=2-I1 5l<2 
Or r+nfl=-24+31 ;1>2/3 
Or r+nl=-2+!I ;I1>2 
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4. Conclusions 


Geometry is important for many reasons. The world is overflowing with geometric shapes, and 
since geometric shapes surround us from every side, our understanding and appreciation of our 
world will be better if we learn something about geometry. This led us to introduce the concept of 
neutrosophic in geometry and to write this paper. The equations of the circle and the straight line in 
the neutrosophic field are defined. This paper is considered an introduction to the neutrosophic 
geometry. 
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Abstract 
Medical images are essential in contemporary medicine because they provide practicable 


entropy, which is used to diagnose medical conditions. It is useful to visualize abnormality in 
several parts of the body. Image segmentation in the medical has an important function in 
various applications in diagnosis systems. Researchers have become interested in 
segmentation algorithms as a result of Computed Tomography (CT) and Magnetic Resonance 
Imaging (MRI). The Region of Interest (ROI) extracts used in medical applications depend 
heavily on processes including cancer identification, bulk detection, and organ segmentation. 
Due to its capacity to deal with uncertainty and imprecision, Neutrosophic image processing 
(NIP) is a significant domain for uncertainty in medical image processing. Its methods in 
medicine demonstrate their transcendence. In the suggested work, the primary medical 
domains that NIP can create for image segmentation from DICOM pictures are highlighted. 
Due to the way it handles uncertain information, it has been found to be a better method. 


Keywords: Image processing, Neutrosophic image processing, Image segmentation, DICOM images. 


1. Introduction 
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Digital imaging is a vital role in medical image analysis in clinical theory therapy «189259 and &28@ Medical 
image classification has been thoroughly explained etg929a@ outlined how crucial the problem of image 
segmentation is to image processing «16@ image segmentation techniques were explained <83e The use of images 
has attracted the attention of several researchers 109 ol 19 e169 et1¢ of8oand 14a image analysis was reviewed 
o45@ An explanation of an image segmentation pattern «12a Some novel medical segmentation concepts are 
proposed in 29 Ye 139 and 22a Explained image segmentation by threshold «89a Segmentation is handled 
by region 2a In this investigation, operators defined in the Neutrosophic theory will be applied for digital 
image processing. Neutrosophic is the branch of philosophy that studies everything related to neutralities. Along 
with the membership and non-membership function, it now also provides an indeterminacy membership function 
for the first time, allowing any one of them to exist independently of the others. Contradictions, inconsistencies, 
and ignorance in knowledge or information are modelled by indeterminacy. Explained filters in Neutrosophic 
image processing o42@ Studies on edge detection based on uniforms 189 240 Using evolutionary algorithms 
and an enhanced Sobel operator, locate edges in photos «26a Using hysteresis thresholds in thresholding 
techniques to detect edges «83a There has been some investigation on the effectiveness of the Neutrosophic set 
approach filtering method for image denoising «89@ Grey picture extraction and segmentation using fuzzy logic 
84a 0 ultrasonography breast image segmentation using the Neutrosophic approach. area merge approach 
using Newton-Raphson logic (49). &o utilising ultrasound pictures for automated identification and 
categorization of breast cancer. 5@ Neutrosophic Sets: A New Approach for Improving Image Retrieval. 
&209685a MRI denoising using the Wiener filtering nonlocal Neutrosophic set technique. <809el90innovative 
method for segmenting coloured images using fuzzy c-means and the Neutrosophic. &27@Modified Neutrosophic 
method for segmenting coloured images. «89a DICOM image extraction type-2 fuzzy. 88oUsing Type-2 Fuzzy 
Triangular Norms, find edges ina DICOM image. 


Random noise throughout the process reduces the processing speed and quality of the MRI pictures. Denoising 
plays a crucial function in the earlier stage of picture processing. In Neutrosophic based noise reduction is MRI 
images converted to Neutrosophic sets. True, indeterminacy, and false in defined in Neutrosophic sets. The 
entropy is measured from indeterminacy. Image segmentation is considered for pattern identification ol2aBa 
Proposed a new image segmentation in images on Neutrosophic histogram estimation. Neutrosophic set is high 
impact on deducing indeterminacy of uncertainty 69eb9e/9869e1490470 and of3a After the development of 
Neutrosophic theory so many researchers concentrated on medical image processing «219¢17a810 proposed 
breast lesion image segmentation from computed tomography. 82 introduced a contour model image 
segmentation. “lo Neutrosophic based liver tumor segmentation. 230 and 2 propose to introduce image 
processing through the Neutrosophic sets. 


2.Methodology 
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Evaluation Metric 
Cardinality for Neutrosophic images 


If the image is being the pixel coordinate A( x, y), G(x,y) be the gray level pixel of A(x,y). a(x) represent 
the membership function of the expert knowledge of the image. I,(x) is indeterminacy of the expert knowledge 
of the image and F(x) is the non membership of the expert knowledge of the image. tl, (x) is represent as 
hesitation value. If an image of size M x N pixel gray level L between 0 to L-1. 


Ma(X) = 3 — Ma(X) — I4(x) — F(x) 


Ha(Gij), la(gij) and F4(gi;) represent as the (i,j) the pixel of membership, indeterminacy and non 


membership function. 
Ha(gij) = Sat mingij,maxgij represent the gray level of images. 
i j7max, ij 


If N is a neutrosophic crisp set. The neutrosophic measure defines as 


Gawe 1x Maxcount(E; N E;) 
Oe nha Maxcount (E; U EF) 
i= 


Where n is the cardinal(E), Ei denotes a single element. The cardinality of E is given by 


Maxcount(E) =) (ex) + te(x))(E) +.) Weed + te(H0) 


i=1 i=1 


DICOM image is mapped in to Neutrosophic space, where the Neutrosophic space image 
N(x, y)©°T(y) 10, y). FX y)o. 


Where T(x,y), I(x,y) and F(x,y) are the true ,indeterminate and false respectively on the image N. 


T(x,y) = ope (1) 

= = 1 ate b+e or 

NOY) = Ty Lica Ejay HN GD (2) 
5(x,y)—émi 

I(@,y) = eee 3) 

d(x, y) = abs(N(x,y) — N (x,y) (4) 

F(x%,y) =1-T(,y) (5) 
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N True Positive tN True Negative 
Accuracy = 4 ne es a ee ee (6) 
NTrue Positive +N True Negative +N False Positive +N False Negative 
a N True Positi 
Precision = ——“—“““"#*__ (7) 


True Positive +N False Positive 


; 2xXN siti 
Harmonic mean = True Positive (8) 


2XNTrue Positive + N False Positive +N False Negative 


True ,Indeterminacy and false entropies in Neutrosophic image are measured from entropy domain 


N (x,y) is the local mean and 0(x, y) is the absolute value of difference between N(x, y) and N (x,y). If the 
intensity have equal probability with uniformly distributed. Guo et al .,(2009) 


3.Neutrosophic image processing 


Neutrosophic Domain 


Input image neutrozzification of T,I,F 


Denetrozzification of 


image 


Fig(1) Neutrosophic image processing 


The approved and standard data is called Digital Imaging and Communication in Medicine (DICM) It 
is impossible to determine whether an edge is visible in a picture because most photographs lack sufficient 
brightness. Before the edge detection technique begins, edges may be improved. Opening and Closing, Maximum 


Erosion, and Minimum Dilation are morphological operations used in image processing (Idempotency). 


4.Architecture of edge detection by Neutrosophic 
Here the proposed design of the process of edge detection is described (Figure 2.) 
Figure 2: Architecture of Edge Detection on DICOM image 
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Input Create Axes Select image 


Information Region 


Gray scale 


about 
DICOM 


DICOM Read fines Using 
Thresholding Neutrosophic 


Props and 


Centroid 


sets 


Montage 


Segmentation 


Flipdim 


5.Proposed edge detection algorithm 
Step 1: Convert CT scans files to DICOM through filpdim 


Step 2: Image convert to Gray Scale 

Step 3: Do thresholding and region growing 

Step 4: Convert RGB to green channel complement 

Step 5: Give contrast limited adopting histogram equalization 
Step 6: Use morphological operation 

Step 7: Remove optic disc 


Step 8: Use 2D medium filter and reduce the noise 
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Step 9: Remove background and image adjustment 
Step 10: Do the segmentation using Neutrosophic sets 
Step 11: Detect the edge 

Step 12: End 

6.Programme of DICOM image processing 


goimread(‘image.jpg’); 

gorgb2gray(g), 

godouble(g); 

wo3; 

for io3:size(g,1)-2 

for jo3:size(g,2)-2 

so0; 

for mei-round(we2):ioround(we2) 

for noj-round(we):j oround(we2) 

soso g(m,n); 

end 

end 

g1(i,j)osq{wow); 
segma(i,jeabs(g(i,j)-g1(i,j)); 

end 

end 

glminemin(min(g1)); 
glmaxomax(max(g1)); 

segmamine min(min(segma)); 
segmamax®max(max(segma)); 

for io3:size(g,1)-2 

for jo3:size(g,2)-2 
T(i,j)o((gl(,j)-glmin).g1max-g] min)); 
I(i,j)©((segma(i,j)-segmamin).¢segmamax-segmamin)); 
F(ij)e1-TG,j); 

end 

end 

figure 

subplot(3,1,1),imshow(T),title('T domain’) 
subplot(3,1,2),imshow(]),title(‘I-domain’) 
subplot(3,1,3),imshow(F),title('F-domain’) 


APPLICATION OF IMAGE PROCESSING 
Image analysis is using MATLAB 2021b. The three-dimensional image in this instance is changed to a two- 
dimensional image. The image in Figure 1 was taken from a patient DICOM image as part of our experimental 


data collection. 


For the purpose of the whole image in Figure 3, The data image was produced using computed tomography and 
is coloured in grayscale. The facial bone of a 50-year-old woman is mentioned in the study's description. Figure 
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3 displays a portion of the DICOM data collection. Convolution models for image segmentation can benefit from 


the usage of medical imaging. There are few data sets for medical picture segmentation. 


Fig :3 DICOM Montage 


Negative | Predictive Harmonic 
S Accuracy | sensitivity | specificity | Rate Value score | precision | mean 
7 0.9668 0.1287 0.9838 | 0.0162 0.1394 | 0.1338 | 0.13944 | 0.13384321 
I 0.1946 0.9583 0.048 0.952 0.162 | 0.2771 | 0.16197 | 0.27710843 
F 0.3733 0.8333 0.3118 | _ 9.6882 0.1393 | 0.2387 | 0.13927 | 0.23866348 
Berean 0.987 0.037 0.9945 | 0.0055 0.0514 | 0.043 | 9.95139 | 0.04304932 


Fig :4 Image with Best view and Neutrosophic images 


\oomnaen 
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The optimum filter for extracting the image from DICOM data in the suggested system is found to be the 2D 
median filter. The experiment's classification result shows that the genuine membership image extraction 
accuracy is 970 , the sensitivity is lo , the specification is 980 , the PPV is 120 , and the 12 harmonic mean of 
precision and sensitivity is 12 . In Table 1, the categorization outputs are displayed. 


Table:1 Measures of the images. 


Itomain 


Fig :5 Thresholding Images and Neutrosophic images 


Fig :6 Image segmentation and Neutrosophic images 
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Fig. 7 Accuracy Analysis 


normal 


Fig 7 shows that true membership is very nearest value from original images. 


score 
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Fig. 8 Score Analysis 


Fig 8 shows that true membership is very nearest value from original score images. 
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Fig. 9 Harmonic Analysis 
Fig 9 shows that true membership is very nearest value from harmonic value of an images. 
Conclusion 


In Decision making using DICOM images involve vagueness, incompleteness, uncertainty and indeterminacy 
due to object orientation, staining degree and colors. NIP can achieve a better output in the vagueness of the 
images. NIP using three membership , it is effectively handled indeterminacy and uncertainty. NIP have 
impressive performance in DICOM image segmentation. NIP images transforming into Neutrosophic sets. 
Because of its imaging process, image's noise, inhomogeneity, and contrast, DICOM images play a crucial role 
in the diagnosis and treatment of brain cancers. For segmentation in these situations, neurosophic image 
processing is applied. This procedure seeks to make the image easier to depict as more significant and to 
determine or analyse. A patient's MRI's DICOM picture has undergone image segmentation. It has been noted 
that it requires extremely precise segmentation. Additionally, plithogenic conditions may be added to the process 


Reference 


oloAnter, A. M., & Hassenian, A. E. (2018). Computational intelligence optimization approach based on particle 
swarm optimizer and neutrosophic set for abdominal CT liver tumor segmentation. Journal of Computational 
Science, 25, 376-387. 


QeAkbulut, Y., et al. (2018). An effective color texture image segmentation algorithm based on hermite 
transform. Applied Soft Computing Journal, 67, 494-504. 


®eAshour, A. S., Guo, Y., Kucukkulahli, E., Erdogmus, P., & Polat, K. (2018). A hybrid dermoscopy images 
segmentation approach based on neutrosophic clustering and histogram estimation. Applied Soft Computing, 69, 
426-434. 


otBaloch, S., Krim, H., 2007. Flexible skew-symmetric shape model for shape representation, classification, 
and sampling. IEEE Trans. Image Process. 16, 317-328. doi:10.1109&TP.2006.888348. 


#SBroumi, S., & Smarandache, F. (2013). Correlation coefficient of interval neutrosophic set. In Vol. 436. 
Applied mechanics and materials (pp. 511-517): Trans Tech Publications. 


&Broumi, Said, D. E. L. f. irfan, and Florentin Smarandache. "Interval valued neutrosophic parameterized soft 


set theory and its decision making." Journal of new results in science 3.7 (2014): 58-71. 


¥Broumi, S., Smarandache, F., Talea, M., & Bakali, A. (2016). An introduction to bipolar single valued 
neutrosophic graph theory. In Vol. 841. Applied mechanics and materials (pp. 184-191): Trans Tech 
Publications. 


D. Nagarajan ,S.Broumi Neutrosophic DICOM Image Processing and its applications 


Neutrosophic Sets and Systems, Vol. 53, 2023 354 


&®eCheng HD, Shan J, JuW, Guo Y, Zhang L. Automated breast cancer detection and classification using 
ultrasound images: A survey. Pattern Recognition. 2010;43(1):299-317. 

&MeChen, L. C., et al. (2018). Deep lab: Semantic image segmentation with deep con1volutional nets, atrous 
convolution, and fully connected CRFs. IEEE Transacltions on Pattern Analysis and Machine Intelligence, 
40(4), 834-848 


10eChen, X., Zhou, B., Lu, F., et al.: ‘Garment modeling with a depth camera’, ACM Trans. Graph., 2015, 34, 
(6), pp. 1-12 


11eChen, X., Li, J., Zou, D., et al.: ‘Learn sparse dictionaries for edit propagation’, IEEE Trans. Image Process., 


2016, 25, (4), pp. 1688-1698. 


12eComaniciu, D., Meer, P., & Member, S. (2002). Mean shift: A robust approach toward feature space analysis. 
TEEE-PAMI, 24(5), 603-619. Das, S., et al. 


13eDas . Color image segmentation: Advances and prospects. Pattern Recognition, 34(12), 2259-2281. (2019) 


A4eDing, Y., Fu, X.: ‘Kernel-based fuzzy C-means clustering algorithm based on genetic algorithm’, 
Neurocomputing, 2015, 188, pp. 233-238. 


o15eEisa M. A New Approach for Enhancing Image Retrieval using Neutrosophic Sets. International J ournal of 
Computer Applications. 2014;95(8):12-20. 


16cEklund, A., Dufort, P., Forsberg, D., et al.: ‘Medical image processing on the GPU — past, present and future’, 
Med. Image Anal., 2013, 17, (8), pp. 1073— 1094 


17eGhosh, P., Antani, S., Long, L.R., Thoma, G.R., 2011. Review of medical image retrieval systems and future 
directions. In: Proceedings of 2011 24th International Symposium on Computer-Based Medical Systems 
(CBMS), pp. 1-6. doi:10.1109CBMS.2011.5999142. 


o180GONZe LEZ HIDALGO, M., MASSANET, S., MIR, A. and RUIZ AGUILERA, D. (2014): A new edge 
detector based on uninorms. In: International Conference on Information Processing and Management of 
Uncertainty in Knowledge-Based Systems, 184-193, Springer, Cham. 


19eGuo Y, Sengur A. A novel color image segmentation approach based on neutrosophic set and modified 
fuzzy c-means. Circuits, Systems, and Signal Processing. 2013;32(4):1699-1723 


&20eGUO, Y. and CHENG, H. D. (2009): New neutrosophic approach to image segmentation. Pattern 
Recognition, 42, 587-595 


D. Nagarajan ,S.Broumi Neutrosophic DICOM Image Processing and its applications 


Neutrosophic Sets and Systems, Vol. 53, 2023 355 


&1eGuo Y, Zhou C, Chan HP, Chughtai A, Wei J, Hadjiiski LM, Kazerooni EA. Automated iterative 
neutrosophic lung segmentation for image analysis in thoracic computed tomography. Medical physics. 
2013;40(8):1-11. 40. 

&22eGuo, Y., & Sengur, A. (2014). A novel image edge detection algorithm based on neutrosophic set. Computers 
and Electrical Engineering, 40(8), 3-25. 


&23eGuo, Y., Li, H., Yang, L. et al. Trace Element Levels in Scalp Hair of School Children in Shigatse, Tibet, 
an Endemic Area for Kaschin-Beck Disease (KBD). Biol Trace Elem Res 180, 15-22 (2017). 
https: exloi.orgel 0.1007612011-017-0988-0 


&4eGuo Y, Cheng HD, Zhang Y. A new neutrosophic approach to image denoising. New Mathematics and 
Natural Computation. 2009 Nov;5(3):653-62 


&Q5ede Bruijne, M., 2016. Machine learning approaches in medical image analysis: from detection to diagnosis. 
Med. Image Anal. 33, 94-97. doi:10.10164.media.2016.06. 032. 


6g IN YU, Z., YAN, C. and XIAN XIANG, H. (2009): Edge detection of images based on improved Sobel 
operator and genetic algorithms. In 2009 International Conference on Image Analysis and Signal Processing, 31- 
35, IEEE. 


&27eKarabatak E, Guo Y, Sengur A. Modified neutrosophic approach to color image segmentation. Journal of 
Electronic Imaging. 2013;22(1):013005(1-11). 


&28eKalpathy-Cramer, J., Herrera, A., Demner-Fushman, D., Antani, S., Bedrick, S., Muller, H, 2015. 
Evaluating performance of biomedical image retrieval systems -an overview of the medical image retrieval task 
at imageclef 2004 - 2013. Comput. Med. Imaging Graphics 39, 55-61. doi:10.10164.compmedimag.2014.03. 
004. 


&29cKoitka, S., Friedrich, C.M., 2016. Traditional feature engineering and deep learning approaches at medical 
classification task of imageclef 2016. In: Proceedings of CLEF (Working Notes). 


80eKoundal D, Gupta S, Singh S. Speckle reduction method for thyroid ultrasound images in neutrosophic 
domain. IET Image Processing. 2016;10(2):167-75. 


®l1eLee, J., et al. Neutrosophic segmentation of breast lesions for dedicated breast computed tomography. 
Joumal of Medical Imaging,(2018) 5(1). 


$2eLotfollahi, M., et al. (2018). Segmentation of breast ultrasound images based on active contours using 
neutrosophic theory. Journal of Medical Ultrasonics, 45(2), 205-212. 


D. Nagarajan ,S.Broumi Neutrosophic DICOM Image Processing and its applications 


Neutrosophic Sets and Systems, Vol. 53, 2023 356 


83eMedina carnicer R., Carmona poyato, A., MU OZ SALINAS, R. and MADRID CUEVAS, F. J. (2009): 
Determining hysteresis thresholds for edge detection by combining the advantages and disadvantages of 
thresholding methods. IEEE transactions on image processing, 19, 165-173. 


84eMohan, J., Chandra, A. T. S., Krishnaveni, V. and Guo Y. (2012): Evaluation of neutrosophic set approach 
filtering technique for image denoising. The International Journal of Multimedia & Its Applications, 4, 73-81. 


4eMondal K, Dutta P, Bhattacharyya S. Fuzzy logic based gray image extraction and segmentation. 
International J ournal of Scientific & Engineering Research. 2012;3(4):1-14. 


85¢éMohan J, Krishnaveni V, Guo Y. MRI denoising using nonlocal neutrosophic set approach of Wiener 
filtering. Biomedical Signal Processing and Control. 2013;8(6):779-791. 22. 


860 Fatma Taher , Ahmed Abdelaziz, Neutrosophic C-Means Clustering with Optimal Machine Learning 
Enabled Skin Lesion Segmentation and Classification, International Journal of Neutrosophic Science, Vol. 19 , 
No. 1 , (2022) : 177-187 


87eNagarajan.D,.Lathamaheswari.M, Kavikumar.J and Hamzha, “A Type-2 Fuzzy in Image Extraction for 
DICOM Image” International Journal of Advanced Computer Science and Applications(IJACSA), 9(12), 
2018. http:exkx.doi.orgel 0.14569dJ ACSA.2018.091251 


&8eNagarajan.D, Lathamaheswari.M,Sujatha.R and Kavikumar.J, “Edge Detection on DICOM Image using 
Triangular Norms in Type-2 Fuzzy” International Journal of Advanced Computer Science and 
Applications(IJ ACSA), 9(11), 2018. http:exlx.doi.orgel 0.14569dJ ACSA.2018.091165 


®9eNaidu, M. S. R., Rajesh Kumar, P., & Chiranjeevi, K. (2018). ). Shannon and Fuzzy entropy based 
evolutionary image thresholding for image segmentation. Alex] andria Engineering Journal, 57(3), 1643-1655 


at0eQi, X., Liu, B., & Xu, J. (2016). A neutrosophic filter for high-density salt and pepper noise based on pixel- 
wise adaptive smoothing parameter. Journal of Visual Communication and Image Representation, 36, 1-10. 


o41eRudz, S., Chetehouna, K., Hafiane, A., et al.: ‘Investigation of a novel image segmentation method dedicated 


to forest fire applications’, Meas. Sci. Technol., 2013, 24, (7), 075403 


042e5alama and F. Smarandache, Filters via Neutrosophic Crisp Sets, Neutrosophic Sets and Systems, Vol.1, 
No. 1, (2013)pp34-38. 


o43e5alama.A.A, Florentin Smarandache, Mohamed Eisa,Introduction to Image Processing via Neutrosophic 
Techniques’ Neutrosophic Sets and Systems, Vol. 5, 2014”,59-64 


o14e5marandache, F. (2014). Neutrosophic theory and its applications. Vol. I. Collected Papers. Infinite Study 


0450 Norzieha Mustapha , Suriana Alias , Roliza Md Yasin , Nurnisa Nasuha Mohd Yusof , Nurul Najiha 
Fakhrarazi , Nik Nur Aisyah Nik Hassan, New Entropy Measure Concept for Single Value Neutrosophic Sets 


D. Nagarajan ,S.Broumi Neutrosophic DICOM Image Processing and its applications 


Neutrosophic Sets and Systems, Vol. 53, 2023 357 


with Application in Medical Diagnosis, International Journal of Neutrosophic Science, Vol. 19, No. 1, (2022) : 
375-383 

ot6oWang, B., Lin, D., Xiong, H., et al 2016.: ‘Joint inference of objects and scenes with efficient learning of 
text-object-scene relations’, IEEE Trans. Multimed., 18, (3), pp. 507-520 


at70Y e, J. (2014). Similarity measures between interval neutrosophic sets and their applications in multicriteria 
decision-making. Journal of Intelligent & Fuzzy Systems, 26(1), 165-172. 


e180 Florentin Smarandache, Structure, NeutroStructure, and AntiStructure in Science, International Journal of 
Neutrosophic Science, Vol. 13 , No.1 , (2021) : 28-33 


019eZhang M, Zhang L, Cheng HD. Segmentation of ultrasound breast images based on a neutrosophic 
method. Optical Engineering. 2010;49(11): 117001-117001. 


0eZhang L, Zhang Y. A novel region merge algorithm based on neutrosophic logic. International Journal of 
Digital Content Technology and its Applications. 2011;5(7):381-7. 


&1e4hi, X. H., & Shen, H. B. (2018). Saliency driven region-edge-based top down level set evolution reveals 
the asynchronous focus in image segmentation. Pattern Recognition, 80, 241-255 


Received: Sep 10, 2022. Accepted: Dec 24, 2022 


D. Nagarajan ,S.Broumi Neutrosophic DICOM Image Processing and its applications 


NSS Neutrosophic Sets and Systems, Vol. 53, 2023 


University of New Mexico 


Ny < 


The Basics of Neutrosophic Simulation for Converting Random 
Numbers Associated with a Uniform Probability Distribution 
into Random Variables Follow an Exponential Distribution 


Maissam Jdid!, Rafif Alhabib’ and A. A. Salama? 


1 Faculty of Informatics Engineering, Al-Sham Private University, Damascus, Syria; 
mj.foit@ aspu.edu.sy 


2 Department of Mathematical Statistics, Faculty of Science, Albaath University, Homs, Syria; 
rafif.alhabib85@ gmail.com 


3 Department of Mathematics and Computer Science, Faculty of Science, Port Said University, Port Said, Egypt; 
drsalama44@ gmail.com 


Abstract: When performing the simulation process, we encounter many systems that do not follow 
by their nature the uniform distribution adopted in the process of generating the random numbers 
necessary for the simulation process. Therefore, it was necessary to find a mechanism to convert the 
random numbers that follow the regular distribution over the period @, loto random variables that 
follow the probability distribution that works on the system to be simulated. In classical logic, we 
use many techniques in the transformation process that results in random variables that follow 
irregular probability distributions. In this research, we used the inverse transformation technique, 
which is one of the most widely used techniques, especially for the probability distributions for 
which the inverse function of the cumulative distribution function can found. We applied this 
technique to generate neutrosophic random variables that follow an exponential distribution or a 
neutrosophic exponential distribution. This based on classical or neutrosophic random numbers that 
follow a regular distribution. We distinguished three cases according to the logic that each of the 
random numbers or the exponential distribution follows. We arrived at neutrosophic random 
variables that, when we use them in systems that operate according to an exponential distribution, 
such as queues and others, will provide us with a high degree of accuracy of results, and the reason 
for this is due to the indeterminacy provided by neutrosophic logic. 


Keywords: Simulation - inverse transformation - uniform distribution - exponential distribution - 
neutrosophic exponential distribution - random numbers - random variables - neutrosophic logic. 


1. Introduction 


The generation of random variables that follow a certain distribution is the basis of the simulation. We can 
generate random events that simulate any real system by finding probability distributions that apply to the 
events and properties of that system, for example: "times between arrivals" in queues are random events that 
often follow an exponential distribution. There are several methods and algorithms for generating random 
variables froma given distribution o1,2,3a 


To keep pace with the modern studies that emerged after the neutrosophic revolution, the logic laid down by the 
American mathematical philosopher Florentin Smarandache in 1995 6,8,10,11,12,13,20ecame as a 
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generalization of the fuzzy logic and an extension of the theory of fuzzy sets presented by Lotfi Zadeh in 1965 
&@ As anextension of that logic, A. A. Salama presented the theory of classical neutrosophic sets as a 
generalization of the theory of classical sets and developed, introduced and formulated new concepts in the 
fields of mathematics, statistics, computer science and classical information systems through neutrosophic. 
Logic that studies the origin, nature and field of indeterminacy so that it takes into account every idea with its 
opposite (its negation) and with the spectrum of indeterminacy ete In addition, there were several achievements 
of many researchers in the field of neutrosophic «5,9,14,15,16,17,18,19,21,22,23,24,25,26@ It was necessary to 
work on transforming the random numbers that follow a neutrosophic uniform distribution into random 
variables that follow a neutrosophic exponential distribution. In this research, we present a study on the process 
of converting random numbers that follow a regular distribution over the period &), 1©to random variables that 
follow an exponential distribution, based on the definition of regular and exponential distributions according to 
neutrosophic logic. 


2. Experimental and Theoretical Part: 


In view of the great importance that the exponential distribution has in most fields of science, and in order to 
obtain more accurate results when using it in a field. the researchers defined this distribution according to the 
neutrosophic logic. The logic that enables us to deal with all the cases that we can come across during the study. 
In previous research 28 entitled " Fundamentals of Neutrosophical Simulation for Generating Random 
Numbers Associated with Uniform Probability Distribution" we reached mathematical formulas that help us in 
generating neutrosophic random numbers that follow the uniform distribution on the period &, 1@ In this 
paper, we have developed a mechanism to obtain the neutrosophic random variables that follow an exponential 
distribution. This based on the random numbers that follow the uniform distribution on the period &, 1e This 
done by using the inverse transformation of the cumulative distribution function. The study included all the 
cases that we need during the simulation process for the systems that operate according to the exponential 
distribution. 

Previous studies: [1, 2, 3, 28] 

If Ry, Ro ... are a sequence of random numbers then R; has a probability function defined as: 


Re 1 O<x<il 
x)= 
. 0 otherwise 


Cumulative distribution function: 


0 x<0O 
Fr(x)=4x O<x<l 
1 x>1 


To generate x1, X2 ... observations of the random variable X. follow the distribution: 
F(x) = PX = x), —m~<x<o 


We use the sequence of random numbers Ri, R2 ...., and the cumulative distribution function for the random 
variable X. Then we apply the inverse transformation method. It is the most commonly used, especially for 
probability distributions in which F(x) can found. It based on matching: 

F(X) oR (0) 
If the random variable X follows a classical exponential distribution. 
Then the probability density function is: 
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—AXx > 
Pej< Xe x>0 
0 x <0 


The cumulative distribution function: 


_ —hx > 
Ce l-e x>0 
0 x <0 


We substitute in the relation (©): 
F(X)oR 
1-e*=R x20 


By solving the previous equation, it results in: 


x =—=In(1 —R) («#) 


We call the equation (oo): the generator equation for the random variable that follows the exponential 
distribution. Are of the form: 
X © F(R) 


Therefore, to obtain a sequence of observations, of the random variable X that follows the exponential 


distribution, we use the relationship X = F 7 (R) _, and the sequence of random numbers Ri, Ro... we write: 


X; = F-*(Rj) 
X,=-=mG-R) ; i=12... 


It can be simplified to the form: 


Xi = —=In R; 


3. Results and Discussion 


The current study: To generate random variables that follow an exponential distribution according to 
neutrosophic logic, we distinguish the following cases: 
First case: the random numbers follow the neutrosophic uniform distribution on the 


period [o Pepe é| and the exponential distribution in the classical form. 
To generate random variables that follow the exponential distribution whose probability density function: 
f(x) © Ae** xo0 
Cumulative Distribution Function: 
F(x) 0 1-e* x>0 


Using the sequence of neutrosophic random numbers that follows the uniform distribution on the 


period [0 +é,1+ é| , and which is given as Ry - €, Ro - €... , we apply the relationship (): 
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F(x)oR 
In this case, we write: 
F(x) © Ri-e=> 
1—-e**oRi-e 
eo 1—(Ri-s) 
-Ax © In(1- (Ri- €)) => 
In(l—(R, —e)) 


Lys 
r 


Accordingly, to obtain a sequence of observations of the random variable X using the random 


numbers that follow the neutrosophic uniform distribution on the period|0+ ¢,1+¢], which 


is given by the formula Rj - ¢ . We substitute, in the following relationship: 


x= In(1-(R, —€)) a= 19). 
A 
It can be simplified: 
xy = In(R, —e) 
Ni yl 5i=1,2... 


The second case: _ classical random numbers and a _ neutrosophic exponential 
distribution. 
Let's have a sequence of random numbers Ri, R2 ... that follows a uniform distribution on the 


period|0,1] , and we want to generate random variables that follow a neutrosophic exponential 
distribution. 
Probability density function of the neutrosophic exponential distribution eta 

f60 =A’ye Doxow 


The cumulative distribution function given by: 
NF(x) © 1- es 


Using the relation (©): 
NF(x) 0 R=> 
1-e”*s oR> 
ex ©1-R 
ae An 


Accordingly, to obtain a sequence of observations of the random variable X, "which follow the 
neutrosophic exponential distribution". Using the random numbers that follow the uniform 


distribution on the period [o ; 1], we substitute in the relationship: 
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ams eae 


The third case: the random numbers follow the neutrosophic uniform distribution and 
the neutrosophic exponential distribution. 

To find the relationship through which we get: random variables that follow the neutrosophic 
exponential distribution starting from the sequence of neutrosophic random numbers that follow the 


regular distribution on the period|0 +é,1+ él, which are given as follows: 


Ri -s¢, Ro-6s,.... 
We apply the relationship (©): 
F(x)oR 
1- e’’ oR-e=> 
-1 
X =—Infl-(R -s)| 
An 
or in the form: 
X= —In(R - ¢) 
aN 


Therefore, to obtain a sequence of observations of the random variable X that follows the 
neutrosophic exponential distribution using the random numbers that follow the neutrosophic 


uniform distribution on the period [o +é,1+ é| , we substitute in the relation: 


Ky =) i= 1,2... 
N 


4. Application Example: 

Suppose we have a system that operates according to an exponential distribution whose probability 
density function is f (x) =2e°* ; x>0 . We want to conduct a neutrosophic simulation of this 
system. Where the indeterminate ¢ = [o , 0,03 i Here we need to generate neutrosophic random 


numbers. Therefore, we use one of the cases: 


First case: The exponential distribution is classical, its probability density function is 


f (x) =2e°* ; x>0, and neutrosophic random numbers (We get it by one of the methods studied 


in the research 8 ©). 
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In this example, we generate random numbers that follow the neutrosophic uniform distribution on 


the period[0 +e; 1+ él, That is, we generate random numbers according to one of the known 


methods. Here we will use the "mean-squared' method, by taking the seed R, =1276. We get the 


random numbers: 
R, =0,6281 , R,=04509 , R,=03310 , R, =0,095° 


By using the rule that we reached in previous research &8to convert classical random numbers into 


random numbers that follow the neutrosophic uniform distribution on the period[0 + ¢ , 1+ ¢]. In 


addition, take the given indeterminacy € = [o , 0,03 | . We get the neutrosophic random numbers: 


Ry, =[0,0976, 0,276] , R,, =[0,5981,0,6281] , R,, =[0,4209, 0,4509] 
Ry; =|0,3010,0,3310| , R,, =[0,0656, 0,0956] 


In(R,-e) InR 


Then we apply the following rule X,, = Fi = a ; 1=01,2,3,4 
We get: 

X= ae 110.0976, 01276 _[y204,116349 

X,= ink : 0598 0,628] _ [ 0,2325, 0,2570] 

ae pie : ae 0,4509] _1 o 3083, 0,4327] 

X,.- Die _ 1103010, 08310) _[ 95528, 0.6003 

X= ink _ NO0656. 0,0956] _ 111738, 13621] 


It is sequence of neutrosophic random observations, which follow an exponential distribution. 
The second case: The neutrosophic exponential distribution, its probability density function 


is f(x)=[2, 2,03]e ©: 203}. >. Random numbers are classical. 


To find the required neutrosophic random observations, we will take the random numbers that follow 


the uniform distribution on the period [o ; 1] 


R,=1276 , R,=0,6281 , R, =0,4509 
R, =0,3310 , R,=0,0951 


InkR, 


Then we apply the rule: X ,; =— ; 1=01,2,3,4 


‘N 
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We get: 


Hes MAO sh oid aod 
Ay [2 , 2,03] 


InR. In0,6281 
Xm = i= 7 "= = |0,2290, 0,2325 
pet Ai (2, 2,03] 


InR. In0,4509 
X.,- = d = [1,5045, 0,3983 
ne ve (2, 2,03] 


InR. 1n0,3310 
= i= — [0,5446, 0,5528 
Me he [2 , 2,03] 


InR, In0,0951 
Xn = b= = [11590, 11764 
ao = [2 , 2,03] 


It is sequence of neutrosophic random observations, which follow the neutrosophic exponential 
distribution. 

The third case: The neutrosophic exponential distribution, its probability density function given by 
the following f (x) 7 [2 : 2,03b P25 ; x20 . The neutrosophic random numbers from the 


figure R, — € . To find neutrosophic random observations. We take the neutrosophic random numbers 


used in the first case and apply the following rule: 


Xu = anit ; Ry, =R,-€ ; i=01,234 
An 
We get: 
X,.= —InRy, _ —1r[0,0976, 0,1276] ~f01421, 11634] 
Ay [2, 2,03] 
xX, = Ink _ —Inf0,5981, 0,6281] _ [0,2291, 0,2570] 
7 [2 , 2,03] 
X= tis _ —Inf0,4209, 0,4509] _ [0.3924 0,4327] 
fc [2 , 2,03] 
Niele ns = eee = [0,54465, 0,6003| 
N ror 
X,.= =n z se ee -f1564, 13624 
N ror 


It is sequence of neutrosophic random observations, which follow the neutrosophic exponential 
distribution. 


5. Conclusions: 


Through the previous study, we found that, to generate a sequence of neutrosophic random 
observations that follow an exponential distribution, using a sequence of random numbers that follow 
a uniform distribution. We use one of the following cases, according to the case under study: The first 
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case: neutrosophic random numbers, i.e. They follow the neutrosophic uniform distribution on the 


period|0 +é,1+ él, and the exponential distribution in the classical form. 


The second case: random numbers that follow the uniform distribution on the period [o , 1], and the 


neutrosophic exponential distribution. 
The third case: the neutrosophic random numbers, i.e., they follow the neutrosophic uniform 


distribution on the period [o +é,1+ é|, and the neutrosophic exponential distribution. 


By using techniques used in classical logic. In this paper, we used the inverse transformation 
technique. In addition, we found that for every random number (neutrosophic or classical) there is a 
random variable that follows the neutrosophic exponential distribution, which enables accurately 
simulate the systems that follow the exponential distribution. That is through the accuracy that 
neutrosophic logic provides us when studying any system according to its hypotheses. 

In the near future, we are looking forward to preparing studies that will enable us to generate 
neutrosophic random variables that follow other probability distributions such as the Weibull 
distribution, the geometric distribution, and others. 
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Abstract: the purpose of this article is to study the neutrosophic limits, where the methods of 
neutrosophic factorization and neutrosophic rationalization were applied, useful theorems have been 
proven for facilitating the calculation of the neutrosophic limits. Also, the definition of a positive 
neutrosophic number was presented, and the necessary condition to find the square root of the 
neutrosophic number, in addition to studying some special limits and neutrosophic trigonometric 


limits. Where detailed examples were given to clarify each case. 


Keywords: the neutrosophic limits; neutrosophic trigonometric limits; indeterminacy; method of 
neutrosophic factorization. 


1. Introduction 


As an alternative to the existing logics, Smarandache proposed the neutrosophic logic to 
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, 
unknown, incompleteness, inconsistency, redundancy, contradiction, where the concept of 
neutrosophy is a new branch of philosophy introduced by Smarandache [3-14]. He presented the 
definition of the standard form of neutrosophic real number [2-4], studying the concept of the 
Neutrosophic probability [3-6], the Neutrosophic statistics [4][7], and professor Smarandache entered 
the concept of preliminary calculus of the differential and integral calculus [1-9]. Madeleine Al- Taha 
presented results on single valued neutrosophic (weak) polygroups [10]. Edalatpanah proposed a 
new direct algorithm to solve the neutrosophic linear programming where the variables and right- 
hand side represented with triangular neutrosophic numbers [11]. Chakraborty used pentagonal 
neutrosophic number in networking problem, and Shortest Path Problem [12-13]. Y. Alhasan studied 
the concepts of neutrosophic complex numbers and the general exponential form of a neutrosophic complex 
[8][15e@ On the other hand, M. Abdel-Basset presented study in the science of neutrosophic about an approach 
of TOPSIS technique for developing supplier selection with group decision making under type-2 neutrosophic 
number ©l16@ H. Khalid, F. Smarandache and A. Essa have presented a study on a neutrosophic binomial 


factorial theorem with their Refrains 6a 
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Paper consists of 5 sections. In Ist section, provides an introduction, in which neutrosophic science 
review has given. In 2nd section, some definitions, examples of neutrosophic real number and new 
theorems in neutrosophic limits are discussed. The 3rd section frames methods of neutrosophic 
factorization, neutrosophic rationalization, and neutrosophic trigonometric limits. The 4th section 
introduces the definition of a positive neutrosophic number, and the necessary condition to find the 
square root of the neutrosophic number, in addition to studying some special limits and neutrosophic 


trigonometric limits. In 5th section, a conclusion to the paper is given. 
2. Preliminaries 


2.1. Neutrosophic real number [4] 


Suppose that w is a neutrosophic real number, then it takes the following standard form: w = 
a+bI where a,b are real coefficients, and I represent indeterminacy, such 0.1=0 and I” =I, 
for all positive integers n. 


2.2. Division of neutrosophic real numbers [4] 


Suppose that w,,w, are two neutrosophic numbers, where: 
Wi =a,+b 1 , Wz = a, + by! 
To find (a, + b,!) + (az + b2!), we can write: 


a, + bl _ eu 
a, +b I~ ea 
where x and y are real unknowns. 


a, + byl = (ag + b2I)(x + yl) 


a, + byl = anx + (box + any + boy)! 
by identifying the coefficients, we get 
ay = A2Xx 


by = box + (az + boyy 
We obtain unique one solution only, provided that: 


Az 0 
by dp +b, #0 => aj(a,+b2) #0 
Hence: a,#0 and a,#-—b, are the conditions for the division of two neutrosophic real 


numbers to exist. 
Then: 


a,+b,l a, agb,—a,bz 


Q2+bol a, a,(a, +5) 


2.3 New theorems in neutrosophic limits [5] 


Theorem2.3.1 (Binomial Factorial Theorem) 


1 x 
lim (1 + -) = Ie 
x00 x 


where I is the literal indeterminacy, e = 2.7182828. 


Corollary 2.3.1 
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1 
lim(U + x)x = Ie 
x0 


Corollary 2.3.2 


x 


k 
lim (1 + =) = Jek 
x00 x 
where k > 0&k #0,/ is the literal indeterminacy. 


Corollary 2.3.3 


1 


lim (1 +2)" = le 


x0 


where k#0&k>0. 


Theorem2.3.2 


(Ina) [Ia* — I] Ina 


idl xina+lnI ~ 14+InI 


where a>0,a #0. 


Corollary 2.3.4 


ae tal 
x+ 
Inak 
Corollary 2.3.5 
Ia* —I if 


Coe nial 14+ InI 


Corollary 2.3.6 


‘ la'* —] k 
x0, ml 1+Ini 
aval 
Theorem2.3.3 


_ nNdt+kx) 
lim ————— 
x0 x 
Theorem2.3.4 
Prove that, for any two real numbers a,b 


= k(1 + Inl) 


Se 


per 


where a,b >O0&a,b #1. 
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3. Method of neutrosophic factorization 


; “ is rational neutrosophic function, if f(x, 1), g(x,1) contains some common factors, 


then we can cancel out the common factors from the numerator and denominator and then put x = 
a+ bl 
where a,b are real coefficients, and I represent indeterminacy. 


Suppose 


Example 3.1 
Evaluate: 
ies, eral 
Pac x*-—4+43]I] 
Solution: 
lim 2r2t3! 2 
xo2e31 x2 — 4 +31 0 
Method1: 
x2 443] =(x-243N(x+2-3N 
ee SEHD x-24+3I 
Pv lice ame etary game Acta pam MY pee OEY 
‘ eet teres 
xozaix+2—31 4-61 4 4 
Method?2: 
by using L'H6pital's rule 
lim 2o2t3h ey 
yey x2-443] x02 31 2X 
7 1 ¢ a _ 1 a 
~ 2(2-31) 4-61 4 4 


3.1 The method of neutrosophic rationalization 


Example 3.1.1 
Evaluate: 
‘ J1—(2+4Dx -J1+ (2+ 4Dx 
Pa sire (1 + 31)x 

Solution: 

* J1-(2+4Dx-J1+(2+4Dx _0 
x00! (1+ 3x ~ 0 
Method1: 

‘i J1—(2+4Dx —J1+ (2+ 4Dx 
Fea at (1 +3)x 
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(/1 2 p4px—4/1 Os 4I)x) (/1 —(2+4nx+J1+(2+ 4I)x) 
<0¢01 (14+ 3)x (i Sane et ae 4I)x) 


1—(2+4Dx—(1+(2+4Dx) 


= lim 
e040! (1 + 31)x (/1 —(2+4D)x+/1+@2+ 4I)x) 


. —(4+ 8Dx 
a a ce a 
x040 (1 + 31x (J1— 2 + 4x + (1+ 2 + 4Dx) 


-4-8] 
= lim 
x0+01 (4 + 31) (JT (2 + 41x + (1+ (2 + 4x) 
3 —2—-A4l ats Sole i 
~ 1431 2 
Method2: 
by using L'H6pital's rule 
‘ J1—(2+4Nx —J1+ (2+ 4Dx 
Et <geauat (1 +3Nx 
_—2@t4y HAD 
tim ZiT t4Dx 2f1 + 2+ 4Dx 
ere tr Ta! 
=(2+4)  (2+41 
_ 2v1-0  2vi+0_—1—24/-1-21 
1+3I/ 1+3/ 
S —2-A4l Pe a 
~ 1431 — 2 
Example 3.1.2 
Evaluate: 
— 1-v¥x— 441 
lim. —————_—_ 
x>5-I x—-54I1 
Solution: 
1-vx-4+I1 0 
lim. ——————__ = = 
x5-1 x-541 0 
Method 1: 


ay (1—-vx—44+1)(14+ Vx —447) 
x81 (x—54+D(1+Ve—441) 


i 1-(x-44+1 
= wm 
xo5-1(x —5 +1) (1+ Vx —447) 
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= lim A _—§oa2 
x>5-I(x —5+1)(1+ Vx —44+1) 


: -(x-54/) 
= Nt | 
xo5-1(x —5+ 1) (1+ Vx —447) 


—1 —1 
x5-114+V¥x—-44+] 2 


Method?2: 
by using L'H6pital's rule 
— Ll-vx-441 
=> lim 


x25-1 x-541 


i BNE Des ee 71 _7l 
x 25-1 1 x>5-12V/x —4+] 2 


Example 3.1.3 
Evaluate: 
li vVa+ bl + 2x — V¥3x 
im —————— 
xoatbl 3a + 3b] + x — 2Vx 
Solution: 


‘i Vat+bIl+2x-—v3x 0 
im = 
xoatbl (3a +3bl+x—2Vvx 0 


? Va+ bI + 2x — ¥3x 
im 
xoatbl /3q + 3b] +x — 2Vx 


li (Va + bI + 2x — V3x)(Va + bI + 2x + 3x 
= lin —_—_ 
xatbl (3a + 3bI + x — 2Vx)(Va + bI + 2x + V3x) 


=> 


a+bl+2x —3x 


= li 
xsatl (V3a + 3bI + x — 2Vx)(Va + bI + 2x + V3x) 


hi a+bl—x 0 
= me oOOOOOee™Exxx{&xx A Mm™”””ZZO=ES 
xa+bl (3a + 3bI + x — 2Vx)(Vat+ bI + 2x +V3x) 0 


‘ a+bl-—x V3a + 3bI +x +2Vx 
im 
xatbl (3a + 3bI + x — 2Vx)(Va + bI + 2x + V3x) V3a + 3bI +x + 2vVx 


=> 


i (a + bI — x)(V3a + 3b] + x + 2yx) 
im 
xatbl (3q + 3b] +x — 4x)(Va + bl + 2x + V3x) 
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(a + bI — x)(V3a + 3b] + x + 2yx) 
im 
x>atbl 3(a + bl — x)(va + bl +2x+V3x 


i V3a + 3b] +x + 2Vx V3a+ 3b] +a+bl+2Va+tbl 
—  r————_—____—_—Se FF C8 ODl 
xoa+bl 3(Va+ bI +2x+V3x) 3(/a+bl+2(at+bl+/3(@+b)) 


—  V4Catbi)+2vat+bl — 4vat+bl 
— 3(/3(a +b + /3(a+b)) 6/3(a+bI 


_ 2va+bl 2 
“ 3/3Va+b! 303 


3.2 Neutrosophic trigonometric limits 


1) im, sin(a + bI)x =0 
2) im, cos(a+blI)x =0 


sin(a + bI)x 
————— = @ 


3) lim + bl 
x>0+01 x 
Proof (3): 
_ + 2 
Put (a+ bl)x =y =k = 


When x—0+0/_ then: y—0+0/ 


_ sin(a+bl)x ; siny _siny 
=> lim _————= lim =(a+bl) lim —=a+bDl 
x>0+01 x yootor = 1 yootor y 
a+bl” 
se x ee eee: b ' 
) 490401 sin(at+bl)x at+bl a a(at+b) 


Where a,b arereal coefficients, a, #0 anda, +#—b,, I represent indeterminacy. 


Proof (4): 


al 


Put (a+bl)x=y ice eee 


y 


When x—0+0/ then: y—0+0/ 


1 
aa bly 
=> lim —WH———= lim GDI 
x0+01sin(a+bl)x y0+01 siny 
1 _ siny 
= lim. — 
a+bly0+01 y 
= wk b F 
~a+bl a a(at+b) 
tan(a + bI)x 
5) lim. ——————=a+bl 
x>0+01 x 
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im). ——————. = —— = — —- ——_ 
) x-0toltan(a+bI)x at+bl a a(atb) 
Where a,b arereal coefficients, ag #0 anda, #—b,, I represent indeterminacy. 
We can prove 5 and 6 the same method in 3, 4. 


Example 3.2.1 


sin(s+4I)x 5+4!  sin(+4I)x 5+4! 5 59 


1 = = = 
LS Ean 6G SEEDS BTL 6 


7 x ee eee ce) eee 
ye eet Lo icin oe EO 


sin(3 + 41)x a sin(3 + 41)x 
x 


sin(3 + 41)x Se a or +41 3 8 
3) lim. —————— = lim — FEO EE el 
x0+01 tan(2 — 8I)x — x30+01 tan(2 — 81)x a tan(2—8I)x 2-8] 2 3 
x x>0+0I x 


2 
) = 2(5+ 21)? = 50 + 28] 


1 — cos(10 + 41)x _ 2sin? (5 + 21)x ; sin(5 + 21)x 
4) lim = lim _ —.— =2 lim | ——————_ 
x0 x2 x20+01 x2 x 30+01 x 
ea (3 -—5Dx—-sin2+1)x _ i (3-5Dx sin(2+1I)x 
a 1 —4)x = ord =4he. Cd —4ix 
3-51 sin(2+1Nx\ 3-SI (241 2 
= lim, ( - )= -( )=145/ 
xsoror\1—41 (1 — 41x 14) \t <4] 3 
4. 
Deffinition4.1 


Let the neutrosophic number a+ bI,then a+ bl is positive neutrosophic number If it fulfills one of 


the following conditions: 
1) a>0,b>0and I>0 
2) a>0,b<Oand!1<0 


b>0Oand ie 


3) a<0O and ; 
b<0Oand Le 


Example 4.1 
1) 5+3/, 1>0then:5+31>0 


2) 1-31, 1 <Othen:1-31>0 
3) -74+31, 1 >= then: —7+31 >0 
4) -4-1, 1<-4then: -4-I1>0 


Deffinition4.2 
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Let the neutrosophic real number a+ bl,then a+ bl hasa square root if it fulfills the following 
condition: 


a>O0anda+b=0 
Where: 


Va+bI = Vat+(-Va+vatb)I 
Or: =Va-(Vat+Va+tb)I 


Or: 


—Ja+(Va+vVa+b)I 


Or: 


—Ja+(va-vVa+b)I 


For fulfills the real square root condition Vaand Va + b, the neutrosophic number a+ bJ must 
fulfills the following condition: 


a=O0anda+b=20 
Example 4.2 
1) 4-—3I,has a square root 
2) 1-—03I,has nota square root because: 
a+b=1-3=-2<0 
3) —4 + 2I/, has nota square root because: 
a=-4<0andat+b=-6<0 


4.1 Some Special Limits 


1) lim: ger Sat 
x->0+0I1 


e (at+bl)x _ 1 


2) lim. ———— =a+bDl 
x-0+0I1 x 
Proof (2): 
=, _ 1 
Put (a+bl)x=y = 42 = 7S 


When x—0+0/_ then: y—0+0/ 


e (atbl)x —1 eY—1 
=> lim ————= lim 
x>0+01 x yootor 1 
a+bl” 


ey —-1 
=(a+blI) lim —=(a+bI)(1) =a+DI 
y0+01 y 
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In(1 + (a+ bI)x) 
—————————=a 


3) lim + bl 
x>0+01 x 

Proof (3): 

Put (a+bI)x=y => x=—~y 


at+bl 
When x—0+0/ then: y—0+0/ 


In(1 + (a + bI)x) ae In(1 + y) 


= lim 
x>0+01 x y0+01 1 
a+bl” 
In(1 + 
Sash Ga ajeesn 
y-0+01 y 
4) lim &°)"* Lin(atbl) ; atbil>0 
x->0+01 
Proof (4): 


Put (a+bI)*-1=y = (a+bl)*=y+1 
In(a + bI)* =In(1+y) 


xln(a+ bI) =Ind+y) 


1 
= — — In(1 
a In(a + bl) ney) 
When x—0+0/ _ then: y—0+0/ 
+ bI)*-1 
mi Mee < 2 z Mae 1 : 
In(a + bl) in(1 + y) 


=In(a+bI) lim 


Seo 4s - 
xoo+o1 nC + y) = In(a + bI) (1) = In(a + bI) 


Corollary 4.1: 


li (a+bI)*-1 _In(a+bl) ; 
xoorol(e+dlh*—1  In(et+dl) ’ 


a+bI>0 and c+dl>0 


Proof: 
(a+ bI)* -1 .  (at+bl)*—-1 

a as x = In(a + bl) 

x>0+01 (c + dI)* —1 i (c+dI)*-—1 In(c+dl) 
x x 0401 x 
Example 4.1.1 
Ly liner tS 
x->0+0I 
e(lt3Nx _ 4 

2) lim ————— =1+43]I 


x-0+01 x 
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(5+4N*%-1 
m —————— SS 


3) li =m(5+4ID ;1>0 
x>0+0I1 
(9-4nN*-1 or 
gator eee , a 
(9-41*-1 
CPDE SU. 5 ios a = 
goneot etx 4. le e(74tDx — 1 
x 
ep ORAS» 
n(9 — Al 1 1 
Sea . i caee le ( = 1) In(9 — 41) 
e(74+Dx -—1 7 +] 7 56 
m= —— 
x>0+01 x 


(5-41)*-1  In—41) 


5 [ = ; I<0 
Me G—2Ne— 1 tae 2D . 


23 SPR SIA 7 
6) in in $82 ST 68k. PSS 


x 0+01 x 3 


In(1+(384+3Dx 
7) lim ( ( J) at ae 


x-0+01 x 


(—44.21)x _ 
(-442Dx _ 4 Co a 


F e of he x 
) ne aCe eosin FZ 
x 
(-4421)x _ (-442)x _ 4 
e 1 ‘ e 
= lim x _ to, es ee es, 
xs0+or sin(1 + 21)x ite sin(l+2I)x 142!I/ 3 
x30+01 x 


3+/)* —@+4+ 2I)* 
‘jd Eyam 


x-0+01 x 


; (3 +/)* —(5 + 21)* : (34+/* —(54+21)*-1+4+1 
lim = lim 


x >0+01 x x>0+01 x 


= lim lim 
x 0+01 x x>0+01 x 


= In(3 +1) — In(S + 21) = In(=*) = n(2- ~1) 


5+21 5 35 


Theorem 4.1: 


In( + (a + bI)x) 


x >0+4+01 x 


= (a+ bI) (1+ In!) 


Proof: 
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lim 


x>0+01 
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In + (a + bI)x) In(l + (a + bI)x) — Ini + Ini 
m = lin C 


x >0+01 x x20+01 x 


Let y=Ind+(at+bl)x)-InlI => yt+inI =InU+(at+bl)x) 


evtini = enU+(atbI)x) => even = [+ (a +4 bI)x 
ley -1 =(a+bI — 
_ — => = —_  _ _ 
: Cc Me ar + bl 
y—0+0I as x—0+0I! 
In( + (a + bI)x) yt lInl 
=> m —— = lim ZZ 
x0+01 x yso+or fe” — 1 
a+ bl 
cs at+bl _ a+t bl 
=o lea (Ge = N 
ytlnl Jon or ytlnl 
a+bl 
aie: Gee (a+ bI)(1 + Int) 
1+lInI 
Example 4.3 
— nmd+B8+5)x) 
1) lim = (3+ 5/) (14+ In) 
x0+01 x 


Int (1+ 21x) _ es 
Pie vert Ind + (6 + 4I)x) ~ 90401 In@ + (6 + 41x) 7 lim 
x 


x->0+0I1 


In(1 + (1 + 21x) In(1 + (1 + 21)x) 
x x 


Ind + (6+ 41)x) 
x 


7 14+ 2/ 7 (- 4 2 ) 1 
~ (6+4D(14+Ilnl) \6 15/1+InI 
Theorem 4.2: 
In(a + bI) [I(a + bI)* - 1] i In(a + bI) pi baking he 
50401 x In(a + bI) — InI aia te 
Proof: 


Let y=I(a+bI)*-I = ytlI=I(a+bl)* 
y—0+0! asx —0+0! 


in(y + 1) = Int + xin(a +51) nea 
=> nly =(n xinta eames Terra yi 


Then: 
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Infa+bI)U(at+bI)*-I] ss (at+bly*-I y 
e040! x In(a + bl) - InI ~ 040! a InI ~ yeueok Iny+D)—lnI _ InI 
In(a + bI) In(a + bl) In(a + bl) 
In(at+blI) —— In(a+bI) _ In(a+bl) 
Pear bn nyt) — is ngyt+D 14Inl 
y y>0+01 y 
Theorem 4.3: 
RES i bl >0 and c+dI>0 
sorter dne—p 0} SEAN One eral 
Proof: 
In(a+bD{I(a+bD)* -I] xln(at+blI—-InI 
= WORDS ed : he x In(a + bl) — InI In(a + bl) 
x20+011(c +dI1)* —1  x>0+01 In(c + dI)[I(c + dl)* —I] © xln(c + dl) — InI 
xln(c + dl) — InI In(c + dl) 
In(a + bI)[I(a + bI)* — I] ; 
xsoror_xIn(a + bl) — InI tim, In(a t+ BD) — Int) Ince + dl) 
~ li In(c + dI)[I(c + dI)* — 1] © lim (xln(c + dl) - InI) ‘In(a + bl) 
goer  sxmne+aD—-m er 
In(a + bl) 
_ itt InI In(c + dl) _ 
In(c + dl) ‘InI In(a + bl) 
1+lnI 
Example 4.4 
Ind4+3D(5+3)D*-I]) mMG+3) 
im = —— ; 1 > 0 
x0+01 xIn(5 + 31) — InI 14+lInI 
Corollary 4.2: 
a x 
lim [1 +—] =[%t+et .q+b>0 
x00 x—b 
Note: if a+b=0 then /**°=]° andif a+b<0O then [%t? = a =< that is from forms of 


the indeterminate forms in neutrosophic calculus. 


Proof: 


a 
Hag, xy-by=a => ard 


y—0as x > 0 


a ix a 1\4@ 
= lim +] = lim{l +P” 


x00 y0 


= (12) = pirat 
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= (lim + wP) .lim[I + y]? 
y0 y0 
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Corollary 4.3: 


a kx 
lim |1 + —| = [ka+D) eka .g@ 4 H>s0&K +0 


x00 


Proof: 


a 
—b 


a 
y = => xy y=a > x rs 


y—0as x—> 0 


1, ka 


. a ie es k(S+b) = ‘i wy, : kb 
> lim [! +] = Liml +y] = (Jim +y)) tml +y] 
= (Ie)®* 1F° = [k(a+b) eka 
Example 4.5 
x 
D dar 
2 +4 
= => =~ 
y x-4 ig y 
y—0as x > 0 
. Soy a4, aaa er 4 ee ae 
= lim|I+——| =lim[l +y]Y ~ =(lim[/ 4+ y]Y) .lim[/ + y]* = Ue)°.I* =l’e? = Ie 
x00 x —-4 y-0 y-0 y0 


. 12 
2) tim [I+ —5| 


y—0as x > 0 


17 1(1,,2) 13 
= lim ! + —| =lim[I+y]?V 7% = (lim + yP) .lim[I + y] 
x-2 y0 y0 y0 


X00 


1 
Where: vi = +! 


5. Conclusions 


Limits are one of the important principles of calculus. It is concerned with the study of derivation by 
studying the basic concepts of infinitesimal quantities. This led us to study the neutrosophic limits. 
Where the methods of neutrosophic factorization and neutrosophic rationalization were applied, in 
addition to introduce definition of the positive neutrosophic number, and the necessary condition to 
find the square root of the neutrosophic number. Also, studying some special limits and neutrosophic 
trigonometric limits. This paper is considered an introduction of the neutrosophic calculus. 
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* 


Abstract. Theory of picture fuzzy soft set and generalized picture fuzzy soft sets(GPFSS) extended to picture 
fuzzy hypersoft sets (PFHSS) and generalized picture fuzzy hypersoft set (GPFHSS) respectively handle the 
uncertainties and multi-attribute values in the material during evaluation. The main focus of this research work 
is to initiate and learn new operations, along with properties and examples of PFHSS and GPFHSS. Several 
basic operations PFHSS are defined and also prove De Morgans laws for PFHSS. Furthermore, we construct 
an algorithm using GPFHSS and a new expectation score function for the positive value of the score function 
that is useful for ranking different MADM problems. We conclude from this study the proposed outlook used 


to manipulate the uncertainties and multi-attribute values decision-making problems. 


Keywords: 8S, HS, PFS, PFSS, GPFSS, PFHSS, GPFHSS. 


1. Introduction 


Many researchers are intrigued by the Molodtsov [1] softset (S,) for specific applications in 
data analysis, cryptography, and distributed storage. Later, the work was expanded upon and 
some of its foundational ideas and set-theoretic operations were examined by Maji et al. 
and Zou et al [5]. Picture fuzzy set was proposed by Couge (6). Positive, neutral, and negative 
degree are the elements of PFS. Later Yang et al. combine picture fuzzy set and soft set 
and introduce the new concept of picture fuzzy soft set. In 2018, the theory of the HS set was 
introduced by Smarandache {16}. It is an extension of a soft set. The basic operations of a 
HS such as HS containments, Zero HS, aggregation operators along with HS set relation, sub 
relation, complement relation, function, matrices, and operations on HS matrices discussed by 
Saeed et al. [17]. In 2020 Raman et al. offers the concept of a hybrid HS set structure of 
FS, IFS and Neutrosophy sets. The concept of convexity and concavity on a HS set proposed 
by Rahman et al. in 2020. 


Muhammad Saeed, Muhammad Imran Harl, Fundamentals of Picture Fuzzy Hypersoft Set with Application 


Neutrosophic Sets and Systems, Vol. 53, 2023 383 


1.1. Literature Review 


In 1965 [2], Zadeh’s fuzzy set theory brought about a significant generalisation in math- 
ematics. The membership function aids in the invention of the FS structure. By including 
a non-membership function, Atanassov extended a fuzzy set structure to an intuitionistic 
fuzzy set in 1986. IFS lessens the challenges associated with dealing with fuzzy, uncertain, 
and incomplete information. A soft set theory for solving problems involving uncertainty and 
decision-making was developed by Molodtsov (1). By fusing the ideas of soft sets and fuzzy sets, 
Maji et al. produced fuzzy soft Sets. PFS was developed by Coung et al. (6| to deal with 
inconsistencies in real-world data. Favorable , neutraland negative degreemake up PFS. Voting 
is a PFS example, as is the process of conducting elections. To deal with ambiguity, Smaran- 
dache developed a novel method. He made the soft to HS more general by breaking the 
function down into several decision functions. In 2019 Jaber et al. presented an algorithm 
with the help of extended intersection of GPFS and PFDWA for solving MADM problems. 


NO] Structure Authors Year | Properties 


O1 || Fuzzy Set Zadeh 1965} Each individual in universal set is assign 
to membership value between [0,1]. 


02 | Intuitionistic Fuzzy Set | Atanassov | 1983] It describes the membership degree and 


non-membership degree of an element to 
a set. 
03 || Soft set Molodtsov | 1999} It deals with uncertainy in parametric 
manner. 
04 |} Fuzzy Soft set Maji et al | 2001] Fuzzy values are assign to each power set 
of universal set. 
05 || Picture Fuzzy Set Cuong [?] 2013) Handling issue of inconsistent informa- 
tion. 
06 | Picture Fuzzy Soft Set | Yang 2015] combination of PFS and SS. 
O07 || Hypersoft sets Smarandache¢ 2018] Extension of SS. 


O08 | Fuzzy Hypersoft Set Yolcu et al | 2021} Each element in power set have a fuzzy 
membership degree. 


09 | Intuitionistic Fuzzy Hy- | Yolcu et al | 2021} Combination of intuitionistic Fuzzy set 


persoft Set and Hypersoft Set. 
10 || Generalized Picture | Jaber et al. | 2019] Hybrid modal of PFSS and PFS in which 
Fuzzy Soft set extra information is given in form of PFS 


in output for accuracy of results in deci- 


sion making. 
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1.2. Motivation 


The concept of IFS invented by Atanassov has membership and nonmembership degrees. 
IFS was not playing a role in handling inconsistency-like voting problems. Overcomes such 
types of difficulties Cuong | GF (?]] defined the notion of PFS and basic operations, opened a 
new area of research in decision-making problems. An important hybrid modal that generalized 
5S to PFSS discussed in obtained effective outcomes in DM. In generalized picture 
distance measure is used to investigate hidden knowledge from a mass of data sets. In 2017 
Peng et al. proposed an algorithm using distance measure between PFS. 

In 2018 HSS defined by Smarandache which is a generalization of SS by transforming the 
mapping into a multi-attribute mapping. Saeed et al. gave an idea of fundamentals of 
HS like union, intersection, containment, null, and compliment. The concept of HS points 
introduced by Abbas et al. [18]. Yolcu et al. extend the idea of HS to FHS and IFHS. They 
also discussed the role of FHS and IFHS in decision-making problems. With the help of IFHS, 
an algorithm developed by Zulgernain et al. for the solution of MADM problems [22]. Rehman 
et al. proposed the idea of HS with the complex fuzzy set also introduced the theory of 
concave and convex HS [24]. The main motivation of using Hypersoft Set (HSS) is that when 
the attributes are more than one and further bisected, the circumstance of a soft set cannot 
handle such types of cases. So, there is a worth requirement to define a new approach to solve 
these. Decision-making methods help experts to choose a suitable alternative by analyzing 
the effectiveness of the alternatives. Having motivation from the work in [25], we extend the 
existing theory of PFSS to PFHSS to make it adequate for multi-attribute valued function. 
All the new proposed operations and properties are equipped with illustrated examples. 

In section [2] our center of attention are some basic definitions which are useful in this paper. 
Section [3] the concept of a PFHSS with its properties is presented. In Section |4| and |5} we 
present definition of GPFHSS and operation of GPFHSS understand by an example. In Section 
[6]and an algorithm is examined and ranking the companies. Section [9] wind up the paper. 


2. Preliminaries 


In this section, we define basic definitions of IFS, PFS, SS, HS, PFSS, Score function and 
PFDWA. 
In 1986 Atanassov include non membership function in fuzzy set obtained IFS. It 


overcomes defects of fuzzy sets. 


Definition 2.1. 


: ed eS. as as : 
An IFS X on universe of discourse X = {x°,,2%5,....., 2%, } is defined as : 


Ly = {diag @ha) Hag (wha) ley © X} 
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where ji;< (xj,;) : X —+ [0,1] denotes membership degree of x7; in Ls Ves (Zhy) +X —+ [0,1] 


is non membership degree of xS,, in LS, and 0 < bigs (Cia) +75 (GR) S 1, VaR, © X Wz (hi) = 


Kt 


1 — figs (2h i- Dis (@y, ,) represent hesitancy degree of x‘; in Ls ,Ve,EX%, 0S Tis (Li, Ppa 


In 2013 coung [42] introduced PFS to solve inconsistent information in real life. The proce- 


dure of voting is a good example to understand the concept of PFS. 


Definition 2.2. [?] 


7 ] — Ss S Ss ] i 
A PFS on universe of discourse X = {2%.,, U9,.....,2%,,} is defined as: 


Naa = {ing, (thi) Ting, (@ha)s Ung, ra) Bhs © XI 
where jis, (x%,) : X — [0,1], tins, (x%,) : X — [0,1] and bys, (xf) : X — [0, 1] represent 
degree of membership, neutral and non membership function 2%, in Ng, respectively. Also 
0 < fing, (ii) + Ting, (Tia) + Png, (Whi) S 1, VaR, EX. 
Ons, (254) = 1— fins, (2%) — Tins, (254) — Sys, (#8,) represent refusal membership degree of «x, 


in Ng, , Vae., € X The set of all picture fuzzy subsets on universe of discourse Nf, is denoted 
by PFSs(X). 


Some basic operations of PFS is discussed as follows 


Definition 2.3. [?] 
The operations between two PFS Ne, = {(jins, (9), tins, (9), ¥ns,(9))lg © X} and Nfy = 
{ (ding, (9), ting, (9), ¥vgo(9))19 © X} given as follows: 

(i) Ny © Ng iff Sie ) S fins, (9) » Ting, (9) S ting, (9) and ig, (9g) 2 Ung, (9) 

NS, = NS, iff NS, C NS, and NS, C NS, 

(ii) NE,UNRo = {(9) (ding, (9) V feng, (9))), (9; Ging, (9) Mting, (9), (9 (Eng, (9) Abe, (9)))} 
(iii) Nei NR = {(g, (ling, (9) A feng, (9)))> (9, Ging, (9) Ating, (9), (9 vg, (9) V Bg, (9)))t 
(iv) let = Ney = { (ling, (9); ting, (9), Ys, (9))I9 E X} then 

NR = {@ng, (9), ting, (9), Hens, (9) 19 € x) 


New scientific instrument SS, introduced by Molodtsov in which parametrization helps 


to manage uncertainties. 
Definition 2.4. 
A mapping F : A —> P(Y) 


(F, A) is called a soft set over U/, where A is set of parameters. 
In 2015 Yang et al proposed PFSS which is combination of PFS and SS. 


Definition 2.5. 
Let € is parametric set. Consider a function F : A —> PF (UY), where A C € and PF( U) is 
power set of PFS over U/ then pair (F,.A) is representation of PFSS. . 
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In 2018 HSS defined by Smarandache which is generalization of SS by transforming the 


mapping into a multi-attribute mapping. 


Definition 2.6. 

Suppose n distinct attributes are 04, ba,...... ,on, for b > 1, then for each attributes 
O81, Mos, OF, with OF.()O%, = ¢, 1 A J, and rs € {1,2,....,n} are corresponding 
attributes. The pair (H, QS, x OSs X .... * OF...) 

whiere Fit OF 4 OF 5 i asc x Q°  — PU) represent Hypersoft Set over U. 


Chen and Tan proposed an idea of score function which plays an important role to 


handle multicriteria fuzzy decision-making problems. 


Definition 2.7. 
Let H(as,) = (u(x), n(a§,), v(a%,)) be PFSV. Y and A denotes the score and accuracy func- 


tions respectively. 


T = plat) —v(aes,) Te [-1,]] 


A = pare) + n(ah;) + u(eR,) A € [0,1] 
Jana et al introduced Dombi aggregation operators in PFS sense for MADM problems. 


Definition 2.8. 
let H(xS,) = (u(xs,), n(x), (a§,)) be PFSV then the function P” + P is called PFDWA 
such that 


wen 
PFDW Ay (@)15 Tear Phy) = > Withg 
i=1 


= 1 < ; 1 < 1 _ ) 
i=n LKG i=n l-n(aKy Ea i=n l—v Chey 
14+{ a7 Wi AED ye} yet wi (ies yey? 14.45 =" Wi Sead yey 


For each W; > 0 and Y=" W; = 1 
3. Picture Fuzzy Hypersoft Sets 


In hybrid model of PFS and SS is defined. In this section we introduce PFHSS is an 
extension of PFSS which helps for paying crucial role in decision making for multi attribute 


characteristic. 


Definition 3.1. Picture Fuzzy Hypersoft Sets 
Suppose m disjoint attribute-valued sets are pp ,,Pp9,P}3) +++) Pp, then their corresponding m 


distinct attributes are P},, Py’,, Pr's, --- 
Pe 


bm 


., Py’, tespectively and Py = Pi, x Pry x Pig Xo X 
. A mapping is given by H : Pe — PFU) 


H (ty) = {(oayceay Soa) Mica) (Ioa)s Y7iuay WO) 1Gox) €U} for any ty € Py 
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then pair (H, Pj’) represent PFHSS. 


Example 3.2. Consider (H,P) be PFHSS over U. Let U = {Ib 1>Jb21 Jb 39 Jp4s be four schools 
any where in World. let E = {a1,a2,a3,a4} where each a; stands for Fee Structure , facilities 
, faculties and labs be the attributes values respectively, {A1, 42, A3, Az} be attribute values 
against each a;. let Ay = {b1, = low, bj2= medium , bj3 = expensive } 
Ag = {b2, = playgrounds, bo2= library, b23 = cafeterias, bo, = bookshop, bo, = 
{b21, b22, b23, baa} } 
Ag = {b3; = Science and Arts teacher, 632 = Oriental teacher, 633 = Physical education 
teacher, 634 = {b31, b32, b33}} 
Ag = {ba1 = Science labs, b42 = Computer lab, baz = {ba1, baa} } 
then 

= A, x Ap x Ag x Ag 


There are one hundred eighty outcomes but for simplicity we take only four outcomes. 


js— th = (b11, bai, 631,641), t8, = (b12, b25, b3a, baz), 
: th, = (bi2, b22, 631), tf, = (611, bas, ba, bas), 


H(t?,) = {(0.7, 0.1, 0.1)/37,, (0.3, 0.2, 0.4) /97'5, (0.1, 0.5, 0.3) /Jp'5, (0.4, 0.1, 0.3) /75 4}, 


(1, is) = He.) = {(0.6, 0.1, 0.2) /37,, (0.4, 0.1, 0.3) /9?,, (0.7, 0.1, 0.1) /#5, (0-2, 0.5, 0.2)/72,, }, 
* Hut.) = {(0.2, 0.3, 0.5) /97,, (0.1, 0.1, 0.6) /77,, (0.2, 0.1, 0.7) /J#5, (0.8, 0.1, 0.1) /7#4}, 
H(t?,) = {(0.3, 0.2, 0.4) /97,, (0.5, 0.1, 0.3) /77,, (0.1, 0.5, 0.3) /374, (0.2, 0.1, 0.7) / 784}, 


The PFHSS is represented by Tab [I] 


TABLE 1. Picture Fuzzy Hyper soft Set 


U ty tho ts tha 

g¢, (0.7,0.1,0.1) (0.6,0.1,0.2) (0.2,0.3,0.5) (0.3, 0.2, 0.4) 
jt, (0.3,0.2,0.4) (0.4,0.1,0.3) (0.1,0.1,0.6) (0.5, 0.1, 0.3) 
j@, (0.1,0.5,0.3) (0.7,0.1,0.1) (0.2,0.1,0.7) (0.1, 0.5, 0.3) 
j¢, (0.4,0.1,0.3) (0.2,0.5,0.2) (0.8,0.1,0.1) (0.2, 0.1, 0.7) 


Definition 3.3. 
Let (71, NS,) and (H2, NS,) be two PFHSS then (Hi, NS,) © (He, NS,) if NS, C N&, and 
H(t?) C Ho(t?) for all t2 € NS, 
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Example 3.4. 
H, (t?,) = {(0.3, 0.1, 0.3)/37,, (0.4, 0.2, 0.3) /37'5, (0.1, 0.4, 0.3) /Jp'5, (0.2, 0.1, 0.3) /75 4}, 
(Hi,Niy) = Hilt.) = {(0.3, 0.1, 0.4) /9?,, (0.5, 0.1, 0.3) /Jf'5, (0.1, 0.3, 0.5) /77'5, (0.4, 0.1, 0.3) /724, 
H1(t} 4) = {(0.2, 0.3, 0.4) /77,, (0.5, 0.1, 0.3) /7#,, (0-1, 0.2, 0.6)/7#.5, (0.4, 0.1, 0.4) /52 4} 
and 
H.(t?,) = {(0.5, 0.2, 0.1) /9?,, (0.5, 0.3, 0.1) /97'5, (0.3, 0.5, 0.1) /77'4, (0.4, 0.3, 0.2) /77 4}, 
(H2, Neg) = Ho(tt,) = {(0.5, 0.2, 0.2) /9?,, (0.6, 0.2, 0.1) /3f'5, (0.3, 0.4, 0.1) /775, (0.5, 0.2, 0.2) / 724, 
H(t?) = {(0.4, 0.4, 0.1) /75',, (0.6, 0.2, 0.1) /7#5, (0.5, 0.3, 0.2) /97'5, (0.5, 0.3, 0.1) /77 4} 


be two PFHSS. 
This implies that (Hi, Ng,) C (Ho, Né,). 


Definition 3.5. 
The extended union of two PFHSS (H1,Ns,) and (Ho, N&,) is defined as (Hs, N&3) = 
(Hi, NS,) Ue (He, NS), where NS, = NS, U N§, and for all t? € Né3, 
Hi(tf), if tf © NE, \ Nee 
Ha(tg) = 4 Ho(tt), if t? © NS \ NE, 
Hy (t2) UHo(t?) if tee NS, NS, 


Example 3.6. Considering example [3.4] we have 


H(t?) = {(0.5, 0.1, 0.1) /37,, (0.5, 0.2, 0.1)/37'5, (0.3, 0.4, 0.1) /Jp'5, (0.4, 0.1, 0.2) /75 4}, 
(H3,C) = H3(t?,) = {(0.5, 0.1, 0.2) /97,, (0.6, 0.1, 0.1) /37'5, (0.3, 0.3, 0.1) /75'5, (0.5, 0.1, 0.2) / 794}, 
Ha(t},) = {(0.4, 0.3, 0.1) /97,, (0.6, 0.1, 0.1) /7#,, (0.5, 0.2, 0.2) / 77.5, (0.5, 0.1, 0.1) / 524} 


Definition 3.7. 
The extended intersection of (H,.A) and (H2, B) is defined as (Ha,C) = (H1, A) Ne (Ho, B), 
where C = AUB and for all tf} € C, 
Hi (t2), if t?¢ A\B 
Ha(tf) = ¢ Ho(t?), if t@eB\A 
H(t?) N Ho(t?) if t¢ ANB 

Example 3.8. In example [3.4] we get 

Ha(t#,) =4(0.3,0,1, 0.3) /J¢ 15 (0.4, 0.2, 0.3)/Je (0.1, 0.4, 0.3)/Jp 3; (0.2, 0.1, 0.3)/Jj¢ 4h, 
(Ha, GC) = Ha(t}s) ={103.0.1, 0.4) /Je 15 (0.5, 0.1, 0.3) /Jpo (0.1, 0.3, 0.5)/Jp 35 (0.4, 0.1, 0.3)/jp 4}; 

Ha(ty 4) ={(0.2,0.3, 0.4) /Je 15 (0.5, 0.1, 0.3) /Jp5 (0.1, 0.2, 0.6)/3p 35 (0.4, 0.1, 0.4) / Je} 
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Definition 3.9. The restricted union of (71, Ng,) and (H2, Ng.) is defined as (Hs, Ng) = 
(Hi, N&,) Ur (Hz, N&y), where NS, = NS, NS, #0 and for all t? € N63, 


Example 3.10. From example [3.4] we get 


H3(t?,) = {(0.5, 0.1, 0.1) /9?,, (0.5, 0.2, 0.1) /97'5, (0.3, 0.4, 0.1) /J7'5, (0.4, 0.1, 0.2) /77 4}, 
(H3,C) = H3( $3) = {(0.5, 0.1, 0.2) /97,, (0.6, 0.1, 0.1) /7#5, (0.3, 0.3, 0.1) / 77.5, (0.5, 0.1, 0.2) /7? 4}, 
Ha(th,) = {(0.4, 0.3, 0.1) /77,, (0.6, 0.1, 0.1) /7#,, (0.5, 0.2, 0.2) / 795, (0-5, 0.1, 0.1) /59 4 


Definition 3.11. The restricted intersection of (H1,N$,) and (Hz, N&5) is defined as 
(Hs, NS3) = (Hi, NS,) Or (Ho, N&q), where NS, = NS, NS, #0 and for all t? € N&3, 
Example 3.12. Example [3.4] implies that 


Ha(i?,) = {(0.3, 0.1, 0.3) /97,, (0.4, 0.2, 0.3) /97'5, (0.1, 0.4, 0.3) /J7'4, (0.2, 0.1, 0.3) /77 4}, 
(H4,C) = Ha(t?s) = {(0.3, 0.1, 0.4) /9?,, (0.5, 0.1, 0.3) /37'5, (0.1, 0.3, 0.5) /77'4, (0.4, 0.1, 0.3) / 794}, 
Ha(t},) = {(0.2, 0.3, 0.4) /97,, (0.5, 0.1, 0.3) /7#,, (0-1, 0.2, 0.6) / 77.5, (0.4, 0.1, 0.4) /5? 4} 


a 


Definition 3.13. If (H, LS) be PFHSS then 
(H,P) = {(Yyie9) (5a) Maree 5a)» Haregy I) G52) UF for any th € Lf 


Example 3.14. If 


(H, Nx1) a { H(t}) = {(0.7, 0.1, 0.1) /J¢,, (0.2, 0.5, 0.2) /7#5, (0-6, 0.1, 0.2)/7¢,, (0-4, 0.1, 0.3)/7e gt, \ . 


then 


(Ft, NS,) = H(t2) = {(0.1, 0.1, 0.7) /5#,, (0.2, 0.5, 0.2) /J25, (0.2, 0.1, 0.6) /j2,, (0.3, 0.1, 0.4)/j2g}, he 


Remark 3.15. 


Next, we check validity of the De Morgans laws in PFHSS with respect to extended, union 


and intersection. 


Theorem 3.16. Jf (Hi, N$,) and (H2, NS) be two PFHSS over U. Then 


(i) (Ha, N§q) Ue (Ha, N§o)) = (Ha, NE) Me (He, NEq) 
(ii) ((H1, Né,) Me (Fo, Ng) = (71, NS) Ue (Fo, N&o) 


Proof. (i) Since 
(H3, NS3) = (H1, NS) Ue (Ho, NS), where NS, = NS, UNS, 
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Then (H3,N3)' = ((#1, NS;) Ue (He, NS,))' 


Hi(tg), if tf e NE \ he 
wor-| Ho(t?), if t@oNS,\N 
Hy (t?) U Holt?) if te NS, n Ns, 
for all t; € Ne, then 
(Hi(tg)), af te € Ng, \ Nis 
-| (Ho(tg)), af te e Ni, \ Nay 
(H(t?) U Ho(t?)) if t? e NSN Ng, 


(H3( (te)) 


Since De Morgans laws hold in Picture Fuzzy Soft set 
(Hi(t?)), if t2 © NS, \ Ng, 
(Ha(ts)) = 4 (Holt), if tf € Ngo \ NE € (Hs, Nes) 
(Hi(t§)) M1 (Haltg)) af tf © Ng, Ng, 
Suppose (Ha, N$3) = (Hi, N%,) Me (Ha, N&5) , where NS, = NS, U N&, __ for all t? € NS, 
(Hi(te)), if tt © NS, \ Ng 
(Halts)) = 4 (Holt), af fe NS \ NE, € (H3, Nis) 
(Hi(tg)) M (Ho(te)) af tf € Ng ge 
This Implies 
(Hi, N, eA) Ue (Ho, Né,)) = (71, Né,) Me (Ho, Néy) 
(ii) Since 
(Ha, N&3) = (Ha, NS,) Ne (Ho, NS), where NS, = NS, U Ng, 
then ((Ha, N§3)) = ((#1,.N§1) Me (Has Nga)’, 
Hitt), if tf © Ns, \ ‘ne 
Ha(t#) = 4 Holtt), if t2 NS, \N 
H(t?) NHo(t?) if tee Ne, NS, 
for all t7 € Né3 
(Hi(te)), af t2 € NS, \ NS 
(Ha(ts)) = 4 (HaltZ)), af tf € Ngo \ NE 
(Hi(tg)  Holtg)) af te NS, Ngo 
As we know that 
(Hi(t?)), if t2 © NS, \ Ng, 
(Ha(ts)) = 4 (Ho(t8)), af 2 e NS, \ NE, € (Ha, Nes) 
(Hi(t§)) U(Haltg)) if tf © Ng, Ng, 
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Suppose (Hy, NS3) = (Hi, NS1)' Ue (Ho, Né,)', where NS, = NS,U NS, for all t? € NS, 
o))', if t2 © NS, \ N&, 
(He(ts)) = 9 (Haltg))’, af tf € Ngo \ NE € (Ha, Nés) 
(Ha (t#)) U(Hol(tg)) af t2 € NEA Ng, 
Hence 
((d1, N&q) Me (Ha, Nn) = (Ha, NE) Ue (Ha, Ngo) 


We want to prove De Morgans laws for restricted union and restricted intersection in PFHSS. 


Theorem 3.17. 
(i) ((H1, N§1) Ur He, Nga)’ = (Ha, NS1) M+ (Ho, Ngo) 
(ii) ((H1, N§1) Or Ha, Nga) = (Hi, NS1) Ur (Ho, Ngo) 
Proof. (i) Since Ng, = Ng, Ng. 40 and 
(Hs, Ngs) = (Hi, Ng1) Ur (H2, Nga) then 
(Hs, Ng) = ((H1, Ng1) Ur (Ha, Nga) 
for all t? € NS, Hs(t#) = H, (t#) Ur Ho(t#) since De morgan law hold in PFSS 
Therefore (H5(t#))’ = (Hi(t?))’ My (Halt#)) © (Hs, Ng3)’ 
Suppose (He, Ng) = (Hi, gi) Mr (Ho, Ngo) 
H(t?) = (Hi(t?)) my Gio(igyy for all 2 € NS; where NS, = NS, U NS, 
hence 


((H1, A) Ur (Ha, B)) = (1, A) My (He, BY 


(ii) Straightforward 


4. Generalized Picture Fuzzy Hypersoft Sets 


In this section, we describe an extension of PFHSS. It is a hybrid modal of PHSS and 
PFS known as generalized picture fuzzy hypersoft set (GPFHSS). GPFHSS has a character in 
decision-making exertion, when taking an important decision according to the given attributes 


it will minimize evaluation, and output will be in the form of PFS. 


Definition 4.1. Generalized Picture Fuzzy Hypersoft Sets 

Suppose NZ, Nf5, Ngz,---,Ng,, be disjoint attribute-valued sets corresponding to m distinct 
attributes pp ,,P}2;Pp3> fe respectively and P = Ng, x Ng. x Ngg X .... X Ng,,. A triplet 
(H, P, ®) is called a generalized picture fuzzy hypersoft set (GPFHSS), where © is a mapping 
given by ® : P —> £(P). where £(P) is the set of all picture fuzzy hypersoft subsets of P 
and is called parametric picture fuzzy hypersoftset of GPFHSS. 
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Example 


4.2. 


Considering 


example 


3 


(H, Ls) is 


& = {(0.2,0.1,0.1)/t2,, (0.5, 0.2, 0.1) /t2,, (0.7, 0.2, 0.0)/t2g, (0.6, 0.2, 0.1) /t2,} 


where ® is an extra viewpoint of a arbitrator on the general standard of work done to check 


out alternatives on the basis of given multi-attributes. 


TABLE 2. GPFHSS 


U ty tho ts tha 

g@, (0.7,0.1,0.1) (0.4,0.2,0.1) (0.2,0.3,0.5) (0.6, 0.2, 0.1) 
jt, (0.3,0.2,0.4) (0.5,0.2,0.1) (0.6,0.1,0.2) (0.3, 0.2, 0.4) 
j¢, (0.5,0.3,0.2) (0.7,0.1,0.1) (0.2,0.1,0.7) (0.6, 0.2, 0.1) 
g¢, (0.6,0.1,0.2 (0.5,0.3,0.1) (0.4,0.1,0.1) (0.5, 0.1, 0.2) 
® (0.2,0.1,0.1) (0.5,0.2,0.1) (0.7,0.2,0.0) (0.6, 0.2, 0.1) 


Definition 4.3. let Vi = (Hi, NS, 1) and V2 = (Ho, NS, 2) be two GPFHSS over U. 
Then Vi C V2 if 

(i) (Hi, Ni) S (Ho, Nga) 

(ii) (He, 12) 064) S (Haaceg) (954) » (Me. (1@) Ja) S (Merce) (G55) » Yar cee) (IP) 2 (Yoo ee) JE 4) 
Definition 4.4. Two GPFHSS V, = (Hi, NS,,©1) and V2 = (Ha, NSy, ®2) over U are said 
to be equal if WG = Ho , NS, = N£q and 8; = ®o. 


Definition 4.5. let Vi = (Hi, Nx, 01) be GPFHSS then the complement of V; = is denoted 
as (V1)° and defined as 
(Vi)° = (Hi, NS,,®1)° = (Hs, NSs,®3) where (Hs, N§;) is compliment of (71, N¢,) and 63 


is compliment of ®4. 


5. Basic Operation of Generalized Picture Fuzzy Hypersoft Sets 


In this section, we introduce some basic operations for GPFHSS. 


Definition 5.1. The extended union of two GPFHSS Vy = (Hn, Ne,,81) and V2 = 
(Hz, NS5, 2) over U is denoted by 
V3 = (He, Nog, 4) = (Hi, NS,, 1) Ue (Ho, NSy, ®2) and defined as 

(i) (76, Ng) = (71, N,) Ue (Ho, Ng.) where Nx6 a Nei U Nie 
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(ii) 
jo, (t2), if t € NS, \Ni 
Ha (te) =) Moo(te), if tf © Ngo \N, 
max([, (ty) Ho (ty)) if ie € NiO Ngo 
(iii) 
ne, (te), tf tf e Nei \ Neo 
Nes (t) = 4 neo(tg), tf tf € Nig \ Nii 
min(ne, (th )Ne(ty)) af ie € NR ON io 
(iv) 
ve, (t2), if 1 € NS, \Ni 
vo, (ts) = 4 va(th), if the NS.\N, 
min(ve, (tf)ve,(th)) if ie € Ns, Ngo 
Definition 5.2. The extended intersection of two GPFHSS V; = (Hi, N, 61,81) and V2 = 
(Hz, NS, 2) over U is denoted by 
Vo= (He, NSg, Pa) = (Hi, NS,,®1) Ne (He, NS, ®2) and defined as 
(i) (He, N&g) = (Hr, Ng.) Me (Ha, N&o) where Ngg = N,N Ngp 
(ii) 
He, (te), of tf © Ney \ Neo 
Hos (te) = 4 Maoo(te), if ty € Ngo \ Nay 
min(He, (ty) Ma (te)) if th © N20 Ngo 
(iii) 
no, (tf), if tf © NS, \ NS 
Tes (ts) = 4 neo(ty), tf te € Nig \ Ney 
min(ne, (ty). (ts) if ie € NR O Ngo 
(iv) 
vo, (tf), tf tee NS, \ NE 
vo, (th) = 4 vo,(tt), if te NS. \ NES, 
max(ve, (th)ve,(te)) if te NS, ANS, 
Definition 5.3. The restricted union of Two GPFHSS V, = (Hi, N; ) and V2 = 


(H2, NS, ®2) over U is defined as 
V5 = (Hs, Nég,®6) = (1, Ng,, 1) Ur (Ho, N, 
(i) (Hs, Nég) = (71, Ng,) U; (71, N§,) 


ey 


(ii) Las (tp) = Max (He, (ty), Mes (te) ) ’ Nos (te) = min(ne, (tf), Nes (te) and Vp, (te) 


min(Ve, (tt), Ve, (tf) 


Definition 5.4. The restricted intersection of two GPFHSS V; = (Hi, N; 


(Ho, N, 
Veé= 


fo, 2) over U is defined as 
(Ho, Ng, ®7) = (Hi, Ng,, 1) "Vp (Ho, N, 


®2) such that 


®)) and V2 = 


RL? 


co, 2) such that 


Muhammad Saeed, Muhammad Imran Harl, Fundamentals of Picture Fuzzy Hypersoft Set 


with Application 


Neutrosophic Sets and Systems, Vol. 53, 2023 394 


(i) (Ho, NS) = (H1,.N§1) Or (Hi, NE,) 
(ii) Hoy (te) = min(He, (tf), Ho. (th) » Noo (te) = min(ne, (tf), No. (tf)) and vo, (t) = 


max(v@, (t}), Ves (t)) 


Example 5.5. Suppose U = {c%.1,C%5,C%.3,C5,4} be four hospital. . Let E = {e1, e2,e3,e4} 
stand for organ transplant services, medical and surgical specialties and support services 
whose corresponding attribute values are {A , Ag, A3} respectively. let A; = {bj,= liver 
transplant,bi2 = kidney transplant,bi3= corneal transplant,bi4 = {b11, bi2, b13}} 

Ag = 


boa = {b21, b22, b23}} 


{b21 = medical and surgical clinics, b22 = emergency services, b23 = diagnostic services, 


Ag = {b3; = Pharmecy } 
then 
ie = Ay x Apo x A3 
ise tf, = (b11, bai, 631,), thy = (b14, baa, bs1), 
. tes = (bi2,b22), te 4 = (b12, 631), 
Hi(t2,) = {(0.7, 0.1, 0.1) /cS, (0.3, 0.2, 0.4) /e%, (0.1, 0.5, 0.3)/e8g, (0.4, 0.1, 0.3) /eS 4}, 
ae H(t2,) = {(0.7, 0.1, 0.1) /c&,4, (0.2, 0.5, 0.2) /e%4, (0.6, 0.1, 0.2) /cS5, (0.4, 0.1, 0.3) /cS}, 
on H(t2,) = {(0.2, 0.3, 0.5) /cS, (0.2, 0.1, 0.7) /cS,4, (0-1, 0.1, 0.6) /eS.y, (0.8, 0.1, 0.1) /eS}, 
H(t2,) = {(0.3, 0.2, 0.4) /c&,g, (0.5, 0.1, 0.3) /e%5, (0.1, 0.5, 0.3) /c&.4, (0.2, 0.1, 0.7) /e8}, 


In addition, ®; is the PPFS which is given by 


®, = {(0.5,0.1,0.2) , (0.8,0.2,0.0) , (0.5,0.2,0.2) , (0.9,0.0,0.0)} Tabular representation of 


Vi = (Hi, N%,, 1) is given in Table 
TABLE 3. Vi = (Hi, Ng1,91) 
u thy tho th3 tha 
c&, (0.7,0.1,0.1) (0.2,0.5,0.2) (0.2,0.3,0.5) (0.2,0.1,0.7) 
c& (0.3,0.2,0.4) (0.6,0.1,0.2) (0.1,0.1,0.6) (0.5,0.1,0.3) 
C3 (0.1,0.5,0.3) (0.4,0.1,0.3) (0.8,0.1,0.1) (0.3, 0.2, 0.4) 
c&, (0.4,0.1,0.3) (0.7,0.1,0.1) (0.2,0.1,0.7) (0.1, 0.5, 0.3) 
®, (0.5,0.1,0.2) (0.8,0.2,0.0) (0.5, 0.2,0.2) (0.9, 0.0, 0.0) 
Hi(t2,) = {(0.6, 0.2, 0.1) /c, (0.3, 0.3, 0.4) /&y, (0.1, 0.2, 0.4) /eS3, (0.5, 0.1, 0.3) /cS 4}, 
as H(t?) = {(0.7, 0.0, 0.2) /c&,4, (0.2, 0.1, 0.3) /e&4, (0.8, 0.1, 0.1)/e%5, (0.6, 0.1, 0.3) /eSg}, 
see H(t2,) = {(0.5, 0.1, 0.2) /c&, (0.2, 0-1, 0.1) /e%4, (0-4, 0.1, 0.1) /cS.5, (0.9, 0.1, 0.0) /cS3}, 
Fi(t2,) = {(0.7, 0.2, 0.1) /cSg, (0.6, 0.1, 0.3) /cS5, (0.5, 0.3, 0.2) /cS,4, (0.2, 0.1, 0.6) /c 4}, 
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In addition, ®2 is the PPFS which is given by 
®2 = {(0.7, 0.1, 0.2) , (0.5,0.2,0.1) , (0.6, 0.2, 0.2) , (0.8, 0.1, 0.0) } Whose tabular representation 


is given in Table 


TABLE 4. V2 = (Ho, NS5, ®2) 


U ty tho ty 3 tha 

c&, (0.6,0.2,0.1) (0.2,0.1,0.3) (0.5,0.1,0.2) (0.2,0.1, 0.6) 
cS (0.3,0.3,0.4) (0.8,0.1,0.1) (0.4,0.1,0.1) (0.6,0.1, 0.3) 
C3 (0.1,0.2,0.4) (0.6,0.1,0.3) (0.9,0.1,0.0) (0.7, 0.2, 0.1) 
ce, (0.5,0.1,0.3) (0.7,0.0,0.2) (0.2,0.1,0.1) (0.5, 0.3, 0.2) 
©. (0.7,0.1,0.2) (0.5,0.2,0.1) (0.6,0.2,0.2) (0.8, 0.1, 0.0) 

TABLE 5. Intersection of GPFHSSs 

U ty tho ty 3 tha 

c&, (0.7,0.1,0.1) (0.2,0.1,0.2) (0.5,0.1,0.2) (0.2,0.1, 0.6) 
cS (0.3,0.2,0.4) (0.8,0.1,0.1) (0.4,0.1,0.1) (0.6, 0.1, 0.3) 
ce  (0.1,0.2,0.3) (0.6,0.1,0.3) (0.9,0.1,0.0) (0.7, 0.2, 0.1) 
e, (0.5,0.1,0.3)- (0.7, 0.0,0.1)  (0.2,0.1,0.1) (0.5, 0.3,0.2) 
®3 (0.7,0.1,0.2) (0.5,0.2,0.0) (0.6,0.2,0.2) (0.9, 0.0, 0.0) 


In this section of paper we introduce, an expectation score function and an algorithm for 


interpreting MADM problems. 


Definition 5.6. let H(t?) = (Hai (40) (Ties) Mi (eay (Tra) Vai (42) (21) be PFHSV then the expec- 


tation score function is define as 
és 2+ Hg (yay (Tei) Hg aay (Pea) —YFi(e@) (Pha) as 


S(H(t)) = 3 S(H(tp)) 


€ (0, 1] 


Definition 5.7. The Weight vector W(H(t?)) is defined as 
ets S(H(te 
WH (tg)) = <A 


where m = >> S(H(t?) 
6. Algorithim 


Vi < First GPFHSS 
V2 «+ Second GPFHSS 
ViNe V2 < Extended intersection of First and Second GPFHSS 


S(H(t?)) <_ Compute expected sore function 
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W(H(t#)) < Compute weight vector 
DAPFDV «Compute Dombi aggregated picture fuzzy decision values 
SF < Compute Score Function 


Rank «+ Maximum value of score function is greater. 


7. Case Study: Construction Company Problem 


A firm want to construct a labor colony for their worker, major qualities to look for 
completion of their project are qualities, services, skilled team and equipments. Consider 
U = {4,95 C3, C4, Ces} be be five construction company. 

Let FE = {e1, €2, €3, e4} stand for qualities, services, skilled team and equipments whose corre- 
sponding attribute values are {A1, Az, A3, Aa} respectively. let Ai = {b11 = Credentials, bi2 
= Experience, b;3 = Goodwill and Reputation, b14 = {b11, b12, big3}} 

Ag = {bo1 = New construction, b22 = Repair, b23 = demolition, be4 = {b21, b22, b23}} 

Ag = {b3; = builders and architects, b3; = civil engineers } 


Ag = {b4, = Modern equipments } 


tf, = (b11, b21, 631), te, = (b14, baa, 631, ba1), 
K th = (bi2,b22), th = (b12, bs1), 
te, = (b11, b22, 631, b42), tog = (11, 623), 


The CEO makes two groups of members of administration of firm to do the evaluation.. The 


i 


set of attributes N°, = {t?,,t,, t?.,t#,} observed by first group and second group monitoring 
K1 b1? %b2? %b3? “b4 


attributes value NS, = {t}o, th 4, ts, tpg}. Two GPFHSS (H1, NS,,®3) and (He, NS,, ®4) are 


given in table. 


Step: 01 
TABLE 6. GPFHSS 1 
u te i tho tes Pa 
c$, (0.5,0.1,0.1) (0.7,0.1,0.2) (0.3,0.1,0.3) (0.3, 0.1, 0.2) 
cS, (0.3, 0.2,0.4) (0.6,0.1,0.1) (0.5,0.1,0.2) (0.8, 0.0, 0.2) 
cS, (0.7,0.1,0.1) (0.4,0.1,0.3) (0.9,0.1,0.0) (0.5, 0.2, 0.1) 
c&4 (0.6,0.1,0.3) (0.8,0.1,0.1) (0.4,0.1,0.1) (0.4, 0.3, 0.3) 
c&. (0.4,0.1,0.2) (0.3,0.1,0.5) (0.3,0.1,0.4) (0.7, 0.1, 0.2) 
®3 (0.8,0.0,0.1) (0.6,0.1,0.1) (0.1,0.2,0.7) (0.3, 0.1, 0.5) 
Step: 02. Calculate intersection of GPFHSS 1 and GPFHSS 2. 
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TABLE 7. GPFHSS 2 

u to tha ts the 

c&, (0.8,0.1,0.1) (0.5,0.3,0.2) (0.4,0.1,0.2) (0.3, 0.1, 0.3) 

ey (0.6,0.1,0.2) (0.5,0.0,0.3) (0.2,0.1,0.3) (0.7,0.1,0.2) 

cg (0.4,0.1,0.3) (0.8,0.1,0.0) (0.9,0.0,0.1) (0.5, 0.1, 0.1) 

cS, (0.3,0.3,0.1) (0.4,0.2,0.0) (0.5,0.2,0.1) (0.6, 0.2, 0.1) 

cs, (0.5,0.1,0.3) (0.7,0.0,0.1) (0.2,0.1,0.1) (0.5, 0.3, 0.2) 

®, (0.8,0.1,0.1) (0.1,0.2,0.7) (0.6,0.2,0.2) (0.3, 0.1, 0.5) 

TABLE 8. Intersection of GPFHSS 1 and GPFHSS 2 

U th tho ts tha ts the 
c&, (0.5,0.1,0.1) (0.7,0.1,0.2) (0.3,0.1,0.3) (0.3,0.1,0.2) (0.4,0.1,0.2) (0.3, 0.1, 0.3) 
c, (0.3,0.2,0.4) (0.6,0.1,0.2) (0.5,0.1,0.2) (0.5,0.0,0.3) (0.2,0.1,0.3) (0.7, 0.1, 0.2) 
c&, (0.7,0.1,0.1) (0.4,0.1,0.3) (0.9,0.1,0.0) (0.5,0.1,0.1) (0.9,0.0,0.1) (0.5, 0.1, 0.1) 
c&, (0.6,0.1,0.3) (0.3,0.1,0.1) (0.4,0.1,0.1) (0.4,0.2,0.3) (0.5,0.2,0.1) (0.6, 0.2, 0.1) 
c, (0.4,0.1,0.2) (0.3,0.1,0.5) (0.3,0.1,0.4) (0.7,0.0,0.2) (0.2,0.1,0.1) (0.5, 0.3, 0.2) 
®, (0.8,0.0,0.1) (0.1,0.2,0.7) (0.1,0.2,0.7) (0.1,0.1,0.7) (0.6,0.2,0.2) (0.3, 0.1, 0.5) 
Step:03 Calculate value of expectation score function using [5.6] and weight vector by 


shown in Tab [9] 


TABLE 9. Expectation Score Function and Weight vector 


u th tho th3 tha ths the 

by (0.8,0.0,0.1) (0.1,0.2,0.7) (0.1,0.2,0.7) (0.1,0.1,0.7) (0.6,0.2,0.2) (0.3, 0.1, 0.5) 
S(H(t2)) 0.9333 0.5333 0.5333 0.5 0.8666 0.6333 
W(H(t?)) 0.2333 0.1333 0.1333 0.125 0.217 0.158 


Step: 04 Calculate Dombi aggregated picture fuzzy decision values (DAPFDVs) for k = 1 
by [2.8] and score function using [2.7] The DAPFDVs can be calculated as: 

From above table 
Gig Che Cp SS Cha Ces 


C3 is suitable construction company for labor colony construction. 


8. Comparison 


The algorithm proposed by Jaber et al. face challenges to deal with the MADM problem 


where attributes of the alternates have their corresponding sub-attributes. To overcome such 
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TABLE 10. DAPFDVs and Score Function 


u DAPFDVs SF 
(0.4645, 0.1000, 0.1760)  ( ) 
(0.4952, 0.0000, 0.2599) ( ) 
cS, (0.8027, 0.0000, 0.0000) (0.8027) 
( psd ) 
( bak ) 


0.5081, 0.1333, 0.1313 
0.4362, 0.0000, 0.1868 


difficulties we developed an extension of GPFSS by changing the mapping to a multi-attribute 
mapping. With the help of GPFHSS, we define an algorithm, which plays an important role 


to study the picture fuzzy and hypersoft environment. 


9. Conclusions 


In this article, we introduce PFHSS and GPFHSS. We defined some operations of PFHSS 
and GPFHSS, also proved De Morgans laws for these operations. For the solution of MADM 
problems, we construct an algorithm by using the extended intersection of GPFHSS informa- 
tion and also we introduced a new expectation score function to find the value of the weight 
vector. With the help of the weight vector and new expectation score function, we calculate 
DAPFDVs and score function. Then we rank the construction companies which are given in 
the example of a case study of the construction of labor colonies by using ascending values of 
the score function. After comparison with prior proposed techniques and arise it to be more 


generalized and productive to deal with multi-attribute classifications. 
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Abstract. In this paper, the priority disciplined queuing models are investigated under neutrosophic environ- 
ment. It develops and optimizes a model with non-preemptive priorities system, denoted by NM/NM/1. It is 
a queuing model where the arrivals follow a Poisson process, service times are exponentially distributed and 
there is only one server whose arrival rate and service rate are represented in terms of single valued trapezoidal 
Neutrosophic number (SVTNN). Using (a, 8, y)-cut approach and Zadehs extension principle, the Neutrosophic 
queuing model is reduced to a crisp model and results are discussed. An illustrative example is provided to 


understand the analytical procedure developed in this paper. 


Keywords: Neutrosophic set; single value trapezoidal Neutrosophic number; Neutrosophic Markov chain; pri- 


ority queue. 


1. Introduction 


Basic queueing systems involve organized queues where the arrival rate of customers is in an 
order and waiting discipline is ensured. But in real life situations most of the queuing models 
require priority discipline as most urgent work has to be given preference. Priority queueing 
models are useful in a variety of different applications. In priority queues customers are served 
based on their service priorities. The high-priority customers with high urgency are served first 
and the lower priority customers are served with less urgency. In communication engineering, 
priority queues are used to study networks with differentiated levels of quality of service. 
Steady state distribution of single server priority queue was developed by Miller fi}. Prade 
dealt with fuzzy service time and fuzzy service rule in a queuing problem with application. Li 
et al. |3] investigated two fuzzy queues denoted by M/F'/1 and FM/FM/1 whose interarrival 


time and service rate are fuzzified. Negi et al. |4) discussed analytical and simulation results of 
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fuzzy and probability approaches of traditional queuing models. Maria et al. |5) developed two 
fuzzy queueing models with priority-discipline both with non-pre-emptive priorities system 
and pre-emptive priorities system. Varadharajan et al. (6| analysed fuzzy priority discipline 
queue models using a parametric programming approach. 

Kalpana et al. |7| investigated the performance measures for non-pre-emptive priority fuzzy 
queues. Usha et al. made an interpretation of a non-pre-emptive priority queueing system 
in fuzzy environment with asymmetrical service rates. Aarthi et al. (9| analyzed the per- 
formance of a non-pre-emptive intuitionistic fuzzy queuing model. Khudr Al-Kridi et al. 
discussed the performance measures of M/F M/1 queueing model where both arrival and de- 
parture rates are fuzzy numbers Kumuthavalli et al. focused on developing a neutrosophic 
probability for solving queue operation in the real standard domain. 

Fariborz Jolai et al. presented a new formulation for the problem of fuzzy priority assign- 
ment and buffer control. Mohamed Bisher Zeina provided Neutrosophic Littles Formulas 
which is a main tool in queueing systems problems under neutrosophic environment. Also 
he discussed about Erlang service queueing model under neutrosophic environment. 
Heba Rashad et al. discussed the performance measures of NM/NM/1,NM/NM/s, and 
NM/NM/1/b queueing models. Zhivko Tomov et al. proposed generalized net models of 
different queueing disciplines in queueing systems. Buckley dealt fuzzy queue model 
using possibility theory. Many researchers (20)[21], have shown light over Intuitionistic fuzzy 
queueing models. 

Florentin Smarandache introduced Neutrosophic set as an generalization of Intution- 
istic fuzzy set developed by Atanassov which is a powerful tool to deal with ambiguity 
compared to fuzzy set proposed by Zadeh as it considers membership, indeterminacy and 
non-membership degree of an object simultaneously. Also Florentin Smarandache has 
explored various concepts such as Neutrosophic measure, Neutrosophic logic, Neutrosophic 
probability etc.,. Wang et al. discussed about operations and properties of single valued 
Neutrosophic set (SVNS). Later applications involving SVNS are considered by many re- 
searchers (28}[29]. This paper aims at investigating a single server queuing model with priority 
discipline involving SVNS. A comparison table [1] of existing queueing model under uncertainty 


is discussed below. 
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TABLE 1. Comparison with the existing queueing model 


Author Queueing model Uncertainty used Methodology 

Prade, H. M (1980) General queuing Fuzzy sets Zadehs extension 
model principle 

Li, R. J. et al. General queuing Fuzzy sets Zadehs extension 

(1989) model principle 

Negi, D. S. et al. General queuing Fuzzy sets -cut approach 

(1992) model 

Khudr Al-Kridi et General queuing Fuzzy sets Zadehs extension 

al. (2018) model principle 

Zhivko Tomov General queuing Intuitionistic fuzzy Generalized Net 

(2019) model set models 

Kumuthavalli et al. General queuing Neutrosophic sets Zadehs Exclusion 

(2017) model Principle 

Mohamed  Bisher General queuing Neutrosophic sets Neutrosophic — Lit- 

Zeina (2020) model tles Formulas 

Mohamed Bisher Erlang service Neutrosophic sets Neutrosophic _ sta- 

Zeina (2020) queueing model tistical interval 

method 

Maria Jose Pardoa Priority queues Fuzzy sets Zadehs extension 

et al. (2007) principle 

Varadharajan et al. Priority queues Fuzzy sets a-cut approach 

(2018) 

Kalpana et al. Priority queues Fuzzy sets LR method 

(2018) 

Usha Prameela et Priority queue Fuzzy sets a-cut approach 

al.(2021) 

Aarthi et al. (2022) Priority queue Intuitionistic Fuzzy Ranking method 

sets 

Fariborz Jolai et al. Multi objective pri- Fuzzy sets Fuzzy Data Envel- 

(2016) ority queue opment Analysis 

Heba Rashad et al. General queueing Neutrosophic sets Neutrosophic — Lit- 

(2021) model tles Formulas 

Proposed Priority model Neutrosophic sets (a, 8, y)-cut 


In this paper, we explored the neutrosophic queueing model and its application. To the 
best of the authors knowledge, none of the previous works has addressed the neutrosophic 
decision-making regarding prioritization and queue selection of service-needing people in dis- 
aster aftermath. The main contributions of the study include: 


(1) The innovative concept of priority queuing model under neutrosophic sets is introduced. 
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(2) Formulation of NM/NM/1 queue with priority model is proposed. 

(3) Also, a numerical example is discussed to show the effectiveness of the proposed queueing 
model. 

(4) To make the decision maker understand the solution graphical representation are pro- 
vided. 

In Section 2, we discusses the Neutrosophic preliminaries. Section 3 briefly discussed the 
neutrosophic queueing model. In section 4, numerical illustration are solved for showing per- 
formance measures of neutrosophic in queueing model and Section 5 presents the conclusion, 


and future work. 


2. Preliminaries 


Definition 2.1. A neutrosophic set N is given as 
N = {(s, Ta(s), Za(s), Fa(s))/s8 € 5} 


where 7,4(s),Z,4(s),F4(s) : s >]0~,17[ are the degree of truth, ondeterminancy and falsity 
such that 0~ < sup 74(s) + supZ,4(s) +sup F4(s) < 37. 


Definition 2.2. A single valued neutrosophic set (SVNS) N in s is stated as 
N= {(s, Ta(s),Za(s), Fa(s))/s = s} 
where 7,4(s),Z,4(s),F4(s) € [0,1] and 0 < sup T4(s) + sup Z4(s) + sup F4(s) < 3. 


Definition 2.3. Let (vQ, NF, NP) be a neutrosophic probability space, where vQ is 
a neutrosophic sample space, NF’ is a neutrosophic event space, and NP is a neutrosophic 
probability measure.The following neutrosophic probability axioms are as follows 

(i) The neutrosophic probability of an event A 

NP(A) = (ch(A), ch(indeterma), ch(A)) , 

where ch(A) > 0,ch(indeterm,) > 0,ch(A) > 0, for any A € NF; with the notations that 
indeterm(A) means indeterminacy related to event A and A is the complement event of A 
(the antiA event). 

(ii) The neutrosophic probability of the sample space is between —0 and 3°. 

NPOM) = ( > ch(z) ,ch{indetermya),ch(antiv®) : 

where —0 <  ch(e), ch(indeterm,q), ch(antivQ) < 37, 

with the ata indeterm,q means total indeterminacy that may occur in the neutrosophic 
sample space. For the classical complete (normalized) sample space, ch(antivQ) = 0, but for 


incomplete sample space ch(antivQ) > 0. 


(iii) The neutrosophic o-additivity is defined as 
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co ———— 
NP(A,U AgU...) = | 95 ch(A;), ch(indeterma,uagu...), cR(A1 U Ao UU...) J, 
j=l 
where Aj, Ag,... is a countable sequence of disjoint neutrosophic events. 


Definition 2.4. A random variable (r.v) which have an indeterminate outcome is said 
to be neutrosophic r.v. 
A neutrosophic stochastic process is a collection of neutrosophic r.v which represents the 


evolution over time of some neutrosophic random values. 


Definition 2.5. A neutrosophic stochastic process {X(n) :n € N} is said to be a neu- 
trosophic Markov chain if it satisfies the Markov property: 

PX = Aa = get = ae) Sa as SE 

where 7,7, establish the state space S' of the process. 

Here Pi; = P(Xn41 =j/Xn =1) are called the neutrosophic probabilities of moving from 
state i to state 7 in one step. Hence PB; = (aes , where Tp, (Zp,,, 7 5,,) is the 
truth (indeterminate, falsity) membership of the transition from state i to state 7. The matrix 


P= Pi; is called the neutrosophic transition probability matrix. 


Definition 2.6. A single valued trapezoidal neutrosophic number (SVTNN) A is defined 


as follows 
sT — tf Rea eer Sar 
—— fort; <s’ <t 
i] —4T —_ clo 
1 fords <3) < o) 
Ta(s) = {7 — sT Pe, ee 
———} fort, <s’ <t 
iy _ if 3 — — "4 
0 otherwise 
where t? <#] <t] <7]. 
ip aut 
= a for ty <si< oA 
ty — ty 
1 for iy ag < iy 
Ta(s) = i 
Z Fes for i ee iT 
4 — *3 
1 otherwise 
Eg PGE Gk 
where ty < ty < ty <. 
i ae 
= ¢ for a ae oe 
ty — 
1 ine se a 


Fa(s) = if ia or ee 
He for ts < Ss < 4 
4 3 


1 otherwise 
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where? <# << ¢f. 


Definition 2.7. 
(a, 8, y)-cut of a TSVNN is defined as follows: 


Aa,8i = [Ar(a), Aoa)] [41 (8), 42(8)] 3 [Ai 9), Aa()| 0S a+ 8 +7 <3, where 


( 
1(8), Ao(8)] = [(& - 6G - )) (8 + 8 - 4))], 
[Ar(7), Aa] = [2 - 1 - ef), (8 + - 4). 


Definition 2.8. Let [71,72] and [r3,r4] be two closed and bounded real intervals. If * 
denotes addition, substraction, multiplication or division, then [r1, r2] * [r3, ra] = [a, 3). 


For division, it is assumed that 0 ¢ [r3,74]. With basic operations, is developed as follows : 


i. [r1,r2] + [r3, ra] = [ri + 73, 72 + 74] 
ii. [ri, ra] — [r3,r4] = [ri — ra, r2 — 73] 


iii . [ri,r2].[r3, ra] = [min {rir3, 71,174, rar3, rara} , max {r173, 71, 74, 7273, T274}| 
ry T1 TQ £2 ry Ty TQ 12 
lv . = ;me coe ee Ne, ad ’ a a a se ae 
[r3, 74] T3 T4 T3 14 T3 T4 T3 14 


= 
> 
m 

S 


3. The Neutrosophic Queueing Model 


In this section, we analyze a single server queue with priority in neutrosophic environment. 


3.1. Classical M/M/1 queue with priority queue 


We consider a single server queue with priority. Assume that there are two arrival stream of 
customers called higher priority and low priority customers and they follow different Poisson 
process with parameters A, and Ag respectively. A single server provides service to these 
customers and the service time follows exponential distribution with rate yz. The higher priority 
customers have the right to be served ahead of the others without preemption. The system 
capacity is infinite and within the priority group the first come first served rule is applied. 


Some system performance are 


e Average queue length of higher priority: Ly, = 
LL — 


e Average queue length of low priority: Lg. = 
(1 — p)(u— 1) 
p 


e Average waiting time of higher priority queue: Wy, = 


e Average waiting time of low priority queue: W,, = 


aN 
where A = A; + Ag and traffic intensity (p)= —. 
jl 
An M/M/1 priority queue with infinite capacity as depicted in figure [1] 
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Leeeee J 


(A) Higher priority customers in service (B) Low priority customers in service 


FIGURE 1. M/M/1 queue with priority queue 


3.2. Formulation of NM/NM/1 queue with priority model 


Consider a single server NM/NM/1 queueing system with priority. The neutrosophic in- 
terarrival times Aj, i = 1,2 of units in the first and second priority, neutrosophic service time 


S are approximately known and are represented by the follows 
Ay = { (a, Ty, (@).Z3,(@),F3,(a)) [ae X}; i=1,2 


S= 1'( 3 Ta) Tas) F (8) /8€ Y} 
where X and Y are crisp universal sets of the neutrosophic interarrival times and neutrosophic 
service time and yz (a);i = 1,2,7g(s) are the corresponding membership functions. The 


(a, 8, y)-cut of Aj; i = 1,2 and S are 
Ai(a,B,7) = {a € X/Tq,(a) > a,Zq,(a) < 8, Fz,(a) <7} 31 = 1,2 


S(a,B,) = {8 € Y/Tg(s) = a, Zg(s) < B, Fg(s) < B} 


where the A;(a,8,y) and S(a,8,y) are the crisp subsets of X and Y respectively. 
Using (a,3,7)-cuts, the Neutrosophic interarrival times and Neutrosophic service time 
can be represented by different levels of confidence intervals. Consequently, a Neutro- 
sophic queue can be reduced to a family of crisp queues with different (a, 3,~7)-cuts 
{Ai(a,B,y):0<a<10<8<1,0<y7< 1} and 

{Sia py) 0 < oe 10 << 810 1) 

In this paper, we proposed queueing model with both interarrival times Ai, i = 1,2 and 
service time S are represented as SVTNN. Denote confidence intervals of A; and S$ by 
U,(0,8.9)? YA(a,6.9)! 204 UES (a,8,4)14Saeayl 
Let us denote the performance measure by p(A;,S) and the truth membership function, the 
indeterminacy membership function and the falsity membership function of p(A;, S) can be 


defined using Zadeh’s extension principle (31}/32], as: 


T(Ai,8) (2) = sup | mitrexaer Wait Tia) a p(a, a )} 
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La.) = inf | Mitesey sev Wiz tas Teal) z= pa, a) 
and 

F (Hig (2) = inf { mingexalev Mita)’ Taq’): % = PCa, a) 
We can find the lower and upper bounds of the (a, (6,7) cuts of Ai, S as follows: 


/ 


liatay = min p(a,a ) such that Li (cuB.9) <a< UZ (a8)? lea.) <a< U5 (0,8) (1) 


/ 


Up(o,8,y) = max p(a, a ) such that li (c6.9) <a< UZ (aby)? 150,87) <a < US (a,8,) (2) 
provided a € Ai(a, 8,7) anda € S(a, 8,7). 
If both U,(¢,3,7) and Upq,3,7) are invertible with respect to (a, 3, y) then the left shape function 
igi(z) = (Geges) and the right shape function Rr(z) = (Uptaar)) can be obtained, 
from which the truth membership function My A,,5) (2) is given by 
Lr(z); ap <z< ae 
T(&,8) 2) = 4 Rr(z); a <2< 2] 
0; otherwise 
where z] <z<z] and L7(z]) = Rr(z]) =0 for the SVINN. 
Similarly the indeterminacy membership function Ny(A;,8) (z) and the falsity membership func- 


tion V(A,,g) (2) are derived as follows 


Iz(z); aF <z< zou 
La,8) (2) = 4) Re(2); 2S 2S 2 
0; otherwise 
where zf < z < 2} and Lz(z27) = Rz(z{) = 0 for the SVTNN. 
izle): ef Seek 
F ay @) = 4 Re(z); 23 S28 27 
0; otherwise 
where z]7 < z< 2f and Lr(z]) = Rr(z{) =0 for the SVINN. 
The proposed NM/NM/1 queue with priority can be reduced it to classical M/M/1 queue 
with priority by using the concept of (a, 3,7)-cut approach. 


4. Numerical Illustration 


In this section, we present a numerical example to explain the proposed NM/NM/1 queue- 
ing model with priority. 
Let the arrival rates of first and second priority with the same service rate are represented by 
SVTINN A, = ((3,4,5,6) (2,5,8, 11) (2,4,6,8)) 
Ap = ((4,5,6,7) (3,4,5,6) (6,6,7,8)) and 


S = ((16,17, 18,19) (18, 20, 22,24) (17, 19, 21, 23)) per hour respectively. 
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The (a, 8, y)-cut of Aj,i = 1,2;9 are 
A; = (3 +.,6 — a], [5 — 38,8 + 36], [4 — 27,6 + 24), 
Ap = ([4+0,7 a], [4— 8,5+ 6],[6-7,7+]) and 


S = ([16 + a, 19 — al, [20 — 28, 22 — 28], [19 — 2y, 21 + 24]) 
From equations and the parametric programming problems are formulated to derive 


the membership function Lg,,Lq,,W,¢, and W,,. They are calculated as follows. 


The performance functions of (i) Lg,- average queue length of higher priority (ii) L,.- aver- 
age queue length of low priority (iii) W,, -average waiting time in higher priority queue (iv) 
Ww - average waiting time in low priority queue are derived from the respective parametric 
programs. These differ only in their objective functions and are listed below. 

i =e e1(e1 + €2) ; a e1(e1 + €2) 

han (a) e3(e3 —e1) J? @a( ea €1) 


such that 3+a<e, <6—-—a 


4+a<e<7-a 
16+a<e3<19-—a 


where 0 << a <1. lrg, (a) is found when e; and eg approach their lower bounds (1.b) and e3 
approaches its upper bound (u.b) and also u La, (a) 18 found when e; and eg approach their 
u.b’s and eg approaches its l.b. Consequently the optimal solution for are 


21+ 13a + 2a? 78 — 2ha + 2a” 


'bay(e) = 304 — 54a + 202 2M “En (@) = 160 4 420 + 202 


The truth membership function is 
Lr(z); ti, @\ =2s tee, («| 


Ty, ay =< Bye) [tra(o| _, eS tes (a) 


a=1 


a=0 
0; otherwise 
which is estimated as 


1 
(54z + 13) — (4842? + 40042 — 1)2- 


F <z<0.14 
Oz =3) - 0.07<2z<0 
Thay we A2z +25 A84z? + 40042 — 1 3 
eee ee Oe. Gorse 00 
5(a7 — 9) 
0; otherwise 
l = min er(e1 + €2) + €2) U = max er(e1 + €2) + €2) 
Pale) e3(e3 — €1) J ha, (8) e3(€3 — €1) 


such that 5-386 <e, <8+3 
4—B<e<5+8 


= 08 = ex < 994.95 
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whereO< 6 < 1.1 Lg, (8) 18 found when e; and eg approach their |.b’s and e3 approaches its 
u.b. and also ULg, (8) 18 found when e; and eg approach their u.b’s and e3 approaches its |.b. 


Consequently the optimal solution for is 


45 — 478 + 126? 104 + 718 + 126? 


ee = 
bn(8) = 3744 1448 + 1082 °P4 “Ln (®) = 959 — 1948 + 102? 


The indeterminacy membership function is 
Ex(2); [log ©) 4-1 <2 [lz] 


B=0 
Fy, (2) = 4 Rr(z); ole zs an 0) 5 


1 


0; otherwise 
which is estimated as 


1 
—(144z + 47) + (57762? + 332882 + 49) 2 


02<2z< 0.12 
2(10z — 12) : ea 
1 
re a 5 
124 1 2 49) 2 
(1242 + 71) — (5776z? + 332882 + 49) . 0.43 << 148 
2(10z — 12) 
0; otherwise 
I = min Cha) + 2) U = max ei(ea + €2) + 2) 
Far) e3(eg — ex) f°) e3(e3 — €1) 
such that 4 — 27 < ey < 6+ 27 (5) 


6-y<e2<7+y¥ 


19 — 2y < e3 < 214 27 


whereO<y<1.l La, (7) 38 found when e, and e2 approach their |.b’s and eg approaches its 
u.b. and also u Lg, (7) 18 found when e; and eg approach their u.b’s and e3 approaches its I|.b. 


Consequently the optimal solution for is 


) _ 40-3274 6y? eas 78+ 4474 6,” (6) 
ba) ~ 357-4 1187 + 87? ha) ~ 947 — 1027 + 87? 


The falsity membership function is 
Lr(z); to, ol, ae toe, | 


Fy (y= \ Hele); [thay og aes ltr Gs 


0; otherwise 


y=0 


y=1 
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which is estimated as 


1 
—(118z + 32) + (25002? + 174002 + 64) 2 


0.03 <z< 0.11 
2(8z — 6) —— 
— — : 
ba (1022 + 44) ~ (25002? + 174002 +64)? ga, cg gg 
2(8z — 6) ——* 
0: otherwise 


For different values of a, 3, € [0,1], the average queue length of higher priority Dy is calcu- 
lated and given in table [2| Also a graphical interpolation of truth, Indeterminacy and falsity 
of average queue length of higher priority is shown in figure [2| 


TABLE 2. Lg, 


e That) UL a (a) BY lait) UL a (8) haa Ula) 

0.0 0.06908 0.48750 1.0 0.12032 0.43333 0.11204 0.31579 
0.1 0.07474 0.45987 0.9 0.10404 0.48845 0.09992 0.34811 
0.2 0.08074 0.43376 0.8 0.08948 0.55046 0.08884 0.38357 
0.3 0.08709 0.40908 0.7 0.07649 0.62042 0.07870 0.42253 
0.4 0.09380 0.38573 0.6 0.06491 0.69958 0.06945 0.46539 
0.5 0.10090 0.36364 0.5 0.05463 0.78947 0.06100 0.51263 
0.6 0.10840 0.34273 0.4 0.04552 0.89196 0.05331 0.56477 
0.7 0.11633 0.32293 0.3 0.03748 1.00936 0.04631 0.62244 
0.8 0.12469 0.30419 0.2 0.03043 1.14457 0.03995 0.68637 
0.9 0.13353 0.28643 0.1 0.02427 1.30125 0.03419 0.75742 
1.0 0.14286 0.26961 0.0 0.01894 1.48413 0.02899 0.83660 


| 7 —propeseesssepesessetepesens— 
i Truth 
= 0.5 Se, 
oi+ - —.. 
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 
Lql 
1 Bs ory T 
f “Meee Ssé ncn Indeterminacy 
MOSp FS 7 
aa eo ai ee a 
0 0.5 1 1.5 
Lql 
1 a i? T 
Pe Falsity 
SOS Bg 
ae ne ar ea eee ee ear eae roo ee L" 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 


FIGURE 2. Average queue length of higher priority 
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Similarly the performance functions of L,, is derived from the respective parametric pro- 
grams. These differ only in their objective functions and are listed below. 


ei e2(e€1 + €2) 
Maga) = { SSC Ce ah ) 


and 


ee e€(e1 + 2) 
Mea a) = { Cer Caen } 8) 


The objective functions given through the equations and with the constraints given 
with the equation yield the following results: 


— 28 + 15a + 20? fase 91 — 27a + 20? 
a 192 — 72a + 602? "2 30 + 36a + 6a? 
1 
(72z + 15) — Cree + STE, pireeeoae 
TE, (2) = —(36z + 27) + (5762? + 43682 + ‘3 
ae ; 0.92 <2 < 3.03 
0: otherwise 


Similarly the performance functions of Le is derived from the respective parametric programs. 
These differ only in their objective functions and are listed below. 


Se e€(e1 + €2) 
"ag(B) = { PGs =} ©) 


and 


ee e2(e1 + €2) 
haale) les = (41 + ea) {es = €1) 


The objective functions given through the equations (9) and with the constraints given 
with the equations yield the following results: 


36 — 258 + 46? ou _ 65 +338 + 46? 
Zan() ~ 991 +1678 +3062’ %2"9) ~ g4— 1078 + 3062 


1 
—(167z + 25) + (13692? + 16206z + 49) 2 


0.04 < z< 0.16 
2(30z — 4) al 
Ty, (2) = 2 ; 
Oasis a OUR ENE. yee 2 aa ee 
2(30z — 4) 
0: otherwise 


Similarly the performance functions of Le is derived from the respective parametric programs. 
These differ only in their objective functions and are listed below. 
: €2(e1 + €2) } 
Ir = min { 11 
al [es — (e1 + e2)](€s — e1) al 
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and 


_— e2(e1 + €2) 
Maal) = [es — (€1 + €2)](e3 — e1) " 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


60 — 28) + 37? 91 + 347 4+ 37? 
Lh (y) = 2? ULge(y) = 2 
2 187 + 1297 + 207 2 78 — 897 + 207 
i 
129z + 28) + (168127 + 142 A)2 
(1292 + 28) + (16812? + 14268z + 64) Spee 
2(20z — 3) 
Fy, (2) = ; 
4) — (1681 142 A 
(89z + 34) — (16812* + 68z + 64) Li7<2< 14.22 
2(20z — 3) 
0; otherwise 


For different values of a, 8, € [0, 1], the average queue length of low priority L,, is calculated 
and given in table Also a graphical interpolation of truth, Indeterminacy and falsity of 


average queue length of low priority is shown in figure 


TABLE 3. Lgy 


e Tao(a) UL aa(a) BY 1a9(6) Uys (8) Li aseas Ulas (7) 
0.0 0.14583 3.03333 1.0 0.16290 0.77381 0.32086 1.16667 
0.1 0.15969 2.62389 0.9 0.14092 0.92853 0.28601 1.36263 
0.2 0.17476 2.28846 0.8 0.12191 1.12476 0.25524 1.60525 
0.3 0.19118 2.00968 0.7 0.10541 1.37839 0.22800 1.91092 
0.4 0.20906 1.77513 0.6 0.09105 1.71391 0.20380 2.30439 
0.5 0.22857 1.57576 0.5 0.07853 2.17105 0.18226 2.82468 
0.6 0.24987 1.40476 0.4 0.06759 2.81830 0.16303 3.53711 
0.7 0.27314 1.25697 0.3 0.05803 3.78403 0.14584 4.55961 
0.8 0.29861 1.12835 0.2 0.04965 5.33864 0.13043 6.12857 
0.9 0.32652 1.01576 0.1 0.04232 8.16167 0.11660 8.79646 
1.0 0.35714 0.91667 0.0 0.03589 14.57144 0.10417 14.22223 
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FIGURE 3. Average queue length of low priority 


Similarly the performance functions of W,, is derived from the respective parametric pro- 


grams. These differ only in their objective functions and are listed below. 


: (e1 + e2) 
_ AE A 1 
uw,, (a) = min { ee (13) 
and 
(e, + €2) 
UW, (a) = max { €3(€3 — €1) (14) 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


) 7+ 2a 13 — 2a 
= ; U —_ 
Was) ~ 304 — da + 202? Wa) ~ 160+ 42a + 202 


1 
(54z + 2) — (4842? + 2722 + 4)2_ 


- 0.02 < z < 0.04 
Az 
Wa = 42z4+2 A842? + 272 a 
Ser er. pp pe 
Az 
0; otherwise 


Similarly the performance functions of Wa is derived from the respective parametric programs. 


These differ only in their objective functions and are listed below. 


and 
(e1 + €2) 
Ga (2) ORS {ase lense) (16) 
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The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


7 9-46 7 13+ 46 
Wa (8) ~ 374 4 1448 + 1062’ “Wn 9) ~ 940 + 1248 + 1062 


1 
—(144z + 4) + (577622 + 1512z + 16)2_ 


0.009 < z < 0.02 


20z 
Ty, (2) = ; 
a (1242 + 4) ~ (57762? + 15122+16)2 oe ag 
202 ne 
0: otherwise 


Similarly the performance functions of W,, is derived from the respective parametric programs. 


These differ only in their objective functions and are listed below. 


; (e1 + 2) 
l — 1 
Wa, (y) — Mun { e3(€3 — €1) (17) 
and ( 
_ €1 + €2 
UW, (7) = Max { eat a) } (18) 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


; a 10 — 3y - _ 13 + 37 
Wal) ~ 357+ 1187 + 892? a ~ 947 — 1027 + 82 
ohaaes ey 


1 
—(118z + 3) + (25002? + 10282 + 9)2_ 
16z ; 


0.01 < z < 0.03 
1 
IW, (z) _ 9 _ 
(102z + 3) — (2500z° + 1028z + 9)2_ 
16z 
0; otherwise 


0.05 < z< 0.11 


For different values of a, 8,7 € [0,1], the average waiting time in the higher priority queue 
W ,, is calculated and given in table [4] Also a graphical interpolation of truth, Indeterminacy 


and falsity of average waiting time in the higher priority queue is shown in figure 
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TABLE 4. Wg, 
e Way (a) UW (a) BY Wasa) UWay (8) Wao UWar 
0.0 0.02303 0.08125 1.0 0.02406 0.05417 0.02801 0.05263 
0.1 0.02411 0.07794 0.9 0.02214 0.05885 0.02630 0.05615 
0.2 0.02523 0.07479 0.8 0.02034 0.06401 0.02468 0.05993 
0.3 0.02639 0.07177 0.7 0.01866 0.06971 0.02315 0.06402 
0.4 0.02759 0.06888 0.6 0.01708 0.07604 0.02170 0.06844 
0.5 0.02883 0.06612 0.5 0.01561 0.08310 0.02033 0.07323 
0.6 0.03011 0.06347 0.4 0.01422 0.09102 0.01904 0.07844 
0.7 0.03144 0.06093 0.3 0.01292 0.09994 0.01781 0.08411 
0.8 0.03281 0.05850 0.2 0.01170 0.11005 0.01665 0.09031 
0.9 0.03424 0.05616 0.1 0.01055 0.12161 0.01554 0.09711 
1.0 0.03571 0.05392 0.0 0.00947 0.13492 0.01449 0.10458 
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FIGURE 4. Average waiting time in the higher priority queue 


Similarly the performance functions of W,, is derived from the respective parametric pro- 
grams. These differ only in their objective functions and are listed below. 


lWp(a) = min { : laa), } (19) 


ea = (ei eo) (es — 21) 


and 


= max (en + €2) 
"Wa (a) = { PCE Cer } (20) 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 

; _ 7+ 2a - _ 13 — 2a 

Waal) ~~ 192 — 72a + 6a2’ ~—2() ~ 30 + 36a + 602 
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1 
(72z + 2) — (5762? + 4562 +4)2_ 


122 _ 
TH 0, (z) = 2 ; 
_ 2 4 4 
COTA) POT. ibe Sha 
12z 
0: otherwise 


Similarly the performance functions of Wow is derived from the respective parametric programs. 


These differ only in their objective functions and are listed below. 


= min as] 
Wan (@) = [es — (e1 + €2)](e3 — 1) 
and 
= max ae) 
UW, (8) = { [e3 — (e1 + e€2)](e3 — e1) } (22) 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


7 9 — 46 7 13+ 46 
Wao(8) ~ 991 + 1678 + 3082) Wa) ~ g4— 1076 + 3062 
1 
—(167z + 4) + (13692? + 2416z + 16) 2 , een 
60z l 
TW) = (107z + 4) — (13692? + 2416z + 16)2 
: 0.15 < z< 2.43 
60z 
0; otherwise 


Similarly the performance functions of W,, is derived from the respective parametric programs. 


These differ only in their objective functions and are listed below. 


= min (1 * e2) 
Waal) = { Scr can } 
and 
= max (e1 = e2) 
"Waa a) = { [e3 — (e1 + €2)](e3 — €1) } 24) 


The objective functions given through the equations and with the constraints given 
with the equations yield the following results: 


i 10 — 3y 13 + 37 
— Pay U — 
Woo) ~ 187 + 1297 + 2072? 2 ~ 78 — 89 + 2072 


1 
—(129z + 3) + (16812? + 15742 +.9)2 


» Q02<2< 0.05 
402 —— 
Fry, (2) = 2 
: _ 
(89z + 3) — (16812* + 15742 + 9) 0.17 <2 < 1.78 
40z 
0: otherwise 
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For different values of a, 8,7 € [0,1], the average waiting time in the low priority queue W4, 


is calculated and given in table [5] Also a graphical interpolation of truth, Indeterminacy and 


falsity of average waiting time in the low priority queue is shown in figure [5] 


TABLE 5. Wa, 
- Wasa) UWay (a) BY Was) UWa5 (8) Woo) UWaa) 
0.0 0.03646 0.43333 1.0 0.04072 0.15476 0.05348 0.16667 
0.1 0.03895 0.38027 0.9 0.03613 0.18207 0.04848 0.19192 
0.2 0.04161 0.33654 0.8 0.03208 0.21630 0.04401 0.22295 
0.3 0.04446 0.29995 0.7 0.02849 0.26007 0.04000 0.26177 
0.4 0.04751 0.26896 0.6 0.02529 0.31739 0.03639 0.31140 
0.5 0.05079 0.24242 0.5 0.02244 0.39474 0.03314 0.37662 
0.6 0.05432 0.21949 0.4 0.01988 0.50327 0.03019 0.46541 
0.7 0.05812 0.19952 0.3 0.01758 0.663870 0.02752 0.59216 
0.8 0.06221 0.18199 0.2 0.01552 0.92045 0.02508 0.78571 
0.9 0.06664 0.16652 0.1 0.01365 1.38333 0.02286 1.11348 
1.0 0.07143 0.15278 0.0 0.01196 2.42857 0.02083 1.77778 
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FIGURE 5. Average waiting time in the low priority queue 
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5. Conclusion 


Priority queueing models are useful in real world problems such as emergency cases in hos- 
pital medical treatment, communication networks etc. The parameters for queueing decision 
models can be known imprecisely and hence the performance measurements of the system can 
be dealt in neutrosophic environment. This paper, proposes a single server queuing model 
with priority discipline and its characteristics. The service time and arrival time of proposed 
model are expressed in terms of single valued trapezoidal Neutrosophic number. An illustra- 
tive example is provided to show the performance measures of the proposed model which are 
constructed using truth, indeterminacy and falsity membership degree of SVT'NN. In future, 
this queueing model can extended multi objective priority queuing model. The extensions 
of neutrosophic sets such as pythogorean and Fermatean neutrosophic sets can used in the 


proposed model to explore its new aspects. 


References 


1. Miller, D.R. Computation of steady-state probabilities for M/M/1 priority queues. Operations Research 
(1981), 29(5), 945-958. 

2. Prade, H.M. An outline of fuzzy or possibilistic models for queuing systems. In Fuzzy sets (1980), (pp. 
147-153). Springer, Boston, MA. 

3. Li, R.J.; Lee, E.S. Analysis of fuzzy queues. Computers & Mathematics with Applications (1989), 17(7), 
1143-1147. 

4. Negi, D.S.; Lee, E.S. Analysis and simulation of fuzzy queues. Fuzzy sets and systems (1992), 46(3), 
321-330. 

5. Pardo, M.J.; de la Fuente, D. Optimizing a priority-discipline queueing model using fuzzy set theory. 
Computers & Mathematics with Applications (2007), 54(2), 267-281. 

6. Varadharajan, R.; Susmitha, R. Evaluation of performance measures of priority queues with fuzzy param- 
eters using Acut approach. ARPN J Eng Appl Sci (2018), 13, 2636-2641. 

7. Kalpana, B.; Anusheela, N. Analysis of a Single Server Non-Preemptive Fuzzy Priority Queue using LR 
Method. ARPN Journal of Engineering and Applied Sciences (2018), 13(23), 9306-9310. 

8. Karupothu, U.P.; Wurmbrand, R.; Jayakar, R.P.S. An Interpretation of Non-Preemptive Priority Fuzzy 
Queuing Model with Asymmetrical Service Rates. Pakistan Journal of Statistics and Operation Research 
(2021), 17(4), 791-797. 

9. Aarthi, $.; Shanmugasundari, M. Comparison of Non-Preemptive Priority Queuing Performance Using 
Fuzzy Queuing Model and Intuitionistic Fuzzy Queuing Model with Different Service Rates. Mathematics 
and Statistics (2022), 10(3), 636 - 646. DOI: 10.13189/ms.2022.100320. 

10. Al-Kridi, K.; Anan, M.T.; Zeina, M.B. New Approach to FM/F'M/1 Queue and its Performance Measures. 
Journal of King Abdulaziz University: Science (2018), 30(1), 71-75. 

11. Kumuthavalli, P.; Sangeetha, An introduction to the neutrosophic fuzzy in queue. International journal of 
innovative research in technology, 2017, 3(11), 122-127. 

12. Jolai, F.; Asadzadeh, S.M.; Ghodsi, R.; Bagheri-Marani, S. A multi-objective fuzzy queuing priority assign- 
ment model. Applied Mathematical Modelling (2016), 40(21-22), 9500-9513. 

13. Zeina, M. B. Neutrosophic Event-Based Queueing Model. International Journal of Neutrosophic Science 
(2020), 6(1), 48-55. 


V. Suvitha, 5S. Mohanaselvi and Broumi Said, Study on Neutrosophic Priority Discipline 
Queuing Model 


Neutrosophic Sets and Systems, Vol. 53, 2023 420] 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22: 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
32. 


Zeina, M. B. Erlang Service Queueing Model with Neutrosophic Parameters. International Journal of Neu- 
trosophic Science (2020), 6(2), 106-112. 

Zeina, M.B. Neutrosophic M/M/1, M/M/c, M/M/1/b Queueing Systems. Infinite Study (2020). 

Rashad, H.; Mohamed, M. Neutrosophic Theory and its Application in Various Queueing Models: Case 
Studies. Neutrosophic Sets and Systems (2021), 42, 117-135. 

Tomov, Z.; Krawczak, M.; Andonov, V.; Atanassov, K.; Simeonov, S. Generalized net models of queueing 
disciplines in finite buffer queueing systems with intuitionistic fuzzy evaluations of the tasks. Notes on 
Intuitionistic Fuzzy Sets (2019), 25(2), 115-122. 

Buckley, J.J. Elementary queueing theory based on possibility theory. Fuzzy sets and systems (1990), 
37(1), 43-52. 

Buckley, J.J.; Feuring, T.; Hayashi, Y. Fuzzy queueing theory revisited. International Journal of Uncertainty, 
Fuzziness and Knowledge-Based Systems (2001), 9(05), 527-537. 

Gong, Z.; Zhang, N.; Chiclana, F. The optimization ordering model for intuitionistic fuzzy preference 
relations with utility functions. Knowledge-Based Systems (2018), 162, 174-184. 

Oztaysi, B.; Onar, $.C.; Kahraman, C.; Gok, M. Call center performance measurement using intuitionistic 
fuzzy sets. Journal of Enterprise Information Management (2020), 33(6), 1647-1668. 

Smarandache, F’. Neutrosophic Set, A Generalization of the Intuitionistic Fuzzy Set. International Journal 
of Pure and Applied Mathematics, 2005, 24(3), 287-297. 

Atanassov, K. Intuitionistic fuzzy sets. Fuzzy Sets and Systems 1986, 20(1), 87-96. 

Zadeh, L.A. Fuzzy sets, Information and Control (1965), 8, 338-353. 

Smarandache, F’.. Introduction to neutrosophic measure, neutrosophic integral, and neutrosophic probability. 
Infinite Study. 

Smarandache, F. Neutrosophy: neutrosophic probability, set, and logic: analytic synthesis & synthetic 
analysis. 

Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single valued neutrosophic sets. Multispace 
Multistructure 2010, 4, 410-413. 

Ye, J. Multicriteria decision-making method using the correlation coefficient under single-valued neutro- 
sophic environment. International Journal of General Systems (2013), 42(4), 386-394. 

Luo, M.; Wu, L.; Zhou, K.; Zhang, H. Multi-criteria decision making method based on the single valued 
neutrosophic sets. Journal of Intelligent & Fuzzy Systems (2019), 37(2), 2403-2417. 

Sumathi, I.R.; Antony Crispin Sweety, C. New approach on differential equation via trapezoidal neutro- 
sophic number. Complex & Intelligent Systems (2019), 5(4), 417-424. 

Zadeh, L.A. Fuzzy sets as a basis for a theory of possibility. Fuzzy sets and systems (1978), 1(1), 3-28. 
Klir, G.J.; Yuan, B. (2009), Fuzzy Sets and Fuzzy Logic:Theory and Applications, Prentice Hall of India 


Private Limited. 


Received: Sep 10, 2022. Accepted: Dec 20, 2022 


V. Suvitha, S. Mohanaselvi and Broumi Said, Study on Neutrosophic Priority Discipline 
Queuing Model 


Yq 
University of New Mexico 


Ny iia 


A Framework of Type-2 Neutrosophic for Requirements Prioritization 


Basma K. Eldrandaly™ 
'Faculty of Computers and Informatics, Zagazig University, Zagazig, 44519 Ash Sharqia Governorate, Egypt 
Emails: b.eldrandaly@fci.zu.edu.eg; 
Abstract 


Addressing the relative importance and urgency of different requirements to cope with the limited resources of projects 
such as budget and time is called Requirements Prioritization (RP), and it is a crucial step in the project management 
process, it involves several stakeholders deciding between multiple requirements based on several criteria, which is a 
multi-criteria decision making (MCDM). Different organizations use different requirements prioritization methods 
depending on the scope and level of the project. But the challenge arises when the number of requirements is large, and 
multiple stakeholders with conflicting goals are involved, which makes it hard to get consensus on the project direction. 
Another challenge in the prioritization process is that the judgement of the different stakeholders can be vague and 
imprecise, making it difficult to be represented in exact numbers. Therefore, this paper presents a MCDM framework 
based on the type-2 neutrosophic numbers (T2NNs) for the prioritization of requirements using T2NNs Decision making 
trial and evaluation laboratory (DEMATEL) and T2NNs technique for order of preference by similarity to ideal solution 
(TOPSIS). T2NNs are used to deal with the uncertainty and vagueness in stakeholders’ preferences. The initial step of the 
proposed RP framework is to identify the relevant stakeholders, the goals, and the requirements. Second, we use the 
T2NN-based DEMATEL method to compute and rank the criteria importance. Then the TZ2NN-based TOPSIS is used to 
rank the requirements. Finally, the applicability of the proposed framework is demonstrated with the help of a numeric 
case study. 

Keywords 

Requirements Prioritization; Requirements Selection; MCDM; DEMETAL; TOPSIS; T2NN. 


1.Introduction 

The ultimate goal of any project, system or service is to meet the users and stakeholders needs and expectations, by 
effectively identifying the requirements and using them as a guide in the project development process. But in most 
projects, there are more requirements than we can address within the projects constrains. Thus, it becomes a major 
challenge for user experience designers, product managers and business analysts during the initial phase of project 
development to find out the list of requirements or features to develop and prioritize some requirements to be 
implemented immediately and some to be reserved for a later release while still producing a system that meets the 
essential needs of users and stakeholders. [1]. Requirements prioritization (RP) is the process of addressing the relative 
importance and urgency of different requirements to cope with the limited resources of projects such as budget and time, 
so prioritization of requirements is a way of maximizing the benefits from finite resources allotted to a particular iteration 
or release of a project. Requirements prioritization is an essential aspect of software release planning. The requirements 
that make the top of this list are given top priority, and the work for these requirements takes precedence over others. 
Prioritization is an essential and ongoing process during any product development process as it is the only way to deal 


with competing demands from stakeholders, clients, end users for limited resources. 


However, Requirements prioritization is a daunting task. Different criteria of software requirements must be considered 


when prioritizing requirements, such as dependency, cost—value, risk, and other criteria [2]. And this only gets even more 
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complicated when stakeholders with different levels of expertise, understanding, and opinions are involved, so the 
prioritized requirements would need to align with different goals such as business, user and technical goals which can 


often be conflicting. That’s why making an informed decision on what to prioritize can be challenging. 


Many useful methods have been successfully developed to execute the RP process, including MoSCoW analysis, Ranking 
Method, Value-Oriented Prioritization (VOP), Planning Game, Weighted Sum Method, Impact-Effort Matrix, Feasibility- 
Desirability-Viability Scorecard, RICE method, Kano model, NUF test, Analytical Hierarchy Process (AHP), Minimal 
spanning tree, Cumulative Voting (CV), Multi-factor matrix etc. In the systematic literature review on requirements 
prioritization techniques by [3], 40 techniques have been identified for requirements prioritization from 2009 to 2017. The 
choice of the appropriate RP technique depends on the scope and level of the project as some techniques are too simple to 


deal with large number of requirements, conflicted goals, and multiple decision makers. 


Requirements prioritization is a multi-criteria decision making (MCDM) problem whose objective is to prioritize the 
requirements on the basis of different criteria. As the prioritization process includes the judgement and preferences of 
different stakeholders which can be vague, imprecise, and difficult to represent in exact numbers (like most of the 
prioritization techniques), stakeholders may then use linguistic terminologies instead of exact numbers to specify their 
preferences. Therefore, this paper focuses on implementing a type-2 neutrosophic framework to prioritize requirements 
by considering the different criteria as well as uncertainty and vagueness in stakeholders’ preferences by using the 
neutrosophic approach which is a promising method to deal with uncertainty. The initial step of the proposed RP 
framework is to identify the relevant stakeholders, their goals, and requirements. Second, we use a technique called 
T2NN-based DEMATEL to compute and rank the criteria importance, and we use another technique called TZ2NN-based 
TOPSIS to rank the requirements. 


The remainder of the paper is organized as follows. Technical background and literature review in Section 2. Section 3 
presents the proposed framework methodology. Section 4 presents a numeric case study to demonstrate the applicability 


of the proposed framework. Finally, we conclude this paper in Section 5. 


2. Technical background and literature review 
In this section, we give a quick overview of requirements prioritization methods then a literature review of previous 


work. 
2.1 Concepts and terminologies 
Business requirements: 


These are the requirements related to what the business wants to achieve from the project, they define the business needs 
and the success criteria. Business requirements include Project timeline and scope, Branding rules, marketing, sales, 
customer services, Competitors, and Stakeholder expectations. [4] 


User requirements: 


User requirements gathering is a process used to understand what typical users will need from a service or a product 
which is about to be designed, it involves understanding the needs, goals, and expectations of the users to identify a list of 
requirements, features, and functionality the new service must have. This helps to ensure that the product or service 
meets the user's needs and expectations. This process answers questions like: Who are the target users, and what are their 
needs and pain points? What usability or accessibility issues that designers need to consider? 


Technical requirements: 
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Technical requirements are related to how the project will be implemented, they answer key technical questions and 
address technical limitations, and they fall into two categories: 


Functional (FRs): Outlines the product's specifications, technical capabilities, and limitations. 


Non-functional (NFRs): Describes the product’s performance, such as usability, performance, data integrity, and 
maintenance. 


2.2 Requirements prioritization techniques: 


There are several methods to assess the priorities of requirements, [5], for clarity, we classify them into three categories: 
visual plots, Scoreboards, and comparison-based methods. 


Visual Plots: 


Visual plots techniques are a quick, flexible, collaborative, and simplified approach for prioritization, they can work with 
large number of features involving different stakeholders. But their simplicity can have a downside when we need a more 
structured approach for decision making. Some of the techniques are: 


A. Impact-Effort or Value-Complexity Matrix 


This is a four-quadrant prioritization technique that prioritizes the requirements regarding their impact and the effort 
needed to implement them [1]. requirements that have high impact but need low effort, are done right away, on the other 
hand, requirements having a low impact, but high effort are not worth it. Requirements that have high impact but need 
high effort too, are strategic and defensible. And lastly, the requirements that need low effort, and have low impact are 
kept for later in case they become needed. 


B. MoSCoW analysis 


MoSCoW analysis was created by Dai Clegg and is used in many Agile frameworks. It breaks requirements into four 
groups: Must Have, Should Have, Could Have, and Will Not Have. Must have requirements represents the mandatory 
requirements that are vital to the product or project. Should have, represents requirements that support core functionality 
and are important to the project or context, but the project or product will still work without them. Could have, refers to 
requirements that are not essential, but wanted and nice to have. Will not have, are requirements that are not needed. 
They don’t present enough value and can be left out. [6] 


C. Eisenhower decision matrix 
This technique by Steven Covey [7] breaks requirements into four groups: DO, Schedule, Delegate, Don’t do. based on 
their urgency and importance. Urgent refers to requirements that need immediate action. Failing to address an urgent 
requirement often results in clear consequences. And Important refers to the requirements that contribute to the long- 
term goals and require planning and careful action. 


D. Kano Model 


This technique by Dr. Noriaki Kano 1984 prioritizes requirements based on the degree they are likely to satisfy and 
delight the end user, by weighing a high satisfactory feature against its implementation investment to determine whether 
to include it in the product roadmap. It clusters the requirements into five categories: Basic features, Performance 
features, Excitement features, Indifferent features, and Dissatisfaction features. [8] 


Scoreboards or weighted sum methods (WSM): 
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Sometimes features are complicated and need to be prioritized with more detail than a simple visual plot can do. In this 
case, the scoreboards methods are a great way to score priorities, scoreboards or score matrix can be customized 
according to the specific needs and criteria of the different stakeholders involved, each criteria can be assigned a relative 
weight representing its importance [9]. Some of the famous scoreboard techniques: 


E. Feasibility, Desirability, and Viability Scorecard (FDV) 


FDV was invented by IDEO in the early 2000s [6], it ranks requirements based on feasibility, desirability, and viability. 
Feasibility refers to the degree to which the requirement can be technically feasible. Desirability refers to the degree to 
which the user desires the feature. Finally, viability relates to the benefit the feature will bring to the business. A matrix is 
made with rows representing each of the features and columns representing the three categories, then each of the 
stakeholders assigns a score to each of the feature regarding each category on an importance scale from 1 to 10, then, a 
total score is calculated, and the features are ranked. 


F. NUEF test 


Similar to the feasibility, desirability and viability scoreboard, this technique developed by Dave Gray [10] prioritizes 
requirements based on three criteria: New, Useful, Usable. New refers to the degree to which the feature is new and 
innovative. Useful refers to how useful a feature is in solving and addressing the user. Feasible assesses the features in 
terms of the resources and effort needed to get implemented. 


G. RICE Method 


This prioritization framework developed by Intercom [11] considers four factors: Reach, Impact, Confidence, and Effort to 
prioritize which features to implement. Each feature has a score calculated by multiplying Reach (the number of users 
affected by the feature) by Impact (the value the feature has on users) and Confidence (how valid these estimates are). 
Then dividing the resulting number by Effort (the effort it will take to implement the feature). 


Comparison based methods: 


The comparison-based prioritization techniques can lead to the most accurate results [12] [13] , but as the requirements 
list gets bigger, these methods become more complex and time consuming to implement. Two of the most popular 
comparison methods are: 


H. AHP: 


This feature prioritization method is used to identify the most important features of a product or service based on 
multiple objectives. All possible pairs of features are compared, to determine the relative importance of each feature. 
Usually, this is done with a scale from 1 to 9 where 1 represents equal importance and 9 represents that the feature is a lot 
more important. 


AHP is considered the most promising prioritization method in comparison with other methods, as it yields the most 
trustworthy results due to the comparison redundancies that makes it less sensitive to judgment errors, it provides 
consistency check and the results are based on a ratio scale to compare the requirements instead of an ordinal scale, which 
is more meaningful, thus the priority distance between the requirements is given [14], [15]. But to come up with a 
prioritization, many comparisons have to be made, which requires a lot of time and effort and can be a challenge task for 
User Experience (UX) teams with limited resources. [16] 


I. Bubble Sorting 
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This technique is based on the comparison of two requirements and swapping the one with the most importance to have 
more priority than the other one. The comparison is carried out until the last item is prioritized and sorted. [12] [17]. This 
method can be time consuming when the feature list is large and challenging when different stakeholders are involved. 


Each of these prioritization techniques has its own strengths and weaknesses, but a common limitation is that none of 
these methods considers the interdependency between the criteria when weighing them, also, it’s not an easy process to 
define requirements in numeric values as in the scoreboards’ methods, instead it’s more meaningful to use linguistic 


terms. 
2.3 Requirements Prioritization studies: 


Different MCDM techniques have been used for the prioritization and selection of requirements i.e., Analytic Hierarchy 
Process (AHP), TOPSIS, etc. The previous studies on MCDM for requirements prioritization can be classified into single 
methods studies and combined methods, either using crisp or fuzzy values in the prioritization process. 


[18] Presented a prioritization method using fuzzy AHP to assess the goal-oriented requirements elicitation process, this 
method used binary sort to get the prioritized list of requirements, this method was demonstrated on a case study of ten 
functional requirements, three criteria, for the prioritization of requirements and ten stakeholders’ and five Decision 
makers (DM) participating to prioritize the requirements. [19] proposed a fuzzy based MoSCoW method for software 
requirements prioritization, they applied their proposed method to prioritize the requirements of Library Management 
System (LMS), using the “goal-oriented requirements elicitation process’ (GOREP) to determine the ten functional 
requirements and using three non-functional requirements as the criteria. This study didn’t include multiple 
stakeholders’ opinions in the prioritization. [20] proposed a prioritization method combining Planning Games (PG) and 
analytical hierarchy process (AHP) techniques. The proposed method was applied on a Library Management System case 
study. This method reduced the number of pairwise comparisons from 105 to 31 for the same number of FRS and NFRs. 
Another study by [21] used the fuzzy TOPSIS method to rank 10 FRs functional requirements of an Institute Examination 
System (IES), based on 3 NFRs, by five decision makers. [22] Proposed a combined method of fuzzy AHP and fuzzy 
TOPSIS for requirements prioritization. This method was applied for the selection of the requirements of Institute 
Examination Systems, where 16 FRs were identified, 3 NFRs as the criteria and 4 DMs. Fuzzy AHP was used for 
computing the requirements weights and Fuzzy TOPSIS was used to compute the ranking. [23] proposed another 
combined method using MoScoW and AHP, this technique has combined the benefits of both MOSCOW and AHP. It 
performs categorization of 21 requirements using MOSCOW and then ranking using AHP, using AHP in MOSCOW 
reduced the number of comparisons from 210 to 45. [24] conducted a comparative study between fuzzy AHP and fuzzy 
TOPSIS for software requitements selection as they’re the most used methods in this domain, the results of their study 
stated that both fuzzy AHP and fuzzy TOPSIS methods produce the same set of functional requirements, but AHP causes 
the rank reversal issue; unlike TOPSIS. Fuzzy TOPSIS requires less judgment by decision makers compared to fuzzy AHP 
and there is no limit in the FRs and NFRs when using fuzzy TOPSIS, on the other hand, the fuzzy AHP is limited to the 
number of FRs and NFRs as it requires large number of comparisons to be made. 


3. Proposed methodology 

In this study, the T2NNs are used to rank the requirements by using the DEMATEL[25] and TOPSIS[26] methods. The 
DEMATEL method is used to compute the weights of criteria taking into account the interdependency between them, and 
the TOPSIS method is used to rank the requirements. This section shows the steps of the proposed methodology. A 
summary of the proposed methodology is depicted in figure 1. 
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Fig 1. The proposed methodology. 
Phase 1: Identify the relevant stakeholders and their goals 
Step 1: Identify the relevant stakeholders to take part on the prioritization process. 
Step 2: Identify the different goals (Criteria). 
Step 3: Identify the requirements. 
Phase 2: Compute the weights of the criteria using DEMATEL method 


The T2NN-based DEMATEL addresses the vagueness and uncertainty in the stakeholders’ judgements, using the 
indeterminacy degree, DEMATEL is helpful in handling interrelated problems, as all criteria fall into two categories: 
cause and effect, making it a perfect choice for computing the weights of the criteria as in most cases the different criteria 
are interrelated and affect one another, i.e., customer satisfaction can cause higher revenues. 


Step 4: Use the neutrosophic scale to evaluate the different criteria. 

Step 5: Build the pairwise comparison matrix for each stakeholder. 

Step 6: Convert the neutrosophic numbers to crisp values [27]. 

Step 7: Aggregate the pairwise comparison matrix by the average method to obtain direct relation matrix. 


Step 8: Normalize the direct relation matrix [25]. 


1 


Where i = 1,2,3 .....m (alternatives); j = 1,2,3 ....n (criteria) 

Step 9: Compute the total relation matrix as: 

R=N x(I-N)7} (2) 
Step 10: Compute the weights of criteria by the total relation matrix. 


Phase 3: Rank the requirements by the TOPSIS method 
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In T2NN-based TOPSIS, the set of requirements are scored against the set of criteria using linguistic terms for each 
criterion. Each criteria have a direction of preference based on whether more or less of that criterion is preferred. This 
makes the T2NN-based TOPSIS a good choice for requirements prioritization as it simulates the real prioritization process 
where we score a set of requirements against cost/value criteria. 


Step 11: Build the decision matrix of the criteria and requirements. 

Step 12: Use the neutrosophic scale to evaluate the requirements based on the criteria. 
Step 13: Compute the crisp values [27]. 

Step 14: Aggregate the decision matrix. 

Step 15: Normalize the decision matrix [26]. 


N; =—& (3) 


wet xf; 
Step 16: Compute the weighted normalized decision matrix as: 


Step 17: Compute the ideal and negative solution 


=1 


Pf = oe (WN; — maxWN,;) (5) 


Pr = |", (WNy — minWN,j) (6) 


Step 18: Rank the requirements (alternatives) by the highest value of 5S as: 


fi 7) 


= B-apt 
Po +P; 


i 
4 Numeric case study 


The aim of this section is to apply the steps of the proposed framework and show the results of the DEMATEL and 
TOPSIS methods for the prioritization and selection of the requirements of an online banking system (OBS) [2]. We take 
five main online banking requirements as an example, they'll be referred to as OBSR1, OBSR2, etc. And five NFRs as the 
criteria, they'll be referred to as OBSC1, OBSC2, etc. 


Phase 1: Identify the stakeholders and their goals 
Step 1: Three stakeholders were chosen to evaluate the criteria and requirements. 


Step 2: Five criteria were identified as the project's priorities, namely speed, integrity, security, customer satisfaction, and 


services. 
Phase 2: Compute the weights of the criteria using DEMATEL method 
Step 3: TZ2NNs were used by stakeholders to evaluate the criteria [27]. 


Step 4: The pairwise comparison matrix for the five criteria were constructed using linguistic terms, by each of the three 
stakeholders. 


Step 5: The linguistic terms were converted to T2NNs then into crisp values by the score function [27]. 
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Step 6: The direct relation matrix is computed by the aggregation matrix as in table 1. 


Step 7: The normalized matrix is built by Eq. (1) as in table 2. 


Step 8: Using Eq. (2) the total relation matrix is built as shown in table 3. 


428 


Step 9: The weights of criteria were computed by the relation matrix as in Fig. 2. From Fig. 2 we can see that security is the 


most important criteria followed by speed, and the criteria with the lowest weight being services. 
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Fig 2. The weights of criteria. 


Table 1. Aggregated pairwise comparison matrix 


OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSC1 1 0.513333 0.663333 0.686667 0.536667 
OBSC2 2.415825 1 0.62 0.606667 0.576667 
OBSC3 2.411569 3.79283 1 0.493333 0.78 
OBSC4 1.477273 1.847643 2.713805 1 0.55 
OBSC5 2.55635 2.238366 1.282051 2.020202 1 

Table 2. Normalized pairwise comparison matrix 

OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSC1 0.391183 0.135343 0.244429 0.3399 0.536667 
OBSC2 0.945029 0.263655 0.228462 0.3003 0.576667 
OBSC3 0.943364 1 0.368486 0.2442 0.78 
OBSC4 0.577884 0.487141 1 0.495 0.55 
OBSC5 1 0.590157 0.472418 1 1 


Table 3. Total relation matrix 
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OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSC1 -0.37166 -0.27894 -0.14724 -0.11183 -0.15032 
OBSC2 -0.03338 -0.36486 -0.29251 -0.21853 -0.21831 
OBSC3 -0.20654 0.027849 -0.52124 -0.50664 -0.31093 
OBSC4 -0.51107 -0.10905 0.093692 -0.51986 -0.57395 
OBSC5 -0.72436 -0.42023 -0.37067 -0.1451 -0.61035 


Phase 3: Rank the requirements by the TOPSIS method 


Step 10: The decision matrix for evaluating the requirements against the criteria were built by each stakeholder using 
linguistic terms, then converted to T2NNs then to crisp values. Then the aggregated decision matrix was calculated as in 
table 4. 


Step 11: The aggregated decision matrix was normalized by Eq. (3) as in table 5. 
Step 12: The weights of criteria were multiplied by the normalization matrix by using Eq. (4) as in table 6. 
Step 13: Then the ideal and negative solutions were computed by Eggs. (5,6). 


Step 14: To get the requirements ranks, we use the values of S computed by Eq. (7), the requirement with the highest 
value of S being the most important one etc., as shown in Fig. 3. From Fig. 3 we see that requirement 1 is the most 
important requirement, followed by requirement 3, and the least important requirement is requirement 5. 


REQUIREMENTS RANKS 


f Rank 


0.58458842 


0.521128689 0.53197095 


0.6 0.413292946 —_g. 37950299 
0.4 
0.2 
Rank 
0 
OBSR1 OBSR2 OBSR3 OBSR4 OBSRS 
Rank 0.58458842 0.521128689 0.53197095 0.413292946 0.37050299 
Fig 3. The rank of requirements 
Table 4. Aggregated decision matrix 
OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSR1 0.6 0.513333 0.663333 0.686667 0.53 
OBSR2 0.48 0.436667 0.62 0.62 0.58 
OBSR3 0.28 0.32 0.72 0.476667 0.786667 
OBSR4 0.472333 eis) 0.32 0.833333 0.52 
OBSRS5 0.28 0.366667 0.286667 0.433333 0.826667 
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Table 5. Normalized decision matrix 


OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSR1 0.609114 0.56913 0.536731 0.489809 0.358147 
OBSR2 0.487291 0.48413 0.501669 0.442255 0.391935 
OBSR3 0.284253 0.354783 0.582583 0.340013 0.53159 
OBSR4 0.479508 0.388043 0.258926 0.594428 0.35139 
OBSR5 0.284253 0.406522 0.231954 0.309103 0.558619 


Table 6. Weighted normalized decision matrix 


OBSC1 OBSC2 OBSC3 OBSC4 OBSC5 
OBSR1 0.084999 0.084485 0.107226 0.104476 0.107062 
OBSR2 0.067999 0.071867 0.100221 0.094333 0.117163 
OBSR3 0.039666 0.052666 0.116386 0.072525 0.15891 
OBSR4 0.066913 0.057603 0.051727 0.126791 0.105042 
OBSR5 0.039666 0.060346 0.046339 0.065931 0.16699 


Conclusions 


In this work, we present a new framework for requirements prioritization using the DEMATEL and TOPSIS methods 
under the neutrosophic environment. The DEMATEL method is used to compute the criteria weights, while the TOPSIS 
method was later used to rank the requirements based on the identified criteria. The proposed framework was explained 
using a numeric case study of an OBS, where three stakeholders were chosen to participate in the RP process, five criteria 
and five requirements were selected to be used as an example. The proposed framework has shown few interesting 
advantages over previous methods, The DEMATEL method used in the framework addresses the interdependency 
between the different criteria, as some criteria can influence and cause other criteria. The TOPSIS method used requires 
few stakeholders’ judgements compared to other method such as AHP, making it the perfect choice for dealing with large 
number of requirements, it’s also more meaningful and easier for stakeholders as it simulates the basic prioritization 
matrix where a set of requirements are evaluated against a set of criteria. The TOPSIS method also avoids the rank 
reversal issue, thus, making the proposed framework more dynamic. The neutrosophic approach used in this framework 
addresses the imprecision and vagueness in the stakeholders’ judgements, making it possible for stakeholders to use 
linguistic terms instead of numbers and scales which can be understood differently by everyone, which can drive 
inaccurate results. For future research, we plan to test this framework on a large project to further validate its results. 
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Abstract. It can be difficult to figure out how to satisfy customers’ ever rising demands and keep up one’s 
market competitiveness while containing controllable costs. Inefficiencies in the supply chain network are thus 
discovered by our investigation. Finding the best allocation order for products from diverse sources going to 
numerous destinations is the primary objective. Moreover, The information that is readily available is typically 
not clear-cut in real-world circumstances. So, it gives rise to the uncertain transportation problem. With 
the aim of helping the decision maker to have the suitable transportation plan with real suitation, in this 
paper, a solution procedure for multi objective transportation problem involving uncertainvariables has been 
studied under neutrosophic environment. A chance constraint model is constructed foruncertain multi objective 
transportation problem and then a neutrosophic compromise approach is used toobtain the pareto optimal 
solution for the problem. As neutrosophic sets are built with truth, indeterminacyand falsity membership 
functions, they are capable to help the decision maker in this complex transportation model. A numerical 
example has been reported to demonstrate the efficiency of the proposed approach towardsthe best compromise 


solution and a comparison study has been made with the existing methods. 


Keywords: Multi objective transportation problem; Chance constraint programming; Neutrosophic set theory. 


1. Introduction 


In the real world, transportation planning decision problems play a vital role in logistics 
and supply chain management with diverse challenges to be addressed. A transportation 
planning problem involves a large number of factors such as shipment, distance, delivery time; 
transportation cost etc and are defined on the basis of quantitative evaluation. More often 


than not, the market scenario keeps varying and posing challenges, because of which various 
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objective functions are needed related to a transportation problem. For example maximizing 
the profit of the transportation, minimizing the transportation cost and toll tax etc. Since the 
cost parameters of various objectives of the transportation problem are not related to each 
other, these are considered as conflicting and commensurable model of the multi objective 
transportation problem (MOTP). In the present-day scenario, most of the transportation 
planning decisions is made under uncertain environment due to many unpredictable factors. 
Traditional methods failed to capture the decision maker’s ambiguities and are non-effective to 
solve these complex ill-defined models. Many researchers had developed different. stochastic, 
fuzzy and uncertain models to solve complex uncertain transportation engineering problems. 

In this paper, we’ve proposed a solution procedure for multi-objective transportation prob- 
lem whose parameters are all uncertain variables. Motivated by neutrosophic sets studied by 
Smarandache which provides a general structure to deal with uncertainty, a compromise 
solution to the proposed model is obtained. The term “neutrosophy” means the knowledge of 
neutral thought and considers that all elements can be represented by three degrees namely- 
truth, falsity, indeterminacy which lie between 0 and 1. Since its establishment by Smaran- 
dache [25], some attention has been developed for optimization aspects [20]. Rizk M 
proposed an algorithm based upon MOTP under neutrosophic environment. Since neutro- 
sophic models effectively assist the decision-maker by incorporating satisfaction, satisfaction 
to some degree, and dissatisfaction of objective functions in determining the best compromise 
solution. we have applied the neutrosophic technique for the first time to the MOTP whose 
parameters are uncertain normal variables. 

The rest of the paper is structured as follows. Section 2 contains the existing research papers 
related to the proposed work. In section 3, weve reviewed the preliminaries of uncertainty the- 
ory. In section 4, the mathematical model of uncertain multi objective transportation model 
is introduced. Deterministic multi objective transportation model, uncertain MOTP model 
and chance constraint programming model are presented in the subsections 4.1,4.2 and 4.3 
respectively. In section 5, a neutrosophic compromise programming approach is introduced 
and we presented the preliminaries of neutrosophic set. In subsection 5.1, neutrosophic de- 
cision making is explained and in subsection 5.2, an algorithm to solve uncertain MOTP is 
presented. A numerical example has been given in section 6, to understand the applicability 
of the proposed model and compared with a existing approach. The result and discussion, 


Implications, and the conclusion have been presented in Section 7,8 and 9 respectively. 


2. Literature Review 


The basic study of the transportation problem (TP) was carried over by Hitchcock |1| and 
Koopmans played a significant role in its development. Abdelaziz et al had proposed 
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a compromise chance constraint programming model (CCCP) for multi-objective stochastic 
programming portfolio models. 

Aouni et al (4, for the stochastic goal programming model, explicitly introduced the 
decision-makers preferences adapted chance-constrained-program. A fuzzy multi-objective 
programming (FMOP) vendor selection model was developed by Wu et al [5]. Bit et al (6) 
presented an approach to multicriteria decision making transportation problem under fuzzy 
environment. Zimmerman (7, using fuzzy set theory, solved the multi-objective transportation 
problem by considering suitable membership functions. A fuzzy goal programming approach 
to determine an optimal compromise solution for the multi-objective transportation problem 
by assuming that each objective function has a fuzzy goal was proposed by Zangiabadi and 
Maleki (3). Gupta et al proposed a model for the probabilistic fuzzy goal multi-objective 
supply chain network (PFG-MOSCN) and discussed the solution procedure for the same. 

Although fuzzy set theory proposed by Zadeh (9| is widely applied in many uncertain models, 
it could not handle human uncertainty in some contexts involving incomplete information. As 
an attempt to deal with such indeterminacies, Liu founded uncertainty theory (10//17). Nowa- 
days, uncertainty theory is considered as a mathematical branch for modeling belief degrees 
and has been adopted in many mathematical models like uncertain programming, uncertain 
logic, uncertain graph, uncertain statistics and uncertain finance (12}f14). The belief degree 
of an uncertain event to happen is measured by uncertain measure. The usage of random 
uncertain variable and chance measure was also introduced by Liu (15). Post that, he also 
presented uncertain random programming to model optimization problems containing more 
than one random variable. Gao [16], in his paper, newly proposed certain properties based 
on continuously uncertain measures. Seyyed Mojtaba Chasence introduced uncertain 
linear fractional programming problem and also presented three methods for conversion of 
uncertain optimization problem into an equivalent deterministic problem. Liu provided 
a new uncertain multi objective programming and introduced uncertain goal programming as 
a compromised method to solve multi-objective programming with the uncertain variables, 
considering the operational law of uncertain variables through inverse uncertainty distribu- 
tion. Gupta et al formulated the model of an Uncertain multi-objective capacitated 
transportation problem with mixed constraints. Latter, Srikant Gupta et al proposed the 
procedure for solving multi-objective capacitated transportation problem under an uncertain 
environment. S Das et al presented a solution procedure for solving fully fuzzy linear 
programming problems whose parameters are considered as the trapezoidal fuzzy number. 
Utilising the aggregate ranking function, Sapan Kumar Das constructed a new framework 
for neutrosophic integer programming problems involving triangular neutrosophic numbers. 


SK Das’s studied a transportation problem involving pentagonal Neutrosophic numbers 
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where in the supply, demand, and cost of transportation were all ambiguous . Constraints 
under neutrosophic environment Das et al proposed the solution procedure for solving 
the Linear Programming Problems with Mixed . Motivated by the above said works, we have 
proposed the solution procedure for solving the uncertain MOTP by using the neutosophic 


techniques. 


TABLE 1. Comparision between existing transportation models with proposed 


model 
Author Nature of the objective Environment Methodology Used 
Single Multiple 
Lakhveer et x v Crisp Using the weighted 
al approach 
Subhakantra v x Rough Using the uncertainity 
Dash et al distribution 
Bharati et al x v Interval valued Based on extended 
intuitionistic Yager’s function Interval 
fuzzy sets valued intuitionistic 
fuzzy sets 
Haiying Guo et v x Uncertainty Using the simplex 
al theory method 
Thamaraiselvi v x Neutrosophic The arithmetic 
operations on single 
valued neutrosophic 
trapezoidal numbers 
areemployed 
RizkM.Rizk  Al- x v Neutrosophic — Using Neutrosophic 
lah compromise 
programming approach 
Somnath v x Type-2 fuzzy Using fuzzy number 
maity pproximation 
Deshabrata Roy x v stochastic Using fuzzy goal 
Mahapatra programming 
Proposed Model v v Uncertainty Using BOTH 
theory uncertainty theory and 


Neutrosophic method 


The current research on the transportation issue is presented in Table [I] We compared the 
transportation problems on the basis of the numbers of objectives and the various types of 
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environments. To the best of our knowledge, no one has investigated a multi-objective trans- 
portation problem with the simultaneous goals of maximization of profit, minimization of toll 
tax, and minimization of transportation cost in both neutrosophic and uncertain environment. 


We have used both the methods to bring the level of indeterminancy down to the maximum. 


3. Preliminaries 


The concepts and definitions which will be used in the subsequent discussions has been 


presented in the section. 


Definition 3.1. Let £ be ao - algebra of collection of events A of a universal set 
I. A set function M is said to be uncertain measure defined on the o - algebra where M{A} 
indicate the belief degree with which we believe that the event will happen; It satisfies the 
following axioms: 
(1) Normality Axiom: For the universal set [, we have M{T} = 1. 
(2) Duality Axiom: For any event ', we have M{A} + M{A°C} = 1. 
(3) Subadditivity Axiom: For every countable sequence of events A;, Ag,---, we have 
M{Ue21 Ait S OE MAG}. 
(4) Product Axiom: Let (T;,£;,.M;) be uncertainty 
spaces for 7 = 1,2,3,--- The product uncertain measure is an uncertain measure holds 
M{TI Ac} = ASS M{Ai} where A; € £; for i = 1, 2,3,--+00. 


Definition 3.2. A function € : (T,£,M) > R is said to be an uncertain variable such 
that {€ € B} = {y € T/é(y) € B} is an event for any Borel set B of real numbers. 


Definition 3.3. An uncertain variable € defined on the uncertainty space ([,£,M) is 
said to be non- negative if M{€ < 0} = 0 and positive if M{é < 0} =0. 


Definition 3.4. The uncertainty distribution $(x) of an uncertain variable € for any real 
number « is defined by (a) = M{E < z}. 


Definition 3.5. Let ¢(x) be the regular uncertainty distribution of an uncertain variable €. 


Then ¢~!(q) is called inverse uncertainty distribution of € and it exists on (0, 1). 


Definition 3.6. The uncertain variable 
& (i = 1,2,3,---n) are said to be independent if 


M 1a S a} = N\auM(& € Bi) (1) 
i=l 
where B;(i = 1,2,3,---m) are called Borel sets of real numbers. 
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Theorem 3.7. Let € be an uncertain variable with regular uncertain distribution function w. 


Then its a - optimistic value and @ - pessimistic values are 
Esup(a) = b*(1 — a), Eine(@) = $* (a) (2) 


Theorem 3.8. The regular uncertainty distributions of independent uncertain variables 
&:(¢ = 1,2,3,---n) are o;(t = 1,2,3,---n) respectively. If the function 
f (21, 22,°°* ,2n) is strictly increasing and strictly decreasing with respect to x1,22,°++ ,Lm and 
Lm+1,Lm+2;"** »Ln respectively then the uncertain variable € = f(&1,&2,--: ,&) has an inverse 
uncertainty distribution 
wy" (a) =f(¢,'(a), 63 '(a),-°- , dm (a), (3) 
-1 -1 =, 
eee el - qa), eal) _ Q), mi Oy, (1 > a@)) 


Definition 3.9. The expected value of uncertain variable € is given by 


oo 0 
Be) = [ M{eza}de— ff M{E<c}de (4) 
0 —oo 
This is valid only if at least one of the integral is finite. 


Theorem 3.10. Let (i = 1,2,3,---n) be regular uncertainty distributions of indepen- 
dent €;(i = 1,2,3,---n) with respectively. If the function f(x1,X2,--+ , Xn) ts strictly increasing 
and strictly decreasing w.r.to 


L1,%2,°°+ 5 Lm ANd Lm41,%m42,°°* » Xn respectively, then 


1 
B() =f HOT(@),-++ Anh), 
0 
mei(l —@),-++ 6, (1—@))da 
From the above theorem, we know that 
1 
E(é) = “lad 6 
(= fo (a)da (6) 


where € is an uncertain variable with regular uncertainty distribution ®. 


Definition 3.11. A linear uncertain variable € is defined as 


0 ifa <1 
a-l , 
o(z)=4 —— ifl<r<m (7) 
m—_l 
1 ifz >m 


represented by L(l,m), where / and m € R with | < m. 


The inverse distribution function of a linear uncertain variable L(1,m) is given by 


g(a) = (L-ajl +am (8) 
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and its expected value is given by 


Definition 3.12. The distribution function of a normal uncertain variable is 
=i 
(“e = ?) 
o(z) = | l+ezp ov3 o> 0) (10) 


and it is denoted as N(y,0); 4,0 € R with o > 0. 


The inverse uncertainty distribution and the expected value of N(j,@) is defined as follows 


oV3 a 
—— ln 
T l-a 


g(a) = p+ (11) 


4. Uncertain Multi objective transportation model 


In this section, we introduce the mathematical formulation of uncertain multi objective 
transportation problem (UMOTP). For the formulation of UMOTP, the following assump- 


tions such as indexes, decision variables and parameters are considered as follows. 
i index for origins 


j index for destinations 


k index for objective function 


t 


quantity transported from i origin to 7” 


destination 
Z, kt” objective function 
K 
aj 
to j*” destination for the k*” objective 


ck. the unit cost of transportation from i” origin 


function 
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A; total amount of product available at orgin i 
b; total demand of the product at destination j 
Zy(a@:€) k objective function with uncertain variable 
&k uncertain cost coefficient of the k*” objective 
Vi uncertain availability at origin i 
nj uncertain capacity of destination j 
confidence level for objective function, 
. a € (0,1) 
confidence level for availability constraint, 
. a, € (0,1) 
8; confidence level for destination constraint, 
. 5; € (0,1) 
k regular uncertainty distribution for the 
wy ; k 
independent uncertain variable € 
k regular uncertainty distribution for the 
] independent uncertain variable & 
regular uncertainty distribution for the 
e independent uncertain variable 7; 
6, regular uncertainty distribution for the 
independent uncertain variable 7; 
N neutrosophic set 
xX space of objects 
Tn truth membership function 
In indeterminacy membership function 
F'n falsity membership function 
tk, Sk predetermined numbers in (0,1). 
Ux upper bound of the k*” objective 
Ly lower bound of the k“” objective 
Dn neutrosophic decision set 
Gi neutrosophic goal 
Ci neutrosophic constraint 
Ar, Ar,AF auxiliary parameters 
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4.1. Deterministic model of Multi objective transportation problem 


The mathematical formulation of deterministic multi objective transportation problem is 


Min Z;,(x SS (R= 1, 2,°°> 4) 


a=1. 9=1 


n 
subject to) ig <aj,t=1,2,---,m 
2 (13) 


m 
) Xij 
wl 


Liz 2 0,Vi, 9 


IV 


bj, 9 =1,2,--- ,n 


k 
Here c;,, 


rameters of multi objective transportation problem respectively which are represented by crisp 


ai, (i = 1,2,--- ,m) and b;, (j = 1,2,--- ,n) are the cost, supply and demand pa- 


numbers. Without loss of generality, it may be considered that a; > 0,Vi,b; => 0,Vj and 
ck, > 0, Vk and ))y2y a: = Dopay by. 


4.2. Mathematical model for uncertain multi objective transportation problem 


In real life scenario, planning is made in prior before the transportation process. But many 
uncertain factors like road conditions, climate changes, changes in sales due to attitude of 
customers, operate parallelly, making demand, supply and transportation cost remain uncer- 
tain. Hence, cost, supply and demand parameters ck, 
uncertain variables and are represented by fi and ;. 


a; and b; respectively are considered as 


Then the mathematical model for uncertain multi objective transportation problem is defined 


as 


Min 2, (2; &) = Sd eb ( he 1,204 K) 


i=1 g=1 


nm 
subject to) 5 <M, t=1,2,---,m 
= (14) 


m 
SS ay 2 gy J = 1,255 »n 
i=1 


rag = 0, V4,9 
As we cannot deal with uncertain environment directly, we have to convert(14) into an equiva- 
lent deterministic model by using expected value model or chance constrained model or taking 
confidence level on the constraint functions and expected value on the objective function. As 
chance constraint programming model provides most suitable solutions [23], we make use of 
the chance constraint model for uncertain multi objective transportation problem as shown 
below. 
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4.3. Chance constraint model of UMOTP 


Let a be the predetermined confidence level with a € (0,1). The decision maker aims to 
get a smallest value f such that uncertain variable Zy(@2€) < f with the predetermined 


confidence level a. 


Definition 4.1. The solution vector x = («;;) > 0 is a feasible solution of the model (14), if 


it holds the below constraints. 


m n 

M< >_>) hay < f > >a, b= 1,2,-%+,K (15) 
i=1 j=l 
n 

Ms) 85 Se) StS 2m (16) 
j=l 
m 

M{ Song > mj} 2A P= LA om (17) 
i=1 


Definition 4.2. A feasible solution x* is said to be pareto optimal solution of the model 


if there exists no other feasible solution x such that 


Min { F/M { Zea :6)< fi >a} < Min { f/M { Zx(a* 2e)< fi >a} 


(18) 
Ve =1,2,---,K 
Definition 4.3. 
Min { F/M { Zea :é)< fi > a} < Min { 7/M { Zx(a* LE) < fi > a} 
19 
for atleast onek = 1,2,---,K 
The chance constraint programming model of UMOTP can be constructed as follows 
Minf 
subject to 
m n 7 
MAS > Gag sf pea hH=12,0,K 
i=l j=l 
n (20) 
M Li5 = Ve pa Oh 
j=l 
m 
M {Som > of > B; 
i=1 
wij > 0, =1,2,---,m,j =1,2,---,n 


Here, the confidence levels a, a;, 3; are predetermined from the interval (0,1). 
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Definition 4.4 (Pareto optimal solution). Pareto optimal solution is defined as a set of ‘non- 
inferior’ solutions in the objective space defining a boundary beyond which none of the objec- 


tives can be improved without sacrificing at least one of the other objectives. 


Theorem 4.5. Suppose that ee are independent uncertain variables with regular un- 
certainty distribution Vis, Gi, 9; respectively. The equivalent deterministic model of chance 


constraint model is 


Min Zi = SS“ (ok) (a) aig (k = 1,2,--- ,K) 


i=1 j=l 

subject to 

n 

a S (¢:) "(1 — a4), t=1,2,---,m (21) 
j=l 

m 

Yo ti = (Gj) (Bj), F= 1B 

i=l 
Lig 2 0,0 =1,2,- ,m,j = 1,2, yr 


Proof: 
Assume that uncertainty variable &, = 7)", ypn (Eh) rig has distribution function wp. 


Let f(y11, Y12)°°* > Y¥mn) = YuF1 + Yr2e12 ++ +> + YmnFmn 
It is clear that this function is strictly increasing with respect to y11, y12,°-* ; Ymn then by the 


theorem (3.8), the uncertain variable €, has an inverse uncertainty distribution. 
m 
= ky-1 
(We) (a) =D >i) (aig 


So, we have 
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a ad | 


For the constraints, we have 


j=l 
& ity — (i) 1A a) <0 
j=l 
S725 S (vi) 11 — 04) 
j=l 


Similarly M {}7j") vi; => nj} > 6; is equivalent to 
Sate SOS ge: 


Hence the theorem is proved. 


Corollary 4.6. Let xj;,1 = 1,2,--- ,m,j =1,2,---,n be the non negative decision variable 
and &,k = 1,2,--.,K are independently uncertain variables with expected values ej;,1 = 
1,2,---,m,j7 = 1,2,--- ,n and the variances OF;,4 = 1,2,---,m,j7 = 1,2,--- ,n respectively. 


If € be a normal uncertain variable N(e,o), then for any a € (0,1), the model (21) can be 


converted into the following model. 


(oij)nV3 in 


Min (e;;), 4 ,k=1,2,---,K 
1 (eig)k = la 
n 
oiV3, 1l-a; 
ite ee ee 
jal 7 Qi; 
= ot /3 B; 
* J w) 
Lig 2 54 In go = 152; ,n 
2 7m 1B; 
vy 2 0,4=1,2,---,m,j = 1,2, nr 


5. Neutrosophic compromise programming approach 


In this section first we introduce some basic definitions of neutrosophic set theory and then 


we will discuss about neutrosophic compromise programming approach. 


Definition 5.1. A neutrosophic set N defined in the universal set X is characterized by truth 


membership function Ty (x), indeterminacy membership function 


Iy(«) and a falsity membership function F'y(x) and is denoted by 


N = {(#, Tn (@), In(@), Fr (a)) |e € X} 


(23) 
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where Ty (a), [ny (x), Fiv(x) are real standard or non standard subsets belonging to]0- 1+]. 
Also the membership grades of truth, indeterminacy and falsity are the functions from X to 
]O- ,1+[. Also we have 0~ < sup Ty (x) +sup Iy (x) +sup F(x) < 37 as there is no restriction 
on the sum of Ty (x), In(x) & F(z). 

Wang introduced Single valued Neutrosophic set (SVNS) in engineering problem as it is 


computationally more comfortable. 


Definition 5.2. A single valued neutrosophic set N defined on X is expressed as 
N = {(2,Ty (x), In(x), Fn (x)) |x € X} where 

Tn (x), In(x), Fn (x) € [0,1], Vz € X and 

0 < Ty (x), In(x), F(x) < 3. Clearly, SVNS is subset of neutrosophic set. 


Definition 5.3. Let P and Q are the two Single Valued Netuosophic Sets (SVNSs). Then 
their union also a SVNS and their membership functions are given by 

Tpug(«) =Max{Tp(x), Ta(«)}; 

Tpug(#) =Max{Ip(«), La(@)}; 

Fpug(#) =Min{Fp(«), Fe(«)} 
Definition 5.4. Let P and Q are SVNS, then their intersection also a SVNS with the 
following membership functions 

Tpng(#) =Min{Tp(«), Ta(#)}; 

Tpog(#) =Min{Ip(2), Le(«)}; 

Fpna(@) =Max{Fp(), Fa(x)} 
Definition 5.5. The complement of the neutrosophic set N is denoted by c(NV) and is defined 
by Tew) (©) = Fiv(x), Lec) (@) = 1 — In (a), Feuwy(#) = T(x), Va € X 


5.1. Neutrosophic Decision making 


In this section, a neutrosophic approach to solve a deterministic model (21) is presented. 
Indeterminacy part present in the optimization problem considered, is handled by neutro- 
sophic programming approach as it simultaneously maximizes the degree of satisfaction(truth) 
and the degree of dissatisfaction(falsity) and minimizes the degree of satisfaction to some ex- 
tent (Indeterminacy) of neutrosophic decis ion [21, 26]. A conjunction of neutrosophic goal G;, 


and neutrosophic constraint C; is the neutrosophic decision set Dy, that is, 


o-(f) (Re 


= {(t, Tp(#), In(#), Fo(#)) |a € X} 


A.N. Revathi ,S. Mohanaselvi and Broumi Said , An Efficient Neutrosophic Technique for 
Uncertain Multi Objective Transportation Problem 


Neutrosophic Sets and Systems, Vol. 53, 2023 446] 


where 


ips) = min | 


1 


ee 
),Tos(#)s++* +Tem (a); J” 
ees 
Toy (2), To, (@), +++ 10m (@); 

Fa, (), Fa, (a), +++ , Fa, (@); \.0 ae 


lalz) = nin | 


F p(x) = max 
Fo, (2), Fo, (2), ae HOME); 
where Tp(x), [p(x), Fip(«) are truth, indeterminacy and falsity membership functions respec- 


tively of neutrosophic decision set Dy. To formulate the membership function for the deter- 
ministic model (21) for the uncertain MOTP, the upper bound Ux; and lower bound Ly for 
each objective function is calculated. By solving K objective function individually subject to 
the constraints we obtained k solutions x1, @2,+-+ , 2K. 

To find the bounds for each objective function, these K solutions are substituted in each 


objective function. 
(i.e.) U; = max{ F;,(x1), F,(x2), oe , Fy (xK)} 
and Ly = min{ F;,(x1), Fy(a2), eee -Pele)} 


(24) 


Hence, the upper and lower bounds for truth, falsity and indeterminacy membership function 
are given by 
UHL) =a 
Ug = Up, Ly = Ly +te(Ug — Lf) (25) 
Uf = LE + si(UP ~ ED) LL = Ef 
where t;,, 5, are predetermined real numbers in (0,1). 
Using the above upper and lower bounds, the membership functions of truth, indeterminacy 


and falsity of model (21) can be interpreted as follows: 


1 if Z¢(x) < LT 
; Up -—Zi(z) . . 
Te(Zi(@)) = 9 arp ELE S Zi (@) SUP (26) 
kk ““k 
0 if Z*(2) > UF 
1 if Z*(2) < Lt 
: Up-Zf(x) . . 
T(Zj,(@)) = al — a if Ly, < Zi(x) < Uj (27) 
k 
0 iZie) SU; 
il if Z*(a) > UP 
r ZF - L(x) , : 
Fy (Zp (@)) = ee ifLy < Zia) < Ue (28) 
kk ““k 
0 UZ) 
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where ul dz LY for all objectives. The value of this membership function is set to one, if 
uv) = ip. Following the Bellman and Zadeh [26], the neutroshopic optimization model of 
(21) can be stated as follows 


Max min{T,(Zj,(x))} -k=1,2,---,K 
Min max(F,(Zf(a))} k= 1,2,- 


Max min{ 1, (Z;(2))} -k=1,2,---,K 


where 


m n 
Min Zi, (2) = SoS i) (aay, k= 1,2, uc i 
i=1 j=1 
subject to 
Des 1(1 — a4) i = 1,2,- (29) 


EAC By), 9 = 1,2, 


xij 2 0,4 =1,2,--- ,m,7 =1,2,--- ,n 
By using the auxiliary parameters, the above problem can be transformed as 


Max Ar 
Max A; 
Min Apr 
subject to 


Te) > AT, Ty, (x) AT Fy (2) < Ar 


as —l(1 —aj)i =1,2,---,m 


re Bi), 9 =1,2,- 


Liz 2 Oy¢=1,2,++* ,m,j =1,2,--- nr 
Ar > Ar, Ar > AP, Ar +ArtAr < 3,Ar,A1,AF € [0,1] 
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The simplified model of uncertain MOTP (21) can be represented as follows: 
MaxAr —Art+Arz 


subject to 


Last —1(1— a4), i=1,2,---,m 


Yo (Bs) j=1,2,---,n 


xij > 0,i=1,2,--- ,m,j =1,2,---,n (31) 
FiayeiG, =i) Ae <u 

Zia) 40 Ty = 

Zi (a) — (Ug — Le )Ar S Ly 

Ar > Ar, Ar = AF, AT +AI+ AF S 3, 


Ar, Ar, Ar € [0,1] 


5.2. Algorithm for solving uncertain MOTP under Neutrosophic environment 


In this section, the algorithm for solving uncertain MOTP under neutosophic environment 
to obtain the pareto optimal solution is presented. 
Step 1: Convert the Uncertain MOTP (14) into a deterministic model by using chance 
constraint model (21). 
Step 2: Solve each objective function individually subject to the constraints. 
Let 21, %2,°++ ,%K represent the respective ideal solutions for k objective transportation 
problems. If all k objectives have same solutions #1 = 2 =-+++=2K = {xighijed choose 
one of them as optimal compromise solution, otherwise go to step 3. 


Step 3: Calculate the lower and upper bounds for all objectives functions 
U, _ Max {F}(21), sae , Fi (xpz)} 


U2 = Max {Fo(21),..., Fo(xz)} 


U; = Max {Fy (21), Budo , Fy (xp) } 


Ty = Min {F}(21), site Fi (xx) } 


Dg = Min {Fy (21),..., Fe(e)} (32) 


A.N. Revathi ,S. Mohanaselvi and Broumi Said , An Efficient Neutrosophic Technique for 
Uncertain Multi Objective Transportation Problem 


Neutrosophic Sets and Systems, Vol. 53, 2023 449] 


Step 4: Define the truth, indeterminacy and falsity membership functions of the objective 
functions and constraints using equations (26), (27), (28). 
Step 5: Formulate the neutrosophic compromise programming model for given the uncertain 


MOTP using the model (31) and solve it for Pareto optimal solution. 


6. Illustrative example 


Illustrative example from Gurupada et al is considered to demonstrate the proposed 
approach where all the multi objective functions parameters are considered to be uncertain. 
The decision maker aims to distribute the product from three sources namely M,, Mo, M3 
to 4 destinations namely C1, C2,C3 and C4 in the planning process he likes to optimize the 
following objective function as 
* Minimize the transportation cost (Z1) 

* Minimize the toll tax (Z2) 


* Maximize the profit (Z3) 
TABLE 2. Transportation cost Ci (in $) and loss of time (in week) 


C 1 Cy C3 C4 


Mz (20, .1) (18, .1) (22,.1) (24,.1) 
Mz (10,0) (12, .2) (15,0) (13, 0) 
M3 (22,0) (20, .1) (24,1) (23, .15) 


TABLE 3. Toll tax cost Ci (in $) for transportation goods 


Cy Coy C3 Cy 


M, 5 
Mp2 
M3 9 8 8 10 


TABLE 4. Cost parameters C3 related to profit (in $) and loss of time (in 


week). 


C 1 C2 C3 C4 


M, (3,0.1) (3.5,0.1) (2.5,0.1) (5 ,0.1) 
Mz (3,0) (6,0.2) (4,0) (4,0) 
M3 (4,0) (3,01) (4,1) (5, 0.15) 
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The supply parameters a1,a2 and a3 of mines My, Mz and M3 the demand parameters 
bi, b2, bz and by of cities C1,C2,C3 and C4 follow normal distribution N(e},o}), for i = 1,2,3 
and N (€5,0), for 7 = 1,2,3,4 respectively. The data for supply a; and demand b;,Vi,j are 
presented in table 4 and 5. 


TABLE 5. Uncertain supply parameters aj. 


M, Mo M3 


(55, 4) (60,5) (70, 4) 


TABLE 6. Uncertain demand parameters b;. 


Ci C2 C3 C4 


(40,3) (36,4) (35,5) (40, 3) 


Step 1: 

Assume the confidence level as a = 0.9, aj = 0.9 and 8; = 0.9 for all? = 1,2,3 and 7 = 1, 2,3,4. 
By using the theorem (45), the equivalent deterministic model of the problem is 
Min Z;=Min Z} = 20.1211 + 18.1442 + 22.1413 + 24.1244 + 10221 

+12.2%99 + 15%93 + 13x%94 + 22431 + 20.1732 + 25.2733 + 23.2734 

Min Z9=Min Z3 = 5211 + 62712 + 4213 + 3214 + 6221 + 5X99 

+5293 + 4x94 + 9x31 + 8x32 + 8x33 + 10234 

Max Z3=Min 23 = —3.1211 — 3.6212 — 2.6213 — 5.1lai4 — 3201 

—6.2%99 — 4293 — 4x%94 — 4231 — 3.1432 — 5.2033 — 5.2034 

Subject to 

£11 + X12 + 413 + X14 + L1i5 = 50.2 


G21 + LQ2 + L93 + Loa + Lo5 = 53.9 


£31 + X39 + £33 + 134 + £35 = 65.2 

1144 + 21 + £31 = 43.6 

L12 + X2g + ©32 = 40.8 

£13 + £93 + 433 = 41.1 

14 + Lo4 + X34 = 43.6 

L15 + L95 + £35 = 0.2 

Step 2: Solving the above objective functions individually, we get 
x1 = (0,9.1, 41.1, 0, 0, 43.6, 0, 0, 10.3, 0, 0, 31.7, 0, 33.3, 0.2) 

x2 = (0,0, 6.6, 43.6, 0,0, 19.4, 34.5, 0, 0, 43.6, 21.4, 0, 0, 0, 2) 

x3 = (6.6, 0,0, 43.6, 0, 12.9, 40.8, 0, 0, 0.2, 24.1, 0, 41.1, 0, 0) 
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Clearly 21 4 rq F Zz. 

Step 3: By using the above solutions, we have 

Z*(a@1) = 3052.65, Z* (a2) = 3340.14, Z* (a3) = 3376.1 

Z5 (x1) = 1108.4, Z3 (x2) = 990.3, Z3 (xg) = 990.9 

Z3 (x1) = —583.05, Z3 (x2) = —738.54, Z3 (x3) = —844.6 

The upper and lower bounds of each objective functions are as follows: 
Uz» = 3376.1, Lz» = 3052.65, Uzz = 1108.4, 

Lzx = 990.3, Uzs = —583.05, Lzx = —844.6 

Step 4: Formulate the membership functions of the given objectives using the equations (26), 
(27) and (28). 

For Z}: 

Uz. = 3376.1, L7.. = 3052.65 

Uz. = 3376.1, LZ. = 3052.65 + 323.45t1 

Uj, = 3052.65 + 323.4551, L2. = 3052.65 


1 if Zi (a) < 3052.65 
3376.1 — Z*(z) 


Ti(Zi(a)) =) So if 8052.65 < Z7 (x) < 3376.1 
0 if Z*(x) > 3376.1 
1 if Z*(x) < 3052.65 

i[awae eee — 12) 563059.65 < Z* (a) < 3052.65 + 323.455} 
0 if Z* (a) > 3052.65 + 323.455, 
1 if Z*(x) > 3376.1 

paGst 2 o ea if 3052.65 + 323.45t, < Z(x) < 3376.1 
0 if Z*(x) < 3052.65 + t) (323.45) 

For Z5: 


UZ. = 1108.4, LE. = 990.3 
2 2 

UF. = 1108.4, LE. = 990.3 + 118.1t2 
2 2 

UL. = 990.3 + 118.189, L4. = 990.3 
2 2 


1 if Z$(x) < 990.3 
Ty(Zs(x)) = oe Ato) if 990.3 < Z3(x) < 1108.4 
0 . if Z$(x) > 1108.4 
1 if Z$(x) < 990.3 
(ha. hie Z3(2)  it990.3 < Zs (x) < 990.3 + 118.159 
0 if Z$(x) > 990.3 + 118.18 
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i if Zx(x) > 1108.4 
Z%(x) — 990.3 — 118.1ty 
118.1 — 118.1t, 

0 if Z(x) < 990.3 + 118.1ts 


Fy(Zk(x)) = if 990.3 + 118.1t2 < Z3(x) < 1108.4 


For 23: 

UZ, = —583.05, L7. = —844.6 

Uz, = —583.05, LZ. = —844.6 + 261.55ts 
Uz, = —844.6 + 261.5553, L7. = —844.6 


1 if Zs (ax) < —844.6 
T3(Zs(x)) = a (") if gas < Zk (x) < —583.05 
0 | if Zi (a) > —583.05 
i if Z3 (x) < —844.6 
RAG) a2 2" — —73(2) it _ gaa < Zk (ax) < —844.6 + 261.5553 
0 if Zi (x) > —844.6 + 261.5583 
1 if Zi (x) > —583.05 
BAGyat Soest ae ge roneee Zk (x) < —583.05 


261.55 — 261.55t3 
0 if Z3(x) < —844.6 + 261.55t3 
Step 5: The neutrosophic compromise programming model for given the uncertain MOTP 


using the model (31) is 
Max Ap — Ar + Az 
subject to 
11 + 212 + 213 + Z14 + 15 = 50.2 


L21 + Log + ©93 + Vaq + Lo5 = 53.9 


£31 + @39 + 133 + 234 + 135 = 65.2 

11 + ©21 + 231 = 43.6 

L12 + £22 + X32 = 40.8 

%13 + %23 + %33 = 41.1 

L14 + Loa + 234 = 43.6 

15 + 25 + 135 = 0.2 
20.1¢41 + 18.1ay2 + 22.1413 + 24.1%14 + 10491 + 12.2%09 +152%93 + 13224 + 2273) + 20.1232 + 
25.2233 + 23.2734 +233.45\7 < 3376.1 
5241 +6212+4213+32144+6221 +5299+52%93 +4294 +9231 +8239+82334+107r344+118.1Ap < 1108.4 


3.1414 3.6242 2.6213 —5.1%14 — 3291 —6.2%29 4x93 494 4731 3.1239 0.2033 — 9.2%34 
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+261.55A7 < —583.05 
20.1711 + 18.1212 + 22.1413 + 24.1414 + 10X21 + 12.2792 +1573 + 13%24 + 22231 + 20.1232 + 
25.2433 + 23.2434 +323.45t1 (Ar — 1) < 3052.65 
5211 +6212+4213 +32 1446221 +5222+5%23+40 94 +9231 +8x32+8x33+102%344+118.1te(Ar—1) < 
990.3 
3.1411 — 3.6249 — 2.6213 — 5.1444 — 3291 —6.2%929 —4093 — 4x94 — 4031 — 3.1432 — 5.2433 — 5.2034 
+261.55t3(Ar — 1) < —844.6 
20.1441 + 18.1ay2q + 22.1413 + 24.1014 + 10%21 + 12.2%92 +1593 + 13x94 + 22431 + 20.14¢32 + 
25.2433 + 23.2434 +(Ar — 1)(3052.65 + 323.4551) — 3376.1Ar < 0 
5211 + 6212 + 4013 + 3214 + 6401 + 5x90 + 5x93 + 4x04 +9231 + 8x32 + 8x33 + 10234 
+(Ap — 1)(990.3 + 118.182) — 1108.4\p¢ < 0 
3.1441 — 3.6219 — 2.6213 — 5.1414 — 3291 —6.2%99 —4093 — 4294 — 4031 — 3.1432 — 5.2433 — 5.2034 
+(Ap — 1)(—844.6 + 261.5553) + 583.05Ap < 0 
Ap = A1,Ar > AF, AT + AR + Ar <3,Ar <1, Ar<1,ArR <1 
0 < t1, 51 < 323.5,0 < te, sg < 118.1,0 < tg, s3 < 261.55, Av, Ar, Az € [0,1] 
solving the above model by using the LINGO (17.0) software, we get 
Ap = 0.623, Ar =0,.Az = 0.62, 
ty = 21.1, 212 = 28.1, 214 = 0.9, r29 = 11.2, 
L24 = 42.6, 031 = 22,439 = 1.4, 733 = 41.1, 735 = 0.2 
ty =1,t2 = 1.2,t3 = 0.9, 
8, = 1.2, 59 = 1.2, 53 = 0.47, 
Z, = 3192.71, Zg = 1041.2, Z3 = 717.06. 


Table 7 illustrates the comparison between the results obtained from Fuzzy Multi Choice goal 
programming method and the proposed method. Table 8 provides the comparison study of 
solution obtained by fuzzy goal programming method and proposed method. 

In Gurupada et al work, wherein he proved that Fuzzy multi choice goal programming 
was more efficient in providing an optimal solution than by employing goal programming and 
revised multi choice goal programming approach. Contrasting to his work in the proposed 
method, the decision maker need not fix the goals of the objective function using any of the 
existing techniques, to get a better optimal value for the objective function. In short, we have 
overcome the difficulty of the decision maker to fix the objective value goal. 

Clearly it can be seen that by using neutrosophic compromise programming approach, we 
obtained an improvised pareto optimal solution. As in table 8, we can observe that the pro- 


posed method yields a more minimal value for transportation cost and a considerable increase 
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in profit. As neutrosophic programming explores the indeterminacy part of a optimization 


problem, it helps the decision maker to get better results. 


‘TABLE 7. Comparison between the pareto optimal solution of the existing and 


the proposed method. 


Method Pareto-optimal solution 
ti = 3.1y, 
x12 = 0, 
£13 = 18.95, 
v14 = 29.10, 
r1 = 11.26, 
Fuzzy Multi Choice 1 aude 
£23 = 4.36, 
goal programming oq = 14.54, 
mee x31 = 29.26, 
t39 = 15.42, 
233 = 17.74, 
x34 = 0 
ne =A: 
£19 = 28.1, 
x14 = 0.9, 
too = 11.2, 
Proposed method L24 = 42.6, 
£31 = 22, 
t39 = 1.4, 
xr33 = 41.1, 
x35 = 0.2 


TABLE 8. The comparison between the existing and the proposed method. 


Method Min Z, Min Z Max Zs 


Fuzzy Multi Choice 3400 980.13 650 


goal programming 


method 


Proposed method 3192.71 1041.2 717.06 
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7. Result and Discussion 


In our work, we have obtained the compromise solution of the Uncertain MOTP using the 
neutrosphic technique. 

Table 7 illustrates the comparison between the results obtained from Fuzzy Multi Choice 
goalprogramming method and the proposed method. Table 8 provides the comparison study 
ofsolution obtained by fuzzy goal programming method and proposed method.In Gurupada 
et al work, wherein he proved that Fuzzy multi choice goal programmingwas more efficient 
in providing an optimal solution than by employing goal programming andrevised multi choice 
goal programming approach. Contrasting to his work in the proposedmethod, the decision 
maker need not fix the goals of the objective function using any of theexisting techniques, to 
get a better optimal value for the objective function. In short, we haveovercome the difficulty 
of the decision maker to fix the objective value goal.Clearly it can be seen that by using 
neutrosophic compromise programming approach, weobtained an improvised pareto optimal 
solution. As in Table 8, we can observe that the proposed method yields a more minimal value 
for transportation cost and a considerable increasein profit. As neutrosophic programming 
explores the indeterminacy part of a optimizationproblem, it helps the decision maker to get 


better results. 


8. Implications 


This paper used the neutrosophic approach to discuss the uncertain MOTP. The literature 
review section includes studies that are comparable to these ones. According to the author’s 
knowledge, no research has been done on applying the neutrosophic method to solve the un- 
certain MOTP. The method for solving uncertain MOTP utilizing the neutrosophic technique 
has been provided in the suggested work to close the aforementioned research gap. The effi- 
ciency of the proposed work has been demonstrated by comparing Gurupata’s [27|’s work. It 
has been explained that the suggested work will assist the decision maker to have the suitable 


and desired transportation plan. 


9. Conclusion 


In this work, a procedure to solve multi objective transportation problem with uncertainvari- 
ables is studied under neutrosophic environment. The uncertain MOTP is converted into an 
equivalent chance constraint deterministic model with the use of operational law of uncertain 
variables. Then using neutrosophic compromise programming approach the best compromise 
solution is obtained. Since the solution searches of UMOTP based on different membership 
function such as truth, indeterminacy and falsity, it allows the decision maker to know about 
the various functions and provides more practicable and reasonable compromise solution. More 
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info It has been established that, in order to obtain a better optimal value for the objective 
function, the decision maker does not need to fix the goals of the objective function using any 
of the available strategies. In other words, we have succeeded in fixing the decision-difficulty 
maker’s with regard to the objective value aim. A numerical example had been considered and 
obtained the compromise solution and is tabulated in Table 8. It is evident that we were able 
to achieve an improvised pareto optimum solution by applying the neutrosophic compromise 
programming approach. 

Conflicts of Interest: The authors confirm that there are no known conflicts of interest 


associated with this publication. 
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Abstract. When compared to its extension, the hypersoft set, which deals with discontinuous attribute-valued 
sets corresponding to different attributes, the soft set only works with a single set of attributes. Numerous 
scholars created models based on soft sets to address issues in a variety of domains, including decision-making 
and medical diagnostics. However, these models only take into account one expert, which causes numerous 
issues for users, particularly when creating questions. We provide a fuzzy parameterized neutrosophic hypersoft 
expert set to eliminate this mismatch. In addition to addressing the issue of dealing with a single expert, this 
approach also addresses the problem of soft sets not being adequate for discontinuous attribute-valued sets 
corresponding to different attributes. The notion of fuzzy parameterized neutrosophic hypersoft expert sets, 
which combines fuzzy parameterized neutrosophic sets and hypersoft expert sets, is first introduced in this work. 
Examples are provided to help illustrate some key fundamental concepts, aggregation operations and results. 


A decision-making application is shown at the end to demonstrate the viability of the suggested theory. 


Keywords: Soft set; Soft expert set; Neutrosophic set; Hypersoft set; Fuzzy parameterized neutrosophic 


hypersoft expert set. 


1. Introduction 


For a correct description of an object in an ambiguous and uncertain environment, we 
sometimes consider both the truth membership and the falsity membership in professional sys- 
tems, belief systems, and information systems. The neutrosophic set was defined by Smaran- 
dache as a generalisation of classical sets, fuzzy sets, and intuitionistic fuzzy sets. Mem- 


bership functions are used to define fuzzy sets (4), while membership and nonmembership 
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functions describe intuitionistic fuzzy sets (I, which are used to solve problems involving im- 
precise, ambiguous, and inconsistent data. The neutrosophic set has numerous applications in 
a variety of disciplines, including topology, control theory, databases, and medical diagnosis. 
Truth membership, indeterminacy membership, and false membership are all wholly inde- 
pendent in the neutrosophic set, where the indeterminacy is clearly quantified. The neutro- 
sophic set and set-theoretic view operators need to be described from a scientific or technical 
perspective. If not, it will be challenging to apply in actual applications. Therefore, Wang 
et al. (6| described the set-theoretic operations and various properties of single-valued neutro- 
sophic sets (SVNS). In both theories and applications, work on neutrosophic sets (NS) and 
their hybrid structures has made rapid progress.advanced quickly [7]. 
In his conceptualization of soft set theory, Molodtsov |8] described it as a brand-new family of 
parameterized subsets of the universe of discourse. Different structures of convexity (concav- 
ity) on an s-set were introduced by Rahman et al. (9|[10}. They explored the different convexity 
and concavity characteristics in the context of fs-set, s-set, and hypersoft set (an extension of 
s-set) settings with some altered findings. As a parametrization technique to handle uncer- 
tainty, Maji et al. developed fuzzy soft set. This idea has been expanded upon and used 
in other domains by scholars [12]. Soft expert set (SE-set) and fuzzy soft expert set (FSE-set) 
are concepts developed by Alkhazaleh et al. [1.9] [20}. They talked about how they could be 
used in decision-making. Convexity-cum-concavity on SE-set was conceptualised by Ihsan et 
al. (21), who also highlighted some of its characteristics. The convexity on the FSE-set was 
once more gestated and its specific qualities were elucidated by Ihsan et al. (22). In their 
conceptualization of intuitionistic fuzzy soft expert sets, Broumi et al. presented their use 
in decision-making. 
Through the substitution of a multi-attribute valued function for a single attribute-valued func- 
tion in 2018, Smarandache extended soft set to hypersoft set. Saeed et al. developed 
the idea and covered the principles of the hypersoft set, including its relation, sub relation, 
complement relation, function, matrices, and operations on hypersoft matrices, as well as its 
hypersoft subset, complement, and non hypersoft set. Mujahid et al. discussed hypersoft 
points in several fuzzy-like environments. Complex hypersoft set was defined by Rahman et 
al. 27], who also created its hybrids with the complex fuzzy set, complex intuitionistic fuzzy 
set, and complex neutrosophic set. The principles, such as subset, equal sets, null set, absolute 
set, etc., as well as the theoretic operations, such as complement, union, intersection, etc., were 
also covered. Convexity and concavity were theorised on a hypersoft set by Rahman et al. [28], 
who also provided their pictorial representations and examples to illustrate them. Rahman et 
al. created the preliminary HS-set structure and provided an application for the optimal 
chemical material choice in DM. Rahman et al. developed a novel method for studying 
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neutrosophic hypersoft graphs and discussed some of its characteristics. The aggregation op- 
erations of complex FHS-set were first employed in DMPs by Rahman et al. (AUR5). The 
structure of interval-valued complex FHS-set was also devised by them. The bijective HS-set 
was conceptualised by Rahman et al. and its uses in DMPs were covered. In order to know 
the opinions of various experts in various models when attributed sets are further divided into 
disjoint attribute valued sets, Ihsan et al. generalised the HS-set to hypersoft expert set 
(HSE-set). The fuzzy hypersoft expert set (FHSE-set) was conceptualised by Ihsan et al. [38], 
who also used the proposed technique to demonstrate how DMPs were used. 

Cagman et al. applied a significant degree to the parameters and conceptualised the fuzzy 
parameterized soft set (FPS-set). In order to create hybrids of the fuzzy parameterized soft 
expert set (FPSE-set) for use in DMPs, Bashir et al. combined the structures of fuzzy pa- 
rameterized with SE-set. By converting a single set of attributes into several disjoint attribute 
valued sets, Rahman et al. enhanced the work of fuzzy parameterized soft set to fuzzy 
parameterized hypersoft set and examined the applications in DMPs. A novel structure for 
the fuzzy parameterized neutrosophic hypersoft expert set is required by the literature. New 
ideas on the fuzzy parameterized neutrosophic hypersoft expert set are created as a result. 


Figure [1] shows how the rest of the paper is organised. 


Reviews relevant definitions of proposed work. 


Presents the notions of FPNHSES and its properties. 


Describes the set theoretic operations of FPNHSES. 


Section.5 | Presents the basic properties and laws of FPNHSES. 


Presents an application of FPNHSES in decision making. 


Section. 7 Presents the conclusion of paper. 


FIGURE 1. Organization of the paper 
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2. Preliminaries 


This section provides definitions and explanations of several key terminology and concepts 


connected to the primary study. 


Definition 2.1. A neutrosophic set St in V is defined by Mt = {< 
Ay (Tr( A), ln(A), Fr(A)) >: A © E, ta, ln, Fr €)70, 171} where tm, ln, Fr are truth, inde- 
terminacy, and falsity membership function and 0~ < Ty(A), ln(A), Fr(A) < 37. 


Definition 2.2. Let Q and ¥ are two neutrosophic sets such that 
Q={< A, (Tal(A), lo), F(A) > A € E, To, lo; Fo €]~0, Leal 
B=l< A, (Tel), pA), Mp(A)) > A € E, Ty, Up, Fp €]-0, 17D, 


then, the following operations between two neutrosophic sets can be defined like subset, com- 


aes] 


plement, union and intersection: 


(1) Neutrosophic set Q is a subset of another Neutrosophic set B if 
Talr) < Tel(A), lo 2 lp, Fol’) < Fpl). 

(2) The compliment of neutrosophic set Q is defined as 
O° ={< A, (TalA), 1 — lol), Fa(A)) >: A € E, Ta, boy Fo €)0, 17D, 

(3) The union of neutrosophic sets between Q and $B is defined by 
max(To(A), TR(A), Min(lg(A), lpO)), min(Fo(A), Fp(r)), 

(4) The intersection of neutrosophic sets between Q and ‘¥ is defined by 
min(To(A), Tp(A), Max(lg(A), lp()), max(Fo(A), Fp(r)). 


Definition 2.3. Let J represents set of specialists(experts) and set of parameters is 
denoted by £,0 =£xIx U with 8 C O. While U represents a set of conclusions i.e, U= 
{0 = disagree, | = agree} and A represents the universe with power set P(A) and I =[0, 1]. 


A FPSVNSE-set can be described as a pair (gy, R) with ga is ga : R — P(A) such that P(A) 
is going to use for collection of all SVN subsets of A and RCO. 


Definition 2.4. An agree FPSVNSE-set can be defined as a subset of FPSVNSE-set and 
shown as: (ga, R)' ={ga(¥):¥ Ee Lx Ix Ih. 


Definition 2.5. An disagree FPSVNS€E-set can be defined as a subset of FPSVNSE-set 
and shown as: (ga, R)° ={ga(¥):¥e Lx I x Of. 


Definition 2.6. Considering disjoint sets H,, H5, H3,....., Hy, as a corresponding attribute 
values for w different characteristics hy, hy, h3,.....,h,,. Then hypersoft set can be considered 


as a pair (1, Y), where Y = H, x Hy x H3 x... x H,, and #: Y > P(A). 


Muhammad Ihsan, Muhammad Saeed, Atige Ur Rahman, An intelligent fuzzy parameterized 
MADM-approach to optimal selection of electronic appliances based on neutrosophic 
hypersoft expert set 


Neutrosophic Sets and Systems, Vol. 53, 2023 463 


3. Fuzzy Parameterized Neutrosophic Hypersoft Expert Set (FPNHS€E-set) 


Fuzzy parameterized single valued neutrosophic soft expert set, an existing idea, has been 
used to build fuzzy parameterized neutrosophic hypersoft expert set in this part. Here, several 


fundamental qualities are shown. 


Definition 3.1. Fuzzy Parameterized Neutrosophic Hypersoft Expert Set A fuzzy 
parameterized neutrosophic hypersoft expert set Wy over A is defined as 
We = {( (aig Bs 0:) ; as) sVq € Q, E,€5,0,E€U,de A} where 


rameters q1, 42, q3,---) qr- 
(5) J be a set of specialists (operators) 


(6) U be a set of conclusions. 


Example 3.2. Suppose that a college chain is searching for a construction company to upgrade 
the college building with globalisation and requires certain specialists(experts) to evaluate its 


working. Let A = {n1,72,13,14} be a set of companies and G1 = {pi1, Piz}, G2 = {P21 p22}; 
S3 = {p31, P32} be disjoint attributive sets for distinct attributes py= cheap, p2= standard, 


p3= cooperative. Now G = G1 x G2 x S3 
©1/0.2/0.2 = (pri, P21, P31); 02/0.3 = (prt, P21, P32), 
03/0.4 = (pity P22, P31), O4/0.5 = (pir, P22; P32); 
O5/0.6 = (p12; P21, P31), 06 /0.7 = (P12, P21, P32); 
O7/0.8 = (p12; P22) P31) 03/0.9 = (P12, p22) P32) 
Now H=SxDxC 
(O1/0.2, c, 0), (U1 /0.2, c, 1), (G1 /0.2, d, 0), (W1/0.2, d, 1), (U7 /0.2, e, 0), (G1 /0.2, e, 1), 
(U2/0.3, c, 0), (G2/0.3, c, 1), (G2/0.3, d, 0), (W2/0.3, d, 1), (G2/0.3, e, 0), (W2/0.3, e, 1), 
(W3/0.4, c, 0), (W3/0.4, c, 1), (3/0.4, d, 0), (W3/0.4, d, 1), (W3/0.4, e, 0), (O3/0.4, e, 1), 
(U4/0.5, c, 0), (W4/0.5, c, 1), (G4/0.5, d, 0), (W4/0.5, d, 1), (W4/0.5, e, 0), (W4/0.5, e, 1), 
(U5/0.6, c, 0), (U5 /0.6, c, 1), (O5/0.6, d, 0), (U5 /0.6, d, 1), (U5 /0.6, e, 0), (U5 /0.6, e, 1), 
(W6/0.7, c, 0), (Wg /0.7, c, 1), (G6 /0.7, d, 0), (W6/0.7, d, 1), (We/0.7, e, 0), (W6/0.7, e, 1), 


(W7/0.8, Cc, 0 ) (W7/0.8, Cc, 1); U7/0.8, d, 0), (W7/0.8, d, ] ) (O7/0.8, e, 0), (W7/0.8, e, ] ) 


(W3/0.9, Cc, 0), (Ws /0.9, Cc, 1); U3/0.9, d, 0), (Ws/0.9, d, ] ) (O3/0.9, e, 0), (W3/0.9, e, ] 
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let 


(G1 /0.2, C, Oy (Oy f0.2; Cc, ] (Oy P02, d, 0), (O1/0.2, d, ] ), (Oy (Oz e, 0), (0; /0.2, e, ] ), 
Q = (G2/0.3, C, 0), (W2/0.3, Cc, ] iF (G2/0.3, d, 0), (W2/0.3, d, ] } (G2/0.3, e, 0), (W2/0.3, e, ] ), 
(G3/0.4, Cc, 0), (G3/0.4, Cc, ] i, (63/04, d, 0), (U3/0.4, d, ] ), (O3/0.4, e, 0), (U3/0.4, e, ] ), 


be a subset of H and D = {c, d,e,} be a set of specialists. 


Following survey depicts choices of three specialists: 


= h(U;/0.2,c, 1) = 


mM 2 3 4 
<0.2,0.5,0.4>) <0.7,0.2,0.5>) <0.5,0.4,0.6> <0.1,0.3,0.6> 


m1 12 3 74 
<0.4,0.2,0.3>) <0.8,0.1,0.5>) <0.4,0.5,0.6>? <0.2,0.5,0.3> 


11 12 3 14 
<0.7,0.2,0.3>) <0.5,0.3,0.6>) <0,6,0.3,0.7>? <0.3,0.5,0.6> 


11 12 3 4 
<0.9,0.1,0.3>) <0.4,0.5,04> <0.7,0.2,0.6> <0.3,0.4,0.8> 


m1 12 3 14 
<0.4,0.5,0.6>) <0.8,0.1,0.7>) <0.3,0.6,0.5>? <0.2,0.6,0.7> 


1 2 13 14 
<0.5,0.4,0.7>) <0.3,0.6,0.4> <0.6,0.2,0.5>) <0.8,0.1,0.6> 


hy = h(U1/0.2, d,1) = 

h3 = h(U1/0.2,e, 1) = 

hy = h(U2/0.3, c, 1) = 

hs = h(U2/0.3, d, 1) = 

hg = W(U?/0.3, e, 1) = 

hy = h(U3/0.4,c, 1) = 
( I= 
( 


11 2 3 4 
<0.2,0.7,0.5>) <0.9,0.1,04> <0.4,0.5,0.7>) <0.5,0.4,0.8> 


m1 12 3 14 
<0.4,0.3,0.2>) <0.6,0.3,0.1>) <0.7,0.2,0.3>? <0.9,0.1,0.4> 


ho = h(U1/0.2,c, 0) = 
hi = (U}/0.2, a, 0) = 
fiz = W(U}/0.2, e, 0) = 
hy3 = h(U2/0.3,c, 0) = 

( 

( 

( 

( 


his = h(U2/0.3, e, 0) = 
his = h(U3/0.4,c, 0) = 
fiz = h(U3/0.4, d, 0) = 

h(U3/0.4, e, 0) = 


sr 


hig = 


m N12 n3 4 
<0.7,0.2,0.6> <0.3,0.5,0.7>) <0.5,0.4,0.5> <0.2,0.7,0.8> 


m N12 n3 14 
<0.3,0.2,0.1>) <0.2,0.4,0.5> <0.4,0.5,0.8>) <0.1,0.8,0.3> 


m 2 n3 4 
<0.1,0.8,0.4>) <0.9,0.1,0.2> <0.6,0.3,0.4>) <0.2,0.7,0.5> 


11 uy 3 4 
<0.2,0.7,0.5>) <0.1,0.8,0.6>) <0.3,0.5,0.7>? <0.5,0.4,0.6> 


m 2 n3 4 
<0.8,0.1,0.6>) <0.3,0.6,0.7> <0.5,0.4,0.8>) <0.7,0.2,0.9> 


11 N2 3 4 
<0.7,0.2,0.5>) <0.2,0.6,0.4> <0.9,0.1,0.6> <04,0.5,0.7> 


11 72 3 4 
<0.6,0.2,0.5>) <0.7,0.2,04> <0.3,0.5,04> <0.2,0.7,0.6> 


m 2 n3 4 
<0.1,0.7,0.5>) <0.4,0.5,0.7> <0.7,0.2,0.9>) <0.8,0.2,0.4> 


m N2 n3 4 
<0.2,0.7,0.4>) <0.9,0.1,0.6> <0.8,0.2,0.4>) <0.3,0.5,0.7> 


11 72 3 4 
<0.5,0.4,0.2>) <0.3,0.6,0.1>) <0.6,0.3,0.2> <0.1,0.8,0.3> 


The FPNHSES can be described as 
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(h, Q) = 


(01/0.2, cy 1), { Diss) DIDI0SS) DESA0ES D105065 \ ) 3 
(01/0.2, d, 1 )s { Da0I0s>? DEOA0S>? DAOS OES? DI05035 \ ) i 
(01/0.2, ey | ); Dp 3S DEDIOES? DEOSOTS? 305065 2 
(©2/0.3, ey 1), DIO ,0.3> Dapsois? DIOI0ES? DIODES , 
(62/0.3, d, 1 ); { DADS OES? DEOLOTS? DIOe0SS? DIOEOTS \ ) ? 
(W2/0 3, ey 1 )s BDSVAOTS? DIveoas? DEVTOSS? EO ,0.6> ) 
(03/0.4, Mi 1), DIVIOSS? II 0.4>) DADSOTS) DSOAVES ) 
(03/0.4, d, 1 )s { Dao50IS? DEOS0TS? D70I035° 2.90.4,045 \ ) ? 
(03/0.4, 5 | ); DIES? DIso7S? Daviess? DIT OES 7 
(01/0.2, ae) 0); DavLoIs> DIAS) DaOSOES? Spit has 2 
(01/0.2, d, 0); DI0s0ES DAIS DEOI0ES DI0705> ) 2 
(01/0.2, ey 0); DIOS) DIOS0ES? D3pso7S) DE0AES 3 
(W2/0.3, G} 0); DEO ,0.6>? DiveoT>? D50108S? 701,095 ’ 
(82/0340), 4 ardhass axtkoas abies zattors f ) 
(62/0.3, ey 0), DEOIOSS DIOS D305) DIT ES , 
(03/0.4, a) 0), Dior osS? DAsoTS) D70I095? DEOI0ES , 
(03/0.4, d, 0); DITA DOA 0ES DEOI0ES Di0s075 ) 2 
(03/0.4, ey 0); EVAoIS? DIveots? DE a0IS? 18035 ) 


Definition 3.3. A FPNHSES (hj, Q) is said to be FPNHSE subset of (hz, P) over A, if 
() OCP, 

(ii) Vy € Q, hily) € hay) and shown by (ty, Q) € (hy, P). 

Whereas (fz, P) is said to be FPNHSE-superset of (hy, Q). 


Example 3.4. Considering Example|3.2| suppose 
(W1/0.2, Cc, 1); (W3/0.4, Cc, 0), (0; /0.2, d, ] ), (W3/0.4, d, 1), 


(W3/0.4, d, 0), (Oy /0.2, e, 0), (W3/0.4, e, 1) 
(G1 /0.2, Cc, 1), (W3/0.4, Cc, Oy), (U3/0.4, Cc, 4), (G1 /0.2, d, ] } (W3/0.4, d, Vi 


(Oy /02, d, 0), (W3/0.4, d, 0), (07/0.2, e, 0), (W3/0.4, e, ] }j (G1 /0.2, e, 1) 
It is clear that Q; C Q). 


Q= 
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Suppose (hj, Q;) and (hz, Q2) be defined as following 


1/0 2.c.1 m1 2 uk 14 } 
“YY 5 FY <0.1,0.6,0.7>) <0.6,0.5,0.8> > <0.4,0.6,0.9>> <0.1,0.8,0.6> ) 


11 12 3 4 
01/0.2, d, 1), <0.3,0.4,0.5>) <0.6,0.4,0.6> <0.2,0.5,0.7>? arp spes t ) 


((G ),{ 

(( )s{ 

((03/0.4, 4,1), { aapeoas DSPAOTS DEVSVES DEVEDAS SH)» 
(h1,Qi1) =4 ((U3/0.4, e, 1), { 

(( )s{ 

(( ) 

(( 


11 2 13 14 
01/0.2, e, 0), <0.1,0.6,0.3> <0.1,0.7,0.4>) <0.2,0.7,0.6>? STROSS ) 


m1 12 13 14 }) 

> 1 <0.6,0.4,0.3> <0.2,0.7,0.6> > <0.4,0.5,0.3> <0.1,0.7,0.45 J) > 
nN N2 n3 n4 

63/0.4, c, 0), { <0.1,0.8,0.6> <0.3,0.6,0.5>? <0.6,0.3,0.4>? a7 065 }) ) 


11 2 3 4 
63/0.4, d, 0), st <0.1,0.7,04> <0.6,0.3,0.6>) <0.7,0.2,0.5>? 207045} 


(( { 

(( { 

(( { 

( a va}) 
hes) = (01/0.2, e, 1), SOTPIVAS? DSVINES? DELIDIS? DIOSUS 
(he, Q2) (( f 

(( { 

(( { 

(( { 

(( { 


which shows that (hy, Q1) € (hz, Q2). 


Definition 3.5. Two FPNHS€E-sets (hi,Q1) and (hz,Q2) over A are said to be equal if 
(hy, Q1) is a FPNHSE-subset of (hz, Qz) and (hz, Q2) is a FPNHSE-subset of (hy, Q}). 


Definition 3.6. The complement of a FPNHS€E-set (h,Q), denoted by (h, Q)°, is defined by 
(h, Q)€ = c(h(o)) V o € A while ¢ is a NF complement. 
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Example 3.7. Taking complement of FPNHS€E-set determined in [3.2] we have 


(h, Q)° = 


mm 12 3 74 
{(21 /0.2,¢, 1), { <0.4,0.5,0.2>) <0.5,0.8,0.7>) <0.6,0.6,0.5>? <0.6,0.7,0.1> }} ) 


m1 12 13 4 
{(Oi /0.2, d, 1 ); { <0.3,0.8,0.6> <0.5,0.9,0.8> <0.6,0.5,0.4> <0.3,0.5,0.2> }} ’ 


——~ 


a ee ee ee ee ee 


Oj /0.2, e, ] 


11 2 3 
62/0.3, d, 1 { <0.6, et ‘ A> <0.7,0.9,0.8>? <05,0.4,0.3>) <0.7, : 4 0.2> 


U1 /0.2, e, 0 
U2/0.3, c, 0 
U2/0.3, d,0 
U2/0.3, e, 0 
U3/0.4, c, 0 
U3 /0.4, d,0 
U3/0.4, e, 0 


{ 11 N12 m3 4 }), 
> L<0.3,0.8,0.7> <0.6,0.7,0.5>) <0.7,0.7,0.6> <0.6, : : ,0.3> 


11 2 3 
02/0.3, ¢, 1), { <0.3,0.9,0.9>) <0.4,0.5,04> <0.6,0.8,0.7>) <0.8, : ‘ 0.3> } ) 


y 


2 3 
02/0.3, e, 1 { <0.7, 3 5 0.5>) <0.4,0.4,0.3>) <0.5,0.8,0.6>) <0.6, : > 0.8> } ) 


2 3 
63/0.4, c, 1 { <0.5 a 5 0.2>) <0.4,0.9,0.9>? <0.7,0.5,04>? <0.8, y ; 0.5> } ) 


12 n3 
03/0.4, d, 1 { <0.2, : 7, 0.4> <0.1,0.7,0.6>% <0.3,0.8,0.7>) <0.4, : 3 ,0.9> } ) 
U3/0.4, e, ] 


) 
) 
), 
), 
), 
), 
), 
07/0.2;¢,0), 
O1/0.2, d, 0), 
), 
), 
), 
), 
), 
), 
), 


N12 n3 } 
<0.6, 3 : 0.7>) <0.7,0.5,0.3>) <0.5,0.6,0.5> <0.8, 3 : 0.2> ) 


N12 73 } 
<0.1 a x 0.3> <0.5,0.6,0.2> <0.8,0.5,0.4> <0.3, : 2 ,0.1> ) 


12 n3. } 
<0.5, 3 5 0.2>) <0.6,0.2,0.1>) <0.7,0.5,0.3>) <0.6, 3 : 0.5> ) 


{ 

{ 

{ 

{ 

{ <0.6, 3 ° 0.8>? DIOA0sS) DE00SS? <0.9, y : ,0.7> 
{ 

{ 

{ 

{ 

{ 


y 


2 n3 } 
<0.5 ® : 0.7>) <0.4,0.4,0.2> <0.6,0.9,0.9>) <0.7, : 3 ,0.4> ) 


2 n3 } 
<0.5 3 x 0.6>) <0.4,0.8,0.7> <0.4,0.5,0.3> <0.6, t 3 0.2> ) 


N12 n3 } 
<05 a 5 0.1>? <0.7,0.5,0.3>? <0.9,0.8,0.8>) <04, : 3 0.8> 5S) > 


72 13 } 
VANS DIS? DEVIVIS? DAVADES? <D7DSVIS ) 


) 
) 
) 
) 
) 
) 
) 
<0.4, : 2 0.1>? 2.2,0.9,0.95) 240-7065 > <0.5 ‘ s 0.2> }) ) 
) 
) 
) 
) 
) 
) 
) 


DIO60S>? Dip4035) DIOS? Wap E015 


Definition 3.8. An agree-FPNHSE-set (h,Q)ag over A, is a FPNHSE-subset of (h,Q) and 
is characterized as (h, Q)ag = {Rag(o) : o € G x D x {1}. 


Example 3.9. Finding agree-FPNHSE-set determined in B.2] we get 


(h, Q) = 


12 13 
DI0504S? <0.7,0.2,0.5> <0.5,0.4,0.6> Aaesoses ) 


SURDAWIS) OEP OSS) TAVATESY DIPHOT } ) 


<UTREDIS? SUSOSDES? SUGLEDTS? aspsoes ’ 


DOSS? Daps0aS? DIDS? Aavaess) ’ 


12 13 
DEVS? <0.3,0.6,0.4> <0.6,0.2,0.5>? SecAoes ’ 


VII 05S) DHV104S? DADS OTS 20504085} ) 


<URDAOIS) ZOSPSOTS) LOTRAWISY OHTA } ) 


),{ ) 
),f ) 
4 ) 
),{ ) 
02/0.3,d, 1), zomebaes» UR RT NTS) IVSOSS? <ATEEATS }) 
if ) 
| ) 
),{ ) 
A ) 


12 13 
DIV I06S <0.3,0.5,0.7> <0.5,0.4,0.5>) DIO7 08S 


Definition 3.10. A disagree-FPNHS€E-set (h,Q)dag over A, is a FPNHSE-subset of (h, Q) 
and is characterized as (h, Q)aag = {Naag(o) : 0 € G x D x {O}}. 


Muhammad Ihsan, Muhammad Saeed, Atige Ur Rahman, An intelligent fuzzy parameterized 
MADM-approach to optimal selection of electronic appliances based on neutrosophic 
hypersoft expert set 


Neutrosophic Sets and Systems, Vol. 53, 2023 468 


Example 3.11. Getting disagree-FPNHS€-set. determined in 3.2] 


01/0.2, S) 0) It <asBaBTs » SUIAAWSS) OAPRORS) <OTBHT } ) 


01/0.2, d, 0) liars Dros? DEOs0AS? ass} ) 


11 72 3 14 
61/0.2, e, 0) {aap <0.1,0.8,0.6>) <0.3,0.5,0.7>) Ssoanes ) 


mM 2 3 4 
02/0.3, C, 0) yee IOeSY SZ RO7S) So eS) Sas} ) 


( 
( 
( 
( 
(O 
( 
( 
( 
( 


6) 


2/0.3, e 0) I <omeigass» <OTIOAS) OOS OAS) IDIOTS } ’ 


63/0.4, ey 0) laps) SUARSDTS» SOTREDIS? aiioooast ) 


) 
) 
) 
) 
2/0.3, d, 0) ) { p702055 0206045? =O90106S? <das075h) > 
) 
) 
) 


( 
( 
( 
( 
(b,Q) =4 ( 
( 
( 
( 


63/0.4, d, 0), {zap ypas) BDIOLOES? Dao) aap so7s} ) 


( 63/0.4, e, 0), {aspn DIOeOIS? DEOSOIS? Zosoas 
Definition 3.12. A FPNHSE-set (hy, Q1) is called a relative null FPNHS€E-set w.r.t Q; C Q, 
denoted by (hi, Q1), if hi(g) = 0,Vg € Qi. 


Example 3.13. Taking the concept of Example [3.2| if 


(hi, Q1) = {((m1,¢, 1), 0), ((n2, d, 1), 9), ((n3, e, 1), 0)} 


Definition 3.14. A FPNHS€E-set (hz, Qz) is called a relative whole FPNHSE-set w.r.t Q2 C 
Q, denoted by (hz, Qz)a , if Fi(g) =A, Vg © Qo. 


Example 3.15. Taking the concept of Example [3.2| if 


(ha, Qa _ ACG res 1}, A); ((n2, d, 1);4), ((n3, @;1)pA)} 


where Q7 CQ. 


Definition 3.16. A FPNHSE-set (h,Q) is called absolute whole FPNHSE-set denoted by 
(A, Q)a , if A(g) =A, VegeQ 


Example 3.17. Using Example [3.2| if 


0, /0.2,c, 1), A), (U1 /0.2, d, 1), A), (U1 /0.2, e, 1), A) , (U3/0.4, c, 1), A), 
U33/0.4, d, 1), A), (U3/0.4, e, 1), A), (Us /0.6, c, 1), A) , (U5 /0.6, d, 1), A) , 

(W,S)a =< (Us5/0.6,e, 1), A), (U1 /0.2, c, 0), A), (U1 /0.2, d, 0), A), (U1/0.2, e, 0), A), 
U33/0.4, c, 0), A), (U3/0.4, d, 0), A) , (U3/0.4, e, 0), A), (U5 /0.6, c, 0), A), 
U5/0.6, d,0), A), (Us /0.6, e, 0), A) 


Proposition 3.18. Suppose (hy, Q))a, (hz, Qz)a, (hg, Q3)a, be three FPNHSE-sets over A, 
then 


(1) (Ai, Qi) C (ha, Q2)a, 
(2) (hi, Qian C (Fu, Q1), 
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(3) (hy, Q1) cS (hi, Q1), 

(4) If (hi, Qi) C (Az, Qy), (hz, Q) C (hg, Q3), then (hy, Qi) C (hz, 83), 

(5) If (hi, Qi) = (A2, Qz), (Az, Qz2) = (hs, Q3), then (hi, Qi) = (hg, Q3). 
Proposition 3.19. If (h,Q) is a FPNHSE-set over A, then 


(1) (Ch, Q)°)* = (h, Q) 
(2 ) (h, Q)ag = (h, Q)adag 
(3) (Rh, Q)Sag = (R, Dag. 


4. Set Theoretic Operations of FPNHSE-set 
In this portion, some set theoretic operations are presented with detailed examples. 


Definition 4.1. The union of FPNHS€E-sets (hy,Q) and (hz, R) over A is (h3,L) with L = 
Q UR, defined as 


hy (o) ;o€Q-R 
h3(o) = h2(o) ;oER—Q 
U(hy(o), h2(o)) ;o€QNR 


where 
U(Ai(o), ha(o)) ={< u, max(hi(o), h2(o)), min(hy(o), (h2(o)), min(hy (0), (h2(o))} >: ue A}. 
Example 4.2. Using Example [3.2] with two sets 

Q = { (01 /0.2, c, 1), (U1/0.2, d, 1), (U3/0.4, d, wy} 


2={ (O1/0.2, c, 1) }, (83/04, ¢, 1), (G1/0.2, d, 1), (W3/0.4, 4, 1)}. 


Suppose (hj, Q)) and (hz, Q2) over A are two FPNHSE-sets such that 


m 2 3 4 
(©; /0.2, C, 1), { <0.1,0.6,0.4> <0.6,0.3,0.2>) <0.4,0.5,0.1>? aaipsoss } ) 


(hi, Qi) = 


11 2 3 4 
(G1 /0.2, d, 1), { <0.3,0.4,0.5>) <0.6,0.2,0.3>) <0.2,0.5,0.6>? Bapsosst ) 


11 2 3 4 
(G3/0.4, d, 1), { <0.2,0.6,0.7>) <0.5,0.2,0.3>) <0.6,0.3,0.5>? anes t 


U1/0.2, c, 1 


(he, Q2) = 


(( ) { 1 N12 n3 n4 }) 
> U<0.2,0.3,0.4> <0.7,0.4,0.5> <0.5,0.4,0.6> <0.2,0.4,0.7> ) 
q q q q 
(01 /0.2, d, 1 ); { =04,05,05>? =05,05,055? 403,055? 20.60.75 }) ) 
ul ul ul ul 
((W3/0.4, C, 1), { ZOAO3,065) 50.1 0.7>? 2405085? 25035,055 }) > 


((W3/0.4, d, 1), { DAV LOIS) DEVAOSS) VIVAOSS) IPS O7 hs 
Then (hy, Q1) U (Az, Q) = (h3, Q3) 


((01/0.2, . | (aurtiknas, orgsss» <oseaoTs) zorpaasS | ) 


: 


(h3, Q3) = 


{ m1 12 3. 4 
<0.1,0.30,0.6>? <0.9,0.10,0.7>? <0.4,0.5,0.8> <0.5,0.3,0.5> 


), ) 
( 1), {aappss RUE AUP RES DA0sS) DIOA3S }) 
((¥53/0.4,¢, 1), } 
(( ), 


m1 2 3 4 
63/0.4, d, 1 (Sass) <0.6,0.2,0.3>) <0.7,0.3,0.5>? =aapto7}) 
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Definition 4.3. Restricted Union of two fuzzy parameterized neutrosophic hypersoft expert 
sets (hy, Q1), (hz, Q2) over A is (h3, L) with L = Q; MQ), defined as 
h3(o) = hi(o) Ur ha(o) for oe QIN Q2. 


Example 4.4. Taking Example [3.2| with two sets 

Qi = { (G1/0.2,¢, 1), (Ur/0.2, d, 1), (U3/0.4, 4, 1)} 

Q2 = { (G1/0.2,¢, 1), (U3/04, 6, 1), (51/0.2, 4, 1), (W3/0.4, a, 1)} 
Suppose (hy, Q;) and (hz, Q2) over A are two FPNHSE-sets such that 


m n2 7 7 
(01 /0.2, c, 1), { <0.1,0.6,0.4>) <0.6,0.3,0.2>? =0A05,0.1S) =arpssss) ) 
= 11 2 3 4 
(hi, Qi) = (01 /0.2, d,1), { <0.3,0.4,0.5> <0.6,0.2,0.3>? <0.2,0.5,0.6> <0.1,0.5,0.3> }) ) 


11 72 3 14 
((O3/ 0.4, d, 1), { <0.2,0.6,0.7>) <0.5,0.2,0.3>) <0.6,0.3,0.5>? <0.8,0.1,0.9> }) 


((Oy 1) 

(fis 05) = (oa 2, a 1), i DAs0S? DEOs0SS) DAs0s>) DIO6075 ) 
(( yl) 
( y1) 


Then (hi, Q1) UR (hz, Q2) = (h3, L) 


m1 2 3 ui] 
((W1/0.2, c,1), { <0.2,0.3,04>) <0.7,0.3,0.5>) <0.5,0.4,0.1>? 204,05> }) ) 


= 11 2 | | 
(h3,L) = (G1 /0.2, d,1), { <0.4,0.3,0.5>) <0.8,0.2,0.3>) ZAN3 05>? awzp.4035}) ) 


((03/0.4, d, 1), { DATS? DEN203S? DIO 305>) =votp7 S) 
Proposition 4.5. Jf (hy, Q1),(h2, Q2) and (h3,Q3) are three FPNHSE-sets over A, then 
(1) (Ay, Qi) U (Az, Qz) = (Fg, Qo) U (Fy, Qy), 


(2) ((Ay, Qi) U (Az, Q2)) U (hg, Q3) = (hi, Qi) U ((hz, Q2) U (hg, N3)), 


Definition 4.6. The intersection of FPNHS€E-sets (hi, Q) and (hz, R) over A is (h3, L) with 
L=QNR, defined as 


hy (o) ;o€Q-R 
h3(o) = hy(o) ;9ER—Q 
A(hi(o), ha(o)) ;oE€ QNR 


where 
A(hy(o), hz(o)) ={< u, min(hy(o), h2(o)), max(hi(o), (h2(o)), max(hy(o), (h2(o))} >: uw € A}. 


Example 4.7. Using Example [3.2| with two sets 
Qi = { (1/0.2, 6,1), (G1/0.2, 4, 1), (3/04, 4, 1)} 
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Q2 = { (U1/0.2,¢, 1), (W3/0.4, ¢, 1), (G1/0.2, 4, 1), (W3/0.4, a 1)} 
Suppose (hj, Q)) and (hz, Q?) over A are two FPNHSE-sets such that 


m1 n2 7 7 
((W1/0.2, c, 1), { <0.1,0.6,0.45) <0.6,0.3,0.2>? 2405015? auiesees ht) ) 


= m1 2 3 q 
(hi, Qi) = (G1 /0.2, d,1), { <0.3,0.4,0.5>) <0.6,0.2,0.3>? <0.2,0.5,0.6>? =O.1,0.5,0.35 }) ) 


11 2 3 q 
((U3/0.4, d, 1), { <0.2,0.6,0.7>) <0.5,0.2,0.3>) <0.6,0.3,0.5>? =B0.109S }) 


(h2, Qo) = 


Then (hy, Q1) N (Az, Qz2) = (hs, Q3) 


m1 2 3 14 
((W1/0.2,¢, 1), { <0.1,0.6,0.4>) <0.6,0.3,0.2>) <0.4,0.5,0.6>) <0.2,0.8,0.7> }) ) 


_— q N2 3 q 
(h3, Q3) = (01 /0.2, d,1), { =ADAOSS? <0.6,0.3,0.5>) <0.2,0.5,0.6>? =O.1,0.6,0.75 }) ) 


11 N2 3 4 
((U3/0.4, d, 1), { <0.2,0.6,0.7>) <0.5,0.3,0.5>) <0.6,0.4,0.5>? =sso9s) 


Definition 4.8. Extended intersection of (h1,S) and (hz, R) over A is (h3, LL) with L = SUR, 


defined as 
hy(o) ;o€S—R 
h3(o) = hyo(o) ;oE€R-S 
hy(o) NM h2(o) ;o €SNR. 


Example 4.9. Reconsidering Example [8.2] consider the following two sets 
(Oy /0.2, Cc, ] \; (G3/0.4, Cc, 0), (Oy /0.2, d, 1); (W3/0.4, d, ] 1; 


21 1 45, /0.4, 450), (81/0.2, €,0), (U3/0.4, 6, 1) 


(O1/0.2, Cc, 1), (03/0.4, Cc, 0), (U3/0.4, Cc, 1); (G1 /0.2, d, ] ); 
Q _ (W3/0.4, d, 1), (O1/0.2, d, 0), (W3/0.4, d, 0), (G7 [O.2; e, 0), 
(G3/0.4, e, 1) (W;/0.2, e, 1) 


Suppose (hj, Q)) and (hz, Q2) over A are two FPNHSE-sets such that 


( 
( 
( 
(h1,Q)=¢ ( 
( 
( 


((Us/0.4, ‘i 0), { RUN KNAESS Devt) D700) DIOS }) 
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(h2, Qo) = 


A) { ull N12 n3 4 Hs 
<0.2,0.3,0.4>) <0.7,0.4,0.5> <0.5,0.4,0.6> <0.2,0.4,0.7> 
Shai. 


{ 29.403,035> 20803035) 2403055 206075 }) > 


63/0.4, 2) 1), {anrptnes op O7>) <0aps oss =a sass }) >» 


63/0.4, d, 1) IA zompzossy <URpSOSS? <OT BANS) 0507 }) 


{arpwss> Ds0I0dS) DEOI0ES 303506 }) 


SG 


{ mM 12 13 4 } 
<0.7,0.3,0.7>? <0.3,0.5,0.6> <0.5,0.4,0.3>) <0.2,0.6,045 JS)» 


»1); 

a €,.1); 
unl 2 | | 

01/0.2, e, 0), {aathoas <0.2,0.6,0.3>? 205,050.65) aapsp7st ) 

) 


m 2 3 4 
03/0.4, C, 0), { <0.2,0.7,0.5>) <0.4,0.5,0.6> <0.7,0.2,0.3> ap ass ) 


) 
) 
) 
01/0.2, d, 0 ) { Dio60s>? Ito? DéOs04S? DI0.6035 }) ) 
) 
) 


m1 2 3 4 
/0.4, d, 0), { <0.2,0.5,0.4>) <0.7,0.2,0.3>) <0.8,0.2,0.6>? =aas7s} 


Then (hy, Q1) NE (hz, Q2) = (hz, L) 


(hg, 


L) = 


3/0.4,c, 0 


( 
( 
( 
( 
( 
( 
( 
( 
( 
( 


11), ) 
1) ) 
1) ) 
1) ) 
81/0. 0. 2, e,0), - DIp505S DIpsoss DIDI OES a ) 
) 
10) ) 
10) ) 
,0) ) 
1) ) 


a DODO OT OT MDT TT DT 


Proposition 4.10. Jf (hy, Q1),(h2, Qz2) and (h3, Q3) are three FPNHSE-sets over A, then 


(1) (fy, Qi) N 
(2) (Ay, Q1) a 


(Az, Q2) = (Az, Q2) N (fy, Q1), 


(hz, Q2)) MN (Ag, Q3) = (Ay, Qi) A ((h2, Qz2) N (hg, Q3)), 


(3) (h, Q) Nd = . 


Proposition 4.11. Jf (hy, Q1),(h2, Qz2) and (h3, Q3) are three FPNHSE-sets over A, then 


(1) (hy, Qi) U 
(2) (hy, Qi) ‘a 


((h2, Q2) M (hg, Q3)) = (Ai, Qi) U ((Az, Q2)) N ((hi, Qi) U (hg, Q3)), 
((Fz, Q2) U (hg, Q3)) = ((hi, Qi) N (hz, Q2)) U ((Ay, Qi) N (Hg, Q3)). 


Definition 4.12. If (hj,Q)) and (hz,Q:) are two FPNHSE-sets over A then (h),Q,) AND 


(hz, Q2) denoted by (hy, Qi) A (Az, Q2) is defined by (hy, Q1) A (hz, Q2) = (h3,Qi x Q2), 


while h3(0,y) = hi(o) N Ag(y), V(o, vy) € Qi x Q2. 


Y) 


Example 4.13. Retaking Example [3.2| let two sets 
Qi = { (1/02, 6,1), (G1/0.2, 4, 1), (3/04, c, 0) } 
Q2 = { (W1/0.2,¢, 0), (U3/0.4, ¢, 1)} 
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Suppose (hj, Q)) and (hz, Q2) over A are two FPNHSE-sets such that 


(©; /0.2, Cy 1) 
Uy /0.2, d, 1) 


It ull N12 n3 4 
<0.1,0.6,0.4> <0.6,0.4,0.5>) <0.4,0.5,0.6> ap en7s} 


(hi, Qi) = 


’ 


( 
(( 
((3/0.4, Ss 0) ), (arenes SAO OTS) ASO OIs zo7 0035} 
(( 


})s 
4 Soa ooes See toss) Some sees? aoiocers t)) 

) 

} 

) 


_ 01/0.2,c,0), {aan 103s? 7020S bss) aasees ) 
(he, Qe) = ( 


03/0.4, c, 1) ), {aprasaes> aap ss) TIS Eos} ) 
Then (hy, Q1) A (ha, Q2) = (h3, Qi x Q2) 


(((G1/0.2, c, 1), (W1/0.2, c, 0)), {ay 0.35; 04>) <OEDODSS? SUARIS DES? <0.1 Das07s)) ) 
(((W1/0.2, d, 1), (G1/0.2, c, 0)), { 29.2,0.950.85> OGRA DSS? DIDS? <0.1, asa75 3) ) 
(((W1/0.2, d, 1), (63/0.4, ¢, 1)), {auspES> DAN IOS) DLO 4006>? Dip 35075 Hs 
(((W1/0.2, c, 1), (U3/0.4, ¢, 1)), { arp as0ES> DAD300S> Dap ses ayipaso7s) ) 
(((U3/0.4, c, 0), (W1/0.2, ¢, 0)), Lei noes) DOTS DEOIS055> =z s506s }) ) 
(((W3/0.4, c, 0), (W3/0.4, c, 1)), {aapisnos Dap oTS DEDIOIS? ar7pisoas}) : 


Definition 4.14. If (hj,Q)) and (h2,Q2) are two FPNHSE-sets over A, then (h1,Q;) OR 


(hz, Q2) denoted by (hy, Qi) V (Az, Q2) is defined by (hy, Q1) V (hz, Q2) = (h3,Qi x Q2), 
while h3(d,y) = hy (d) U Ag(y), V(d, vy) € Qi x Qo. 


Example 4.15. Reconsidering Example suppose the following sets 
Qi = { (1/02, ¢,1), (G1/0.2, 4, 1), (3/04, c, 0) } 


Q2 = { (W1/0.2,¢, 0), (U3/0.4, ¢, 1)} 
Suppose (hj, Q)) and (hz, Q?z) over A are two FPNHSE-sets such that 


11 2 n3 4 
((W1/0.2, c, 1), {aor 0.6,0.4>? Su a Seka tes <0.1 DEOTS)) ) 
(hi, Qi) = ((W1/0.2, 4,1), {casinos SUEDSDSS? SOIDSDES? <0.1 Den7s }) ) 
((W3/0.4, c,0), { 10s 09s? DIveoTS? go 102s aro }) 
11 2 13 4 
(ia, Os) = ((W1/0.2, c,0), {270 108s <0.7,0.2,0.4>) <0.5,0.2,0.5>) <0.2,0.3,0.6> }) ) 
7 7 12 7 14 
((W3/0. 4,c,1), {=x 1 05 0.6>) <04,0.2,0.5>? 701 0.2>) <0.8,0.1,0.4> }) : 


Then (h3, Q3) V (hz, Q2) = (h3, Qi x Qz) 


m1 2 n3 4 
01/0.2, c, 1), (O1/0.2, ¢, 0)), <0.2,0.35,0.3>) 0<0.7,0.30,0.4> <0.5,0.35,0.5>) apssoes}) ) 


11 12 3. 14 
01/0.2, d, 1), (O1/0.2, ¢, 0)), <0.3,0.25,0.3>) <0.7,0.25,0.4>) <0.5,0.35,0.5>? arpspes }) ) 


J, ( ) 
J, ( ) 
O1/0.2, d, 1), (W3/0.4, c, 1) 
J, ( ) 
J, ( ) 
J, ( ) 


0; /0.2, c, 1), (U3/0.4, c, 1 


nN 2 3 4 
03/0.4, C, 0 ) 01/0.2, C, 0 > 1 <0.2,0.35,0.3> <0.7,0.40,0.4>) <0.6,0.15,0.2>? arps03s } ) 


(( { 
(( { 
(( ) { Das peS? DEO 55S) Dre so0IS? =a0s50as ) 
(( { 
(( { 
(( { 


) 
) 
) 
); 
) 
) 


ull 2 13 14 }) 
<0.1,0.55,0.4> <0.6,0.30,0.5> <0.7,0.30,0.2>) <0.8,0.45,0.4> ) 


03/0.4, c, 0), (U3/0.4, c, 1)), DIOS5065> DapioosS) DIDO? =apisoas } : 
Proposition 4.16. Jf (hy, Q1),(h2, Qz) and (h3, Q3) are three FPNHSE-sets over A, then 


(1) (Chi, Qi) A (Fa, Q2))© = (C1, Qr))® V ((h2, Q2))° 
(2) (Chi, Qi) V (Fz, Q2))© = (C1, Qr))* A (C2, Q2))° 
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Proposition 4.17. Jf (hy, Q1),(h2, Q2) and (h3, Q3) are three FPNHSE-sets over A, then 


1 
2 
3 


( 
( 
( 
(4 


) 
) 
) 
) 


((Ai, Qi) A (hz, Qz)) A (ha, Q3) = (Fu, Qi) A ((A2, Q2) A (ha, Q3)) 

((Ai, Qi) V (hz, Qz)) V (ha, Q3) = (Fi, Qi) V ((A2, Q2) V (hs, Q3)) 

(Fy, Qi) V ((hz, Qa) A (3, Q3) = ((F, Qi) V ((A2; Q2)) A (Cu, Qi) V (Ag, Q3)) 
me /\ ((Aa, Q2) V (hg, Q3)) = (CA, Qr) A ((A2, Q2)) V (Cu, Q1) A (fg, Q3)). 


5. An Application to Fuzzy Parameterized Neutrosophic Hypersoft Expert Set 


In this section, an application of FPNHS€E-set theory with a proposed algorithm in a 


decision-making problem, is presented. 


Statement of the problem 


The procurement of an electronic equipment has evolved in the product selection scenario into 


a difficult issue for a person and an organisation. For the usage of his family, Mr. Bay is 


looking for an LED TV. He has never purchased it before. He solicits assistance from his 


buddies who may have knowledge on where to buy such a device. Consider the following while 


buying this device in light of their friends’ experiences: 


(1) 


—— 
iw) 
wa 


Screen Resolution: The screen goal of a LED TV is the number of pixels in each 
aspect that the TV can show locally. Higher-goal screens permit you to see all the 
more fine subtleties in your beloved substance. 

Refresh Rate: Assuming you’re on the lookout for a LED TV, you’ve likely heard a 
great deal about ”speed.” When promotions and audits talk about how quick a LED 
TV is, they allude to the showcase’s invigorate rate or how regularly it changes the 
image. TV and motion pictures don’t show natural movement, even handfuls, and 
many casings each second, similar to a reel of film or a colossal flipbook. The quicker 
the LED TV, the more casings it shows each second. 

Warranty: Service agreement for your TV or TV covering all assembling absconds, 
programming issues, and electrical glitches or breakdowns. The maintenance agree- 
ment for TV or TV begins following your producer or OEM guarantee lapses. 

Ports: Somewhere around four ports ought to be accessible, including USB, HDMI, 
sound/video, and VGA. Additionally, ensure it upholds every hard circle and pen drive 
to play recordings. 

Screen Size: There is a broad scope of Tv sizes accessible in the market to choose 
from. The right TV size gives you a vivid review experience. Looking for an ideal 
space from room, lounge, and nearness to the TV screen. Contrast TV stands and 
divider mounted set up to track down a suitable spot in the space to put the TV set. 


The right screen size and distance give you immersive survey encounters. 
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Proposed Algorithm : Selection of LED TV 


> Start: 

> Construction: 

1. Construct FPNHS€E-set (&, K) 

> Computation: 

2. Determine Agree-FPNHSE-set and Disagree-FPNHS€E-set. 

3. Calculation of Values of 7(0,) — 1(0;) — F(0;) for each 0; € O. 

4. Calculate the the highest numerical grade for Agree and Disagree-FPNHS€-sets. 


5. Determine the score of each element 0; € O for Agree and Disagree-FPNHS€E-sets. 


-6. Determine the score difference for each element cj € OQ. 


> Output: 


7. Compute n, for which M= max j; to decide the best solution of the problem. 
> End: 


Step-1 

Let four categories of LED TV forming the universe of discourse O = {ty, tz, t3, ty} and X = 
{E; = Henry, E2 = John, E3 = Watson} be a set of experts for this purchase. The following 
are the attribute-valued sets for prescribed attributes: 

W, = ScreenResolution = {w, = 1280 x 720pixels, w2 = 1920 x 1080pixels} 

W) = RefreshRate = {w3 = 60Hz,w4 = 120Hz}, W3 = Warranty = {w5 = 4years,we = 
5years}, Wy 5}, W5 = ScreenSize = {wo = 24inch, wip = 32inch} 
and then W =; xW?2 x W3 x W4 x Ws 


Ports = {w7 


4, Ws 


W1, W3,W5, W7, W9), (W1, W3, W5, W7, W110 
W1, W3, We, W7, W9), (W1, W3, We, W7, W110 


W1, W4, W5, W7,W9), (W1, W4, W5, W7, W110 


Vel 
Vy 
Jal 
W1)W4, We, W7, Wo), (W1, W4, Wey W7, W109 
W2,W3, Ws, W7, Wo), (W2, W3, W5, W7, WI0 
W2,W3, Wey W7, Wo), (W2, W3, We, W7, W110 
W2,)W4, W5,W7, Wo), (W2, W4, W5,W7, W109 
},( 


W2, W4, We, W7, W9 ), (W2, W4, We, W7, W110 


Now take K C N as 


K 


{k1/0.2 = 


(W1, W3, W5, W7, Wo), k2/0.3 = 


W1, W3, W5, W8, W9 ), (W1, W3, W5, W8, W110 
W1, W3, We, W8, W9 }, (W1, W3, We, W8, W110 


W1, W4, W5, W8,W9), (W1,W4, W5, W8, W110 
W2,W3,W5, W8, W9 J, (W2, W3, W5, W8, W110 


W2, W3, We, Wg, W9 }, (W2) W3, We, Wg, W110 


re 
Pai 
yf 
W1,W4, We, Wg, Wo), (W1, W4, Wey Ws, W109 
}it 
Vet 
W2,W4, W5, Wg, Wo), (W2, W4, W5, Wy W10 
ral 


W2, W4, We, W8, W9 ), (W2, W4, We, W8, W110 


(W1, W3, We, W7, W109), k3/0.4 


(W1, W4, We, Wg, Wo), k4/0.5 = (w2, W3, We, Wg, Wo), k5/0.6 = (w2, W4, We, W7, W109) } 
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Cy C2 C3 C4 } 
<0.9,0.1,0.7> <0.5,0.2,0.1> <0.6,0.2,0.4> <0.7, p 1,0.2> ) 


Cy C2 C3 
<0.8,0.2,0.45) <0.9,0.2,0.3>? <0.6,0.2,0.35) <0.9 i 1 05> 5) 
C2 C3 C4 


Cy 
<0.7,0.3,0.1>) <0.4,0.1,0.2>) <0.6,0.1,04> <0.8 0. 6,0.1> 


) 


cy c2 C3 
<0.8,0.4,0.2>) <04,0.2,0.1>) <0.7,0.1,0.5> <05 D Tors S) 


Cy C2 C3 C4 } 
<0.5,0.1,0.3> <0.9,0.4,0.4> <0.7,0.4,0.1> <0.9,0.2,0.3> ) 


Cy C2 C3 C4 } 
<0.7,0.3,0.1>% <0.8,0.2,0.4>) <0.9,0.2,0.5>) <0.8 % 2,0.1> ) 


Cy C2 c3 } 
<0.9,0.4,0.2> <0.7,0.2,0.3>) <0.8,0.2,05>) <0.7, 5 Toast)» 


C1 c2 C3 
<0.7,0.4,0.1>) <0.6,0.3,0.2>) <0.8,0.2,0.3>) <0.7, a 45S) 


C4 c2 C3 } 
<0.9,0.1,0.7>) <0.8,0.3,0.1>? <0.7,0.1,0.4> <0.6, 5. 3, 0.255) 

Cy C2 C3 C4 
Bits pak Ce ene sna aakaaa > case 


) 


Cy c2 C3 } 
<0.6,0.2,0.4> <0.1,0.3,0.2>) <0.9,0.5,0.3> <0.6, 5 q 0.3> ) 


Cy C5: C3 C4 } 
<0.6,0.3,0.2>) <0.8,0.2,0.4> <0.3,0.2,.01> <0.7,0.1,0.4> ? 

C4 (e) C3 C4 } 
<0.5,0.3,0.2> <0.6,0.2,0.3>) <0.4,0.3,0.1> <0.6, e 1,0.2> ? 


( ) 
( ) 
( ) 
( ) 
( ) 
( ) 
( ) 
(E,K)1=4 ((k3, Ex, 1), 
( ) 
( ) 
( ) 
( ) 
( ) 
( ) 
( ) 


[eatin Tl coat OH eaten OE anton Ot conten OE ante ten teen Oe eet Ol ect 0 arte Oe ate Ot ate Ot tee Ol ae 


) 
) 
) 
) 
) 
) 
) 
303045) 907055) DEOIOIS? <0.9 On, 0.3> }) ) 
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are FPNHS€E-sets. 


Step-2 

Table 1 and Table 2 represent the values of 7 (c;)-lci)-F(ci). 

Step-(2) 

Grade values of agree and disagree FPNHS€E-sets have been represented in Table 3 and Table 
4 respectively. 

Step-(3-5) 
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TABLE 1. Agree-FPNHS€E-set 


Cc Cy C2 C3 C4 
ky, E1,1 0.1 0.3 0.0 0.4 
ki, E2,1 0.2 0.4 0.1 0.3 
ki, E3,1 0.4 0.1 0.1 0.1 
kz, Eq, 1 0.2 0.1 0.1 0.3 
kz, E2, 1 0.2 0.1 0.2 0.4 
kz, E3, 1 0.3 0.2 0.2 0.2 
k3, Eq, 1 0.3 0.2 0.1 0.1 
k3, E2, 1 0.1 0.2 0.3 0.2 
k3, E3, 1 0.2 0.1 0.3 0.2 
k4, Ey, 1 0.1 0.4 0.2 0.1 
k4, E2, 1 0.3 0.0 0.2 0.4 
k4, E3, 1 0.0 0.0 0.1 0.2 
ks, Eq, 1 0.1 0.2 0.0 0.3 
ks, E2, 1 0.0 0.1 0.0 0.3 
ks, E3, 1 0.0 0.4 0.0 0.3 


TABLE 2. Disagree-FPNHS€E-set 


Cc Cy C2 C3 C4 
k1, E1,0 0.4 0.6 0.3 0.2 
k1, E2,0 0.2 0.1 0.4 0.5 
k1, E3,0 0.1 0.1 0.1 0.4 
kz, E1,0 0.3 0.3 0.3 0.4 
kz, E2,0 0.3 0.2 0.1 0.0 
kz, E3,0 0.3 0.1 0.4 0.1 
k3, E1,0 0.2 0.4 0.3 0.5 
k3, E2,0 0.5 0.4 0.2 0.6 
k3, E3,0 0.0 0.4 0.2 0.3 
k4, E1,0 0.1 0.1 0.5 0.4 
k4, E2,0 0.1 0.2 0.0 0.3 
k4, E3,0 0.4 0.1 0.1 0.2 
ks, E1,0 0.1 0.3 0.5 0.2 
ks, E2,0 0.1 0.6 0.1 0.2 
ks, E3,0 0.5 0.1 0.0 0.4 


The difference of scores of agree and disagree-FPNHSE-sets have been shown in Table 5. The 
scores for agree-FPNHS€E-set are : 
S(c1) = 0.6, S(cz) = 1.3, S(c3) = 0.6 and S(c4) = 2.0 


whereas scores for disagree-FPNHS€-set are: 
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TABLE 3. Numerical Grades of agree FPNHS€-set 


Pairs Ci Highest Numerical Grade 
k1, E1,1 C4 0.4 
ky, E2,1 C2 0.4 
ki, E3,1 Cy 0.4 
k2,E1,1 C2 0.1 
k2,E2,1 c4 0.4 
k2, E3, 1 Cy 0.3 
k3, Eq, 1 C1 0.3 
k3, Ea, 1 C3 0.3 
k3, E3, 1 c3 0.3 
k4, Ey, 1 C2 0.4 
kg, Ea, 1 C4 0.4 
kg, E3, 1 C4 0.2 
ks, Eq, 1 C4 0.3 
ks, Ea, 1 C4 0.3 
ks, E3, 1 c2 0.4 


TABLE 4. Numerical Grades of disagree FPNHS€-set 


Pairs Ci Highest Numerical Grade 
k,, E1,0 C2 0.6 
ky, E2,0 C3 0.4 
k1, E3,0 C4 0.4 
kz, E1,0 C4 0.4 
k2, E2,0 Cy 0.4 
k2,E3,0 C3 0.4 
k3, E71, 0 C4 0.5 
k3, E2,0 C4 0.6 
k3, E3,0 C2 0.4 
ky, E1,0 C3 0.5 
ka, E2,0 C4 0.3 
ka, E3,0 C1 0.4 
ks, Ey ) 0 C3 0.5 
ks, E2,0 C2 0.6 
ks, E3,0 C1 0.5 


S(ej) = 1.3, Sle) = 1.6, S(c3) = 1.8 and $(e4) = 2.2. 
Step-6; Decision 


As from above result, cq is preferred to be best and have been mentioned in Figure [| 
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TABLE 5. Numerical values of j; = G; — Hi 


Gi Hi ji =Gi- TG 
S(c1) = 0.6 S(c1) =1.3 -0.7 
S(c2) =1.3 S(c2) = 1.6 -0.3 
S(c3) = 0.6 S(c3) = 1.8 -1.2 
S(c4) = 2.0 S(c4) = 2.2 0.2 


FIGURE 2. Ranking of Alternatives for Algorithm 


6. Conclusions 


The foundations of the fuzzy parameterized neutrosophic hypersoft expert set are developed 
in this study, along with certain generalisations of theoretical operations like union, intersec- 
tion, complement, AND, and OR. With specific instances, some fundamental concepts like 
exclusion, contradiction, and laws are explored. These concepts include idempotent, absorp- 
tion, domination, identity, associative, and distributive laws. In the end, an algorithm is 
created to describe how the decision-making problem is solved. This new work inspires further 
advancements of related research and practical applications while providing an exceptional 


expansion to existing theories for handling ambiguity, untruth, and truthness. 
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Abstract: This article aims to propose a new type of single-valued neutrosophic(S VN) covering-based rough 
sets over two universes by using Wang’s single-valued neutrosophic covering rough sets. Wang’s model is 
based on one universe but the proposed model is based on two universes and thus the new model gives a new 
perspective for decision-making on uncertain problems. First, we define SVN B-neighborhood, which is 
considered as a mapping from the universe to the set of SVN sets in another universe and study its properties. 
Then we investigate the properties of the new type of SVN covering-based rough set model over two universes. 
Also, we give a necessary and sufficient condition under which two SVN £-coverings generate the same SVN 
covering lower and the upper approximation. In addition, we also present the matrix representation of SVN 
covering lower and upper approximation operators over two universes for solving real-life-based multi-criteria 
decision-making problems. 

Keywords: SVN sets; SVN B-neighborhood; SVN covering-based rough set; MCDM 


1. Introduction 


The discovery of fuzzy set (FS), introduced by Zadehel ohas been regarded as the finest discovery that is utilized 
to solve vague and uncertain information with an aid of a membership function. The FS concept provides a new 
perspective for the decision-makers to address the issues that cannot be tackled by using traditional 
mathematical tools. Due to the novelty of FS, it can be employed in various practical applications given in 2-64 
To realize the importance of the non-membership value along with the membership value of an attribute in a 
universe, Atanassove/o introduced the intuitionistic fuzzy set(IFS). To handle more complexity that arises in 
various real uncertain decision-making problems; the FS concept has been further extended by introducing 
interval-valued fuzzy set 8e interval-valued intuitionistic fuzzy set Me picture fuzzy set o10@ spherical fuzzy 
set ol1@ hesitant fuzzy set ol29 Pythagorean fuzzy set o13@ etc. 

In our previous discussion, we were mainly concerned with fuzzy sets and their various extensions to address 
uncertain and vague information. But, all these types of fuzzy sets are not capable to model the indeterminate 
information present in human cognition. To fill up this gap, Smarandacheel4o introduced the notion of 
neutrosophy as a new branch of philosophy. Later on, he introduced the neutrosophic set (NS) o15e as an 
extension of IFS. In NS, every object in the universe is characterized by the three membership functions called 
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the truth-membership function (T", ), indeterminate-membership function (J, _), and the falsity membership 


function ( F, ) with a restriction Ty 14, Fy: X > |0,0 and 0<T,(x)+1,(x)+F, (x) <3". 


Later on, Wang et al.ol6 introduced the single-valued neutrosophic set(SVNS) as an instance of NS. For 
handling decision-making problems under a neutrosophic environment, the decision-makers face problems 
while deciding due to the involvement of non-standard unit intervals. So, SVNS is introduced where the 
non-standard unit interval is replaced by a standard unit interval. The concept of SVNS has been extensively 
used in numerous decision-making problems (see the references o17-21¢). Also, we would like to discuss some 
other important topics that are useful for the further development of the proposed study as follows: fixed point 
results in orthogonal neutrosophic metric spaces «2 contractive and weakly compatible mappings in 
neutrosophic metric spaces are utilized in solving nonlinear differential equations 23g some new aspects of 
fixed point theory under the intuitionistic fuzzy set and neutrosophic set 249 fuzzy b-metric like spaces 259 
new aspects in fuzzy fixed point theory «269 pentagonal controlled fuzzy metric spaces and its application 27a 
In 1982, the Polish mathematician Pawlak «280 proposed another useful mathematical tool known as the 
rough set(RS) theory. Like FS, RS is another kind of generalization of a classical set. In RS, every subset of the 
universe is characterized by lower and upper approximations (see e29e). Also, in RS, the concept of equivalence 
classes is the key issue to form two approximations. It can be useful in discovering the hidden data, modeling 
information systems, eliminating the redundant data, and applied in data analysis, pattern recognition, data 
mining, intelligent systems, medical diagnosis, machine learning, and many more (see the references «80-34¢). 
RS deals with crisp approximation space. But, we encounter some information system that contains fuzzy 
characteristics. To cope with such an issue, a rough set is combined with different types of fuzzy sets and obtain 
new hybrid structures and their associated applications are as follows: rough fuzzy sets and soft rough sets 859 
intuitionistic fuzzy rough sets and their topological properties «869 interval-valued intuitionistic rough set «879 
generalized interval-valued fuzzy rough set and its decision-making approach 8q etc. Furthermore, with the 
combination of rough set and neutrosophic set, many theories and their practical implications are proposed in 
89-46 
Pawlak’s rough set model is based on partition or equivalence relation. There exist many applications in real life 
where the notion of an equivalence relation is restrictive. To overcome such difficulties, Yiyu et al.ot7o 


introduced the covering-based rough set model as an extension of classical RS. In 6486 Kong et al. proposed the 
covering-based fuzzy rough sets and their properties. By introducing the fuzzy / -covering and fuzzy 


B -neighborhood, Ma e419 opresented two types of fuzzy covering RS models. Zhang et al.e50ointroduced fuzzy 


B -covering (J 7 T) fuzzy rough set model and its applicationin MADM problem. In 519 Zhang et al. defined 


the TOPSIS-WAA method built upon a covering-based fuzzy rough set. Zhou et al.<b2edefined three types of 
fuzzy covering-based RS models. Furthermore, Y ang et al. introduced some types of covering based rough sets 
39 Deer et al. investigated the properties and interrelationships of fuzzy covering-based rough set models 
64 fuzzy information system based covering based rough sets are prosed in 59 fuzzy covering-based rough 
set on two different universes and its applicationis successfully executed by Y ang 69 Zhan et al. 7oinitiated 
the PROMETHEE EDAS method via covering-based variable precision fuzzy rough sets «89 MADM method 
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under the hesitant fuzzy ( -covering rough sets setting is successfully applied in 69g TOPSIS method for 
MADM via covering-based spherical fuzzy rough set model is given in «0e For further extension of the hybrid 
covering-based rough set model, Zhan et al.c61 defined covering-based intuitionistic fuzzy rough sets and their 
application in the MADM problem; two types of intuitionistic fuzzy covering rough sets in the MCGDM 
problem are defined by Wang et al.e629 two types of single-valued neutrosophic rough sets and their 
decision-making approach are proposed in 39 in «49 Wang et al. introduced a new type of single-valued 
neutrosophic covering rough set model. Some more recent works are based on neutrosophic covering rough set 
model proposed in 5-68@ 
The objectives of this paper are furnished below. 
> The purpose of this article is to propose a single-valued neutrosophic covering-based rough set model 
over two universes by using Wang’s approach given in [63]. 
Construction of SVN / -neighborhood operators on two universes and study their properties. 
Construction of SVN  -covering lower and upper approximation operators over two universes. 
Matrix representation of SVN /# -neighborhood and SVN # -covering lower and upper 
approximation operators over two universes and studied some propositions on them. 


> Anewtype of MCDM problem is solved under the proposed study with the help of an algorithm. 


To visualize the effectiveness of the proposed study over the existing theories, see the following Fig 1. 


[49-56, 58] 


[63, 64, 66, 68] | [Proposed] 


Fig 1. A brief diagrammatic presentation of the proposed study 
2. Preliminaries 


In this section, we give some basic concepts that are useful for the proposed study. 
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Definition 2.1 29oLet 6 be a universal set and R be an equivalence relation ond. Then the pair (0, R) is calleda 


Pawlak approximation space. Let Y,, Y,,..., Y,, are the equivalence classes generated by R. Therefore, R 


generates a partition GoR = QF Yee fe} ond. 


Definition 2.2 &690Let 6 be a universal set and C be a family of non-empty subsets of. If Ul C=, then C is 


known as a covering of 0. Also, the pair (6, C) is called a covering approximation space. 
Definition 2.3 160A single-valued neutrosophic set (SVNS) A defined on X is an object of the form given 


below. 


A= {(é, vin (€),I, (e), Fs (e)): EE x} , where T, (e) is the degree of truth-membership, /, (e) is 
the degree of indeterminacy-membership, and Ff’, (€ ) is the degree of falsity-membership such that 


T, (€),1, (€), Fy (€) €[0,1]and 0<T, (€)+1, (€)+ F, (€) $3 foralle € X . The family of SVNS 
SVNS(X) 


over X is denoted by I : 


SVNS(X) 


Definition 2.4 630 Let | denotes the family of SVNS in X and f= ( D, q,1) be a SVN number. 


Then, forM ={M,,M,,....,M,} withM , E CY (7 =1,2,..,k), a SVN f -covering of X, if for 


allé < X, there exists M , € M such thatM , (e)= B. The pair (X,M) is called a SVN # -covering 
approximation space. 
Definition 2.5 &630Let M be aSVN £ -covering of X , where M = {My Moats M,} . For anyé € X, 


xB 2 
the SVN £ -neighborhood N; of € induced by M canbe defined as 


=P ~ 
Nz =(\M, €M:M,,(e)> 6 
It is to be noted that M (e)2B>Ty, (€)2 Dp, Ty, (€)SqandF,, (€) <1, where B=(D4UN)is 


a SVN number. 


3. Construction of SVN B-covering Approximation Space over Two Universes 
In this section, we first introduce the notion of SVN B-neighborhood, and then we define a type of SVN 


covering-based rough set model over two universes. Here r(x 6 ) denotes the family of all mappings from 


X toY. 
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ro] B < 
any x € X , the SVN B-neighborhood Nx of x inducedby G canbe defined as: 


xB < 
Nx =1hG <6:6 (0)2 8-12) 


xP 
By introducing Nx : X — SVN(Y), we define a new type of SVN covering-based rough set model over two 
universes. 


~< 

By Wang’s [63] approach, If G be a SVN f-covering of the universe X for some {= ( LLV,Y ) where 
~< 

LLV,VE [0,1] such that u+Vv+y <3, we donot sure that f G is a SVN B-covering over Y . To support 


this claim we give an example in the following: 


Example 3.2 Let X = Cee ee and Y = {y, Vee ys} be two universal sets and f € T(Xx,Y) such 


that f (x)= f (x)= y,, and f (x) = f (x4) = yy-LetG ={G,,G,} where 


A -( 090202) (0.4,0.1,0.3) (0.3,0.1,0.3) oe 


x Xy X3 X4 


1 


J J J 


x Xy X3 X4 


e - (040504 (0.3,0.4,0.3) (0.4,0.2,0.4) once 
= 


It is to be noted that G is aSVN B-covering of X | where 2 = (0.3, 0.3, 0.4) : 


Now, f(G,)(v,)= LU G(x) =G,(%)vG,(x,)=(0.4,0.1,0.2) 


xef-'(s,) 
f(G)(2)= a, | o (x) =G,(x,)v G,(x,) = (0.3,0.1,0.3) 
f(G)Qs)= MY | o (x) =0 


p(o)=[ ORES) C0402) 


Vy Vo 


Similarly, f(G,)(y,)= LU G(x)=G,(%)v G(x) =(0.4,0.3,0.3) 
xef(y,) 
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f(G)0n.)= VU G(*)=G,(%)v G(x) =(0.4,0.2,0.4) 


xef'(y) 
f(G)a)= YU G&(x)=0 

xef (ys) 

0.4,0.3,0.3) (0.4,0.2,0.4 
ie (ca EE) 


Therefore, \f (G, ), na (G, )} isnotaSVN # -covering of Y . 


x 


Based on the above example, a natural question arises that under what condition f G isaSVN £ -covering 


~ 
of Y forwhichG isaSVN £ -covering of X . For further investigation we discuss the following: 


Proposition 3.3 Let X and Y be two universes and £ =( LV, y) where L,V,7 [0,1] such 


that u+V+y <3and the family of all surjective mappings from X to Y be denoted by Sur(X,Y), 
where f € Sur(X,Y) . Then we consider the following: 


< < 
(1) If G isaSVN £ -covering of X , then f(G Jisasvn B -covering of Y . 


< < 
(2) If HisaSVN  -covering of Y if andonly if f™ [a jis aSVN / -covering of X . 


The converse of the Proposition (1) does not hold. To hold the converse of Proposition (1), we give the 


following necessary condition: 


Theorem 3.4 Let f : X —Y be a bijection from X toY , B= (u, V, vy) where [,V,/ € [0,1] such 


< < < 
that uu+Vv+y<3andG bea family of SVN sets on X . Then GisaSVN £ -covering of X wt f(6 )s 


alsoaSVN £ -covering of Y . 
Definition 3.5 Let X and Y be two non-empty finite universal sets and f © Sur(X,Y) . Let 
~ 


G= {G, Ge jiseig G,, | be a family of SVN £ -covering for some 3 = (u, v,7) . For all x € X , we define 


i B 
the SVN £3 -neighborhood N , as: 


«Bh 


Nx =F (G,):G, (x)= B} 
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x 
In 609 the SVN / -neighborhood of x € X was defined in [x F G) but in the proposed study, we define 


x 
this in( x ne é) . For better understanding, we consider the following example: 


Example 3.6 Let f : X — Y be asurjection, where X = ore oF Nps x} ,Y= {y, Vay Voz y,} and 


Vy XE 1X, xy} 
Vo, X E{ Xp, Xe} 
V3, X =Xy 


Var X= Xo 


f (x)= 


~ 
Let, G = {G, GiGy G,} be aSVNset over X , where 


J J J J J 


x Xy x3 X4 Xs X¢6 


je {(en0nes (0.4,0.2,0.6) (0.2,0.4,0.5) (0.3,0.5,0.6) (0.5,0.6,0.3) oscao2)| 
= 


J J J J J 


x Xy x3 X4 Xs X¢6 


0: {(enczes (0.4,0.3,0.4) (0.6,0.5,0.3) (0.4,0.2,0.1) (0.4,0.5,0.6) oa0s02 
Re 


J J J 


fiG\= {82 0.4,0.4) (0.5,0.2,0.3) (0.3,0.5,0.6) (0.3,0.4, “2 
y1 ve ¥3 M4 


J J J 


(0.4, 0.3, 0.2) (0.6, 0.3, 0.2) (0.3, 0.4,0.5) (0.5, 0.3, 0.3) 
Va (G,) = 
J a) V3 M4 


J J J 


(0.6,0.2,0.3) (0.4, 0.3, 0.4) (0.4, 0.2, 0.1) (0.4, 0.5, 0.3) 
f (G,) = 
Y a) V3 Va 


Somen Debnath, Single Valued Neutrosophic Covering-Based Rough Set Model Over Two Universes and Its Application in 
MCDM 


Neutrosophic Sets and Systems, Vol. 53, 2023 489 


J J J 


(0.6,0.3,0.4) (0.5,0.3,0.4) (0.3,0.4,0.5) (0.3, 0.4, 0.2) 
f(G)= 
yy 2) Y3 v4 


For 8 =(0.2, 0.6, 0.6), G and (6) areSVN 3 -coverings over X and Y respectively. 


i B 
Suppose 3 = (0.3, 0.4, 0.3) , then we calculate the SVN £3 -neighborhood Nx foreach x € X as follows: 


alee _ (0.4, 0.3, 0.2) 0 (0.6,0.2,0.3) _ (0.4, 0.3, 0.3) 
‘ M1 vi vi 
~ (0.3,0.4,0.3) ~ (0.3,0.4,0.3) ~ (0.3,0.4,0.3) 0.4,0.2,0.1 ~ (0.3,0.4,0.3) 
N,, =O, N,, =O, Nx, _ (0-4,0.2,0.1) N;, =O 


V3 


= (030403) (9.3, 0.4,0.2)  (0.5,0.3,0.3) _ (0.3,0.4,0.2 0.3,0.4,0.3 
N AOS 02) 10806 03) AO OBO) OS 08) 


M4 4 M4 V4 


%6 


some 3 = ( LLV,Y ) . Then we consider the following properties: 


xP 
(1) Nx (FONE PB eiescn xEeX. 


xB ~B 
(2) Let f be injective and for all x,y,zeEX , if Nx (f(»))=B ant Ny (f(z))2B , 


oe 
then Nx (f(z))2 2. 
(3) For each = (4,V,7), where Vv, 7 €[0,1Jandu+v+7 <3, we can write the following: 


zB 
f(G,)> uf: :G,(x)>B,xeX andiol 2m} 


~ A ~ by 
(4) 1f0< 8, <f,<f, thn Nx CNx fora xeX. 


Proof. (1) Foreachx € X , 


~P 


SE# [AD EEN® ca KOMEN lal aan @) 
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xB ~B 
(2) We have Nyx (f(»)) = aoe 2B and Ny (f(z) = rep D2B . Then for 
(0 a a OO | a G(x)>B>G(y)>B and G(y)>B>G()zh. Thus, 
xB 
Nx (Ff (z)) = ae (z)=B 


(3) By definition 3.5, G;(x)>B=>Nx of (G). 


~B 
Then f(G,)> oh :G,(x)>B,xEX aio} 2.m} 


(4) Foreachxe X, B <P, => {f(G):G(x)>B}>{F(G):G (x)= A}. 


Then Ne =A{F(G,):G (x)= B} CALL (G):G,(x)= B}=Ny forallxe X, 


Proposition 3.8 Let X and Y be two finite universes, f e Sur(X iY ), f be injective and 


~< 


G ={G,G,,G,, site iG} beaSVN # -covering for some B=(“,V,7) .Forall x,yEX , 


wh ~B ~B ~Ph ~Ph ~B ~B 
Nx (f (y))2 BiffNy GNx.So Nx (f(y))> Band Ny (f (x))> BifandonlyifNy =Ne. 


Since, N x (f(x))22 
z =T G, = T > 
R409) a) F(G)F() Tne Gt) = # 
ae y K aoe 
I B a = ma tee at TG )r(v) <v 
reer Moe 
mF ay EL HOMON=, 2, Fraser 5? 
'G;(x)s Fae 
"Gi(x)sr 


Again, forz<€ X, 
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T = A T v,2 A T a 
B f(G) F(z) = S(G)F(z) =P 
7 T. T. : 
N 7 G(x), Gi(y)2u Ny , 
(F(z) see pra v(F(2)) 
¥Gi(x)Sy FGi(y)sy 
I SBM Days en Sa LD geod 
~f F(G)F(z) ~ F(G)F(z) =P 
T, T, 3 
N , G(x>u Gi(y)2u Ny Zz 
(FG) “pee fore »(F(2)) 
"Gi(x)sr "Giy)sr 
F — CR ch FEN AMS et! CA 
=A S(G)F(z) ~ f(G) F(z) =A 
T, T, . 
N G(x)2, Gi(y 2, Ny 4 
(4) “aGre ss »(F(2)) 
FGi(x)sy ¥Gi(y)y 


Therefore, forze X, Ny CN:y. 


(=): For any x, ye X , wehaveNy CN;x, 


Eas Ie zu, 1. 
Ny N 


% os Oe EV; Eg me ie <y 
(F(¥)) Nx(f(z)) ON 


y(fQ)) Nx (f(y) Ny(F(¥)) 


=P 
Therefore, Nx (f(>)) >B. 


m 


x 
Proposition 3.9 Let f €Sur(X,Y) , ff be injective and G={G,,G,,G,, ay ,G \ be -& SVN 


xP 
PB -covering for some B=(1LV,7) .Forall x,y,zeEX ,if f(x)ENy and f(y)EN: ; 


then f (x)eN-. 
Proof. For all x, y,zEX, 
oy ee eG seal ee io See 
f (x)ENy SNy(f (x))= BS Nx CNy and f(y)EN- SNz(f(y))=>BONy Ne. 
ae BY See wP B ip 


Then Nx CNy CN, and BSN: (f(x))<N: (f (x)). Therefore, f(x)eN. . This completes 


the proof. 

4. Construction of Single-valued neutrosophic covering based approximation operators over Two 
Universes 

In this section, a new type of SVN covering based rough set model over two universes for neutrosophic subsets 
is defined and its properties are explored: 


< 
Definition 4.1 Let X and Y be two non-empty finite universes, f € sur(X,Y) and G be a SVN 


B -covering on X for some 2 = ( LV, y) . For eachAe f (Y ) , we define the SVN covering lower 


Z ® 


= 
approximation Go (A) and SVN covering upper approximation G (A) as follows: 
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Ge A)(x)= fir, fr jor ; lt Al bul AF | :xeEX 
4 (: al door) “LL kaon Pr roy 


4 < 
If Go (A) #G (A) , then A is called the SVN covering based rough set. 


Example 4.1.1 Let us consider the two finite umiverses as X Se eee rece , 


Wy xE{x,x,} 
Y ={y,,yo,y3} and f :X > Y, f (x) =4 vo, XE {X5,%,}. 


V3, X = Xs 


LetG = {G,,G,,G,,G,}, where 


J J J J 


x Xy x3 X4 Xs 


ae {(e20s04 (0.5,0.4,0.4) (0.6,0.3,0.7) (0.5,0.6,0.4) 0507.03) 
Pe 


J J J J 


x Xy X3 X4 Xs 


es ae (0.5,0.4,0.6) (0.6,0.4,0.5) (0.7,0.5,0.6) _ 
= 


(0.6,04,0.4) (0.8,0.4,0.6) (0.5,0.5,0.6) 


Vo ¥3 


J 


Vo ¥3 


(0.7,04,0.4) (0.7,0.4,0.5) (0:3,0.6,0.5) 


a) ¥3 


aos | 
oft 0.4, 0.4) (0.6,0.3,0.4) 30283) 
eS | 


J J 


0.6,0.5,0.6) (0.6,0.4,0.5) (0.5, 0.6, 0.4 
al pn eens osu) 
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< ~< 
Clearly, for B = (0.2, 0.7, 0.7), Gand f (6) areSVN {3 -coverings of X and Y respectively. 


See _ (0.6,0.4, 0.4) n (0.5,0.4, 0.4) n (0.7,0.4,0.4) n (0.6,0.5,0.6) _ (0.5,0.5,0.6) 
: y y y y 


~ (02,0707)  (0.6,0.4,0.4 0.5, 0.4, 0.4 0.7,0.4,0.4 0.6,0.5,0.6 0.5, 0.5, 0.6 
BOD ) -(0.5.0-4,04) | ) -(0.6.0.5,0.6) _ (0.5,0.5,06) 


My Vy yy My aT 


x2 


~ (02,0707) (Q.8,0.4,0.6 0.6, 0.3, 0.4 0.7,0.4,0.5 0.6,0.4,0.5 0.6, 0.4, 0.6 
ene ex aK 4 ba 


mc) 


yo 7) Yo Yo Yo 
oo 2 (0.8, 0.4, 0.6) q (0.6, 0.3, 0.4) q (0.7, 0.4, 0.5) q (0.6, 0.4, 0.5) o (0.6, 0.4, 0.6) 
Yo Yo Yo Yo V2 
ie _ (0.5, 0.5, 0.6) A (0.3, 0.7, 0.5) q (0.3, 0.6, 0.5) q (0.5, 0.6, 0.4) ie (0.3, 0.7, 0.6) 
¥3 Y3 ¥3 ¥3 ¥3 


J J 


For 4 =| 030508) (0.4,0.5,0.6) ee 
M1 Y> Vy 


G.(A) (x 


x ‘ Xo ; x3 : X4 ‘ X5 
a 0.5,0.5,0.4) (0.5,0.5,0.4) (0.6,0.6,0.4) (0.6,0.6,0.4) (0.3,0.4,0.4 
é (ayy { 050304 050504) sns04) (nsnsne) on0404)} 
x Xy X3 X4 X5 


Thus, Ge(A)#G (A) 


Some properties of SVN covering-based rough set model over two universes can be presented through the 
following proposition: 


Proposition 4.2 Let X and Y be two nonempty finite universes and f e Sur(X pee ) . Let 


~< 


G={G,,G,,G,, tae /G,,} be a SVN # covering on X for some B=(u,V,7) ; 


where 1, V, 7 € [0,1] and u+Vv + <3. For each A, Be r(x, Y) , we have the following statements: 


(1) G.(¥)=X,G6 (2)=2 
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@ 
@ 


(o) 


(5)G.(AUB) >G.(A)UG.(B),G (ANB) <G (A)NG (B) 


(6) For each x € X, if1-T_, ST yy) STL, ie Slo) S1-1 55 and 
Nx (f(y) : Nx(f(y)) Nx (F(y)) : Nx (f(y)) 
F,  <Fy,S1-F_, forall yeY,thenG.(A)cG (A) 
Nx (f(y) : Nx (f(y) 
Proof. 


(1) Foreachx € X , 


G.(Y)(x) = 


x, A||1-T_ V Tg lg Rb oe lg ME APs (|): X EX He 

( yey ( Sd a x (FO) a vey (09) a ) 

<° 

G (2) (x) = xX, Vv TB ATQ, mG A 1-1 8B Vv 1a | A 1-F_g Vv Fo ) :xEeX = 2(x) 
IEE WET. | ee Nx (f(y) oie gee Nx (f(y) : 


Hence 
G.(Y)=X,G (@)=o 


(2) Foreachx € X , 


Go(A°)(x)=}( a] [1-7 Felt 
| he (: all dl a y| 


Similarly, 
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wa.) 


G (a°)(x)=(6.(4)) (x) 


Then, G,(a°)=(6 (4)] “G (4°) =(6-(4)) 
(3) Foreachxe X , 


G.(ANB)(x) = 


1- ‘i VT . iW I, Al : 7 F , AF -xeEX 
(+ call | "| 7 (F0)) ie | rs (70) ma) 


x, A fir, Yt A fir, Jt : 

Ye Nx (F(y)) ; Nx (F(y)) : 

Vill, Al A| I, Fa Greer Ul presale ae AF Al ol. AF, 
ml (FO) «] cn | mA MFO) «0 f i (F0)) | 


i i 


x, V|T AT A — 
‘yeY| =f AUB(y) |’ yey x AUB(y) |’ 
Nx Nx 
tee (f0) (FO) 


© <o 


(A)(x)UG (B)(~) 


x, V 7, tye ly Te Tn bs 
yer! \ ne (f(y) ; Ne (f(y)) : 
G 


1) wae) <2 


Then, G,(AMB)=G.(A)MG.(B),G (AUB)=G (A)UG (B) 


(4) If ACB, then A(Y)< B(Y) for each y €Y . Foreveryx € X , we have 
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G.(A a5 %, | (LST, VT ,»VII Al, |,V|F AF :xEeX 

(4) ( all i) a | ¥(F0)) 1 | (09) ca) 
<<( x, A} |1-T_ V Tas |p VLE, AL ia Wwe | E AF ys | ji xe X 
( all ad | | Nr) a y| NF) _ ! 


Then, Ge(A)G.(B),G (A) CG (B). 
(5) Sine AC AUB, BCAUB, Af\BCcAand Af(\B CB, then from (4) we can write 


1} 


G.(A)< G.(AUB), Ge(B) ¢G.(AUB), G (ANB) CG (A)and G (ANB) CG (B). 


1} 


Therefore Ge(AU B) > Ge(A)UG.(B),G (ANB) <G (A)NG (B). 


(6) This proof is obvious. 
Proposition 4.3 Let X and Y be two non-empty finite universes and f € Sur(X,Y) . Again, let 
~< 


G={G,,G,,..,G,} be a SVN f -covering on X _ for some B=(“,V,7) 


where J, V,7 € [0,1] andut+v+y<3.ForM e Ft), where F (Y’) denotes the family of all subsets of 


Yandde [0, 1] , we have the following results: 


© o} 


(1) G (M(\A,)=G (M)NAy 


(2) G,(MUA,)= G,(M)UAy 


Proof. (1) Foranyxe€ X , 
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G (MNA,)(x) : 


(x Le “Tuows} se 2, : a, ie (-F:,, : Fao 


=(v/T Ady ghA le A |T=lg - Vig AAA | LHF 5... Vv Eg yar 
(| eo B® ball 9 mY all os a ) 


sie Tuo A ae na rl | A 1-1, ine Al A fi-r, ja 
Nx(y) : Y¥\ Ns (x) ao Nx(y) : oa Nx (y) 


(2) Forevery Zz EX, 


G,(MUA,)(z)= 


AVIS, |Win: ee Sls MOE ge | DE aa gs 
(all a ws sf Ae) wn xf Mel) wv 
StailtTy |Viya val |i a Algavey™| Fa ARs v4 
(all “4, M(2) bs ao | ve. } 
PO gs INP Rea VIN Ae De gs 2 INRA A EN De SE eI NZ AV ign mel | 
| al =. «| a(( om )) [:( ie (2) rl s( ie) I) 


Hence, G,(MUA,)= G,(M)UAy 


5. Matrix Representation of SVN Covering-Based Approximation Operators 

In this section, we have investigated the matrix representations of SVN covering-based lower and upper 
approximation operators and performed some matrix operations on them. Also, the algorithmic representation 
helps to calculate the matrix operations through the computer. 
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Definition 5.1 Let P=(p,) =(Ty,11p,7F,) : and. Q=(4,)=(T, I iF ),_ be two SVN 


dik’ Uk? Vik 


matrices. Then, we perform the following two operations on P = ( DP; ) d Q= (q jk ) /as follows: 


mxn 


PLO= (te oa =(% (Toe Fos AIL, lax PA((IKF, JV Fag}) 6 F= NZ ev 


j=1,2,..,1 


PVO=(Su uu =(A((1-T Ya (Elon PF aF,,)) ,  i=12.,m— |; 


j=12,.,1 


Definition 5.2 Let XS ep Reps and Lay yxy} be two finite universal sets 


and f € Sur(X,Y) . Then the Boolean matrix under SVN environment is denoted by Z; = (z, ) , where 


mx. 


<i 


_ {(L0,0), when f (x,)=y, 
~ |(0,1,1), when f (x,)#y, 


~ 
Definition 5.3 Let X = {hi 2 eee x,, } be a non-empty finite universe and G = {G,, Cae G, | be aSVN 
B -covering on X for some # =(4,V,7) _ Where 1,V,V [0,1] and wt+v+y <3. Then 
< 
Z. = (G j (x, 1 is a matrix representation of G . Also, the Boolean matrix Z Bo (2 i We is calledaSVN 
< 
covering based / -matrix representation of G , where 


ote (1,0,0), when G, (x,) >Pp 
at (0,11), otherwise 


Example 5.3.1 Let X Sy Mig, Xi x,} and YS W5575s} be two non-empty finite universes 


yy xE{x,x,} 
and f : X > Y , where f(x)=4 y.,x€{x,} 


37 XE ee} 
LetG — {G, G,, G;} , where 


= {anes (0.4,0.6,0.4) (0.6,0.3,0.5) ———e 
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J J J J 


x Xy x3 X4 Xs 


fie {(eaesea (0.5,0.8,0.5) (0.6,0.4,0.3) (0.7,0.5,0.6) (02.0304) 
i 


J J J J 


x Xy X3 X4 Xs 


Bi {(920808 (0.5,0.3,0.6) (0.6,0.4,0.5) (0.4,0.6,0.5) osna05)| 
= 


For B= (02; 0.9, 0.7) , G isaSVN / -covering of X . 


Now, 
[ oo» Yo y3 | i G, Gy G, 7 
%:1(1,0,0) (01,1) (0,11) %,} (0.3,0.6,0.5) (0.4,0.6,0.3) (0.2,0.3,0.4) 
%2| (0,11) (1,0,0) (0,11) %2| (0.4,0.6,0.4) (0.5,0.8,0.5) (0.5,0.3,0.6) 
Z;=%s! (0,11) (0,11) (1,0,0) | 2. =%5| (0.6,0.3,0.5) (0.6,0.4,0.3) (0.6,0.4,0.5) 
X4}(1,0,0) (01,1) (0,11) Xs} (0.7,0.5,0.6) (0.7,0.5,0.6) (0.4,0.6,0.5) 
5| (0,11 0,11) (1,0,0 5| (0.4,0.3,0.2 0.7,0.3,0.4) (0.3,0.4,0.5 
a AO | Bak | 
For  =(0.4,0.5,0.6) 
[ 8G Go G, | 
“1 (0,11) (0,11) (0,11) 
%2| (0,11) (0,11) (1,0,0) 
Z(04,05,06) = *3| (1,0,0) (1,0,0) (1,0,0) 
*4| (10,0) (1,0,0) (0,11) 
%5|(1,0,0) (10,0) (0,11) | 


~ 
Proposition 5.4 Let X and Y be two non-empty finite universes, and f € Sur(X,Y). Let G be a SVN 


B -covering on xX for some B= ( LV, ) 
{é) 


where 41, V,7 €[0,lJandu+v-+y <3.Then(Z,) AZ. =Z 
G 


Proof. The proof is simple and straight forward. 
Example 5.4.1 Considering the example 5.3.1, we have 
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[ G G, G, 
%,|(0.3,0.6,0.5) (0.4,0.6,0.3) (0.2,0.3,0.4 
(10,0) (0,11) (01,1) (10,0) (0,1,1)| | (0.4,0.6,0.4) (0.5,0.8,0.5) (0.5,0.3,0.6 


( aa a ) 

( Ls ye ) 

Z -.=|(011) (10,0) (11) (0,11) (0,11) |Ax5] (0.6,0.3,05) (0.6,0.4,0.3) (0.6,0.4,0.5) 
2) 

( ) ) ) 

( ) ( ) ( ) 


(0,11) (011) (10,0) (011) (10,0)| »4](0.7,0.5,0.6) (0.7,0.5,0.6) (0.4,0.6,0.5 
%5| (0.4,0.3,0.2) (0.7,0.3,0.4) (0.3,0.4,0.5) | 


© 


(v(0.3,0,0,0.7,0),A(1,0.6,0.3,1,0.3), (1,0.4,0.5,1,0.2)) — (v(0.4,0,0,0.7,0), A(1,0.8,0.4,1,0.3), A(1,0.5,0.3,1,0.4)) — (v(0.2,0,0,0.4,0), (1, 0.3,0.4,1,0.4), A (1,0.4,0.5,1,0.5)) 
(v(0,0.4,0,0,0), (0.6,1,0.3,0.5,0.3), A(0.5,1,0.5,0.6,0.2)) (v(0,0.5,0,0,0), A(0.6,1,0.4,0.5,0.3), A(0.3,1,0.3,0.6,0.4)) (v(0,0.5,0,0,0), A(0.3,1,0.4,0.6,0.4), A(0.4,1,0.5,0.5,0.5)) 
( 


(v 


0,0,0.6,0,0.4), A (0.6,0.6,1,0.5, 0.1), A(0.5,0.4,1,0.6,1)) — (v(0,0,0.6,0,0.7), A(0.6,0.8,1,0.5,1), A(0.3,0.5,1,0.6,1)) —_ (v(0,0,0.6, 0, 0.3), A(0.3, 0.3,1,0.6,1), (0.4, 0.6,1,0.5,1)) 


(0.7,0.3,0.2) (0.7,0.3,0.4) (0.4,0.3,0.4) 
=| (0.4,0.3,0.2) (0.5,0.3,0.3) (0.5, 0.3, 0.4) 
(0.6,0.5,0.4) (0.7,0.5,0.3) (0.6,0.3,0.4) 


Proposition 5.5 Let X = oi Xo pees x, and Y= {y Poe y,} be two non-empty finite universal sets 
< 
Ff €Sur(X,Y) andG = {G, Gajors G,} be aSVN £ -covering on X for some / = (LV,7), where 


= 
LLVVE [0, 1] andu+v+y <3.1f Z,bea  -matrix representation of G, Z , be a matrix representation 


x 
of f ,and Z_ be a matrix representation of G , then 
G 


Z,V((Z, y az, i = [x (»)) . 


Proof. This proof is simple and obvious. 
Example 5.5.1 With reference to example 5.3.1 and the continuation of example 5.4.1, we have 


| (0,1,1) (0,11) (0,11) ; 
-B (0,11) (011) (1,0,0)| | (0-7,0.3,0.2) (0.4,0.3,0.2) (0.6,0.5,0.4) 
[.(>,)}- (1,0,0) (1,0,0) (1,0,0)| V| (0-7,0.3,0.4) (0.5,0.3,0.3) (0.7, 0.5,0.3) 
(1,0,0) (1,0,0) (0,1,1) (0.4, 0.3,0.4) (0.5,0.3,0.4) (0.6,0.3,0.4) | 
|(1,0,0) (1,0,0) (0,1,1) | 
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(1,0.3,0.4) — (1,0.5,0.4) (1, 0.5,0.4) 
(0.4,0.3,0.4) (0.5,0.3,0.4) (0.6,0.5,0.4) 
(0.4,0,0) (0.4,0,0) —— (0.6,0,0) 
(0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) 
| (0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) | 


Proposition 5.6 Let X = er Mi pees x,,} and Y = hy Visi y,} be two non-empty finite universal sets 
x 
f €Sur(X,Y) andG = {G, Ge jbny G,} be aSVN £ -covering on X for some f = (LV,7), where 
< 
LLVVE [0, 1] andu+v+y <3.1f Z,bea  -matrix representation of G, Z , be a matrix representation 


< 
of f,and Z_ be a matrix representation of G , thenforeach X € F (Y ), we have 
G 


7 C) 


6.(x)-[2,0((2,) a2.) ]¥2 é'(x)-[2,0((Z,)92,) ]az where 


Zx =(X(¥)), 


Proof. It is obvious. 


2° 


~ 
Example 5.6.1 Ina continuation of example 5.5.1, we can obtain G, (Xx ) and G (x ) as follows: 


| (1,0.3,0.4) (1,0.5,0.4) —(1,0.5,0.4) 
(0.4,0.3,0.4) (0.5,0.3,0.4) (0.6,0.5,0.4) | { (0.3,0.4,0.5) 
G,(X)=| (04,00) (0.4,0,0) — (0.6,0,0)_|V| (0.2,0.5,0.6) 
0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) | | (0.5,0.7,0.4) 
0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) | 


0.2,0.5,0.4 
0.5,0.5,0.4 
=| (0.5,0,0) 

(0.3, 0.3,0.4) 
| (0.3, 0.3, 0.4) | 


( ) 
L( ) 

)) 

( ) 
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(1,0.3,0.4) — (1,0.5,0.4) — (10.5, 0.4) 
(0.4,0.3,0.4) (0.5,0.3,0.4) (0.6,0.5,0.4) | | (0.3,0.4,0.5) 
G (X)= (0.4, 0,0) (0.4,0,0) (0.6,0,0) A} (0.2,0.5,0.6) 
(0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) | | (0.5,0.7,0.4) 
| (0.7,0.3,0.4) (0.4,0.3,0.4) (0.6,0.3,0.4) | 


| (0.5, 0.5, 0.6) | 
(0.5,0.7,0.6) 
21 .40:5,11) 
(0.5,0.7,0.6) 
| (0.5,0.7,0.6) | 


Clearly, G,(X)#G (X) 


6. Application of SVN Covering Based Rough Set Model over Two Universes in MCDM Problem 
Multiple-criteria decision-making (MCDM) is a scientific approach that is useful to evaluate an optimal 
alternative under certain criteria or attributes. It is taken care of while evaluating the multiple conflicting 
criteria. Due to the uncertainty involved in many decision-making problems, makes the decision model more 
complex, and to overcome such type and reach a better decision, we need to consider a multiple-criteria model 
that provides a better option for the decision-makers to select the best option. Over the years, a variety of 
methods and approaches are developed to implement MCDM in many fields to enhance the decision-making 
approach. According to the traditional approach to MCDM, we select the best alternative according to the 
attribute values. But in modern MCDM methods, the selection of the best alternative is done according to the 
profitdoss type attribute values. So, the modern MCDM approaches are more flexible and powerful than the 
traditional approaches. The MCDM methods include TOPSIS, DEA, AHP, ANP, MULTIMOORA, etc. 

In this section, we put forward an attempt to initiate a new approach to MCDM problems based on SVN 
covering-based rough set over two universes. For this, we describe the following MCDM problem: 


Let X = ay Aeyivg xt be the set of mm patients and Y = {yp Vijay y, } be the set of 1 diseases. Again, 


~ 


let G ={G, Gap G,} be the set of diagnosis set, it is also known as SVN # -covering on X for 
some B=(“,V,7) _ Where uv, y [0,1] and w+vt+y<3. Let fesur(X,Y) such 
that f (x,)= y, where i =1, 2,..,mand j =1,2,...,n. We claim that f partitions X into n classes. 


Therefore, to identify the disease of patients through diagnosis, the set of doctors (experts) specifies a suitable 
diagnosis scores line according to the symptoms of all the patients. For this, we set a 


suitable 2 = via( Asal Jan [vist Jou[ Mia, . It can be easily verified that 
G(x) G; (x) G;(%) 
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< 
G is a SVN B -covering on XxX . Afterward, we obtain 


#4. \(»,)- Vv / oe A Ps. 5 A F. which denotes the 
(eX )a(xses™(y,)) G,(x;) (xeX)V(xsef7(;)) G,(x;) (xeX)v(xsef7(y;)) G,(x;) 


og «Bb < 
degree of criteria G, to the diseases y,. Also, Ni, (y :) SAP Ge ;) denotes the possibility of the 


G,(x)28 


patient x; having a disease y i 


Moreover, for a given criterion M over a SVN set of the universe Y , the SVN covering-based lower 
~< ro] B 
approximation G, (M ) of M denotes the neighborhood degree of M and Nz, . And the SVN 


<° ~B 


covering-based upper approximation G (M ) of M denotes the degree of intersection of M andN,,. If 


< z ° 


G, (M )(x;) <Band G (M )(x,) < B , then the patient x; does not satisfied with the attribute M . 


Otherwise, if G, (M )(%;) > PB and G (M )(x;) > f , then the patient x; satisfies the criteria. 


To implement the MCDM process, we consider the following steps: 


~ 
Input: Assuming the SVN _ information system [x Se G] over two universes for MCDM problem 
_ f €Sur(X,Y) anda criteria value 3 = (V7), where /l,V,/ € [O,1Janduwtv+y a3: 


Computations: 


Step 1: Construct a SVN covering-based rough set model over two universes. 


~< 
Step2: Calculate the SVN covering-based lower approximation GC, (M) and the SVN covering-based upper 


a) 


approximation ? (M ) for the criterion M (defined by the SVN set of the universe Y ) provided by the hospital. 

< eed 

Step 3: If G, (M )(x,)v G (M )(x,) < f, then the patient x, cannot be diagnosed to detect the disease 
y , under the critical value / . 


< ig, 2 


Step 4:7, G, (M )(x, ) Vv oG (M )(x,) 2 3, then the patient x; be diagnosed to detect the disease , under 
the critical value (2. 


Step 5: Rank the alternatives to select the patient who needs a diagnosis to detect a certain disease. 
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Output: Ranking orders of all the alternatives. 


7. Conclusions and Future Scope 

The notion of a single-valued neutrosophic /f -covering set is introduced by Wang et al.e639 which makes a 
connection between a single-valued neutrosophic set and a covering-based rough set. Using this concept, in this 
paper, a new type of SVN covering-based rough set model over two universes is developed. We also introduce 
SVN £ -covering rough set model over two universes with an aid of SVN 3 -neighborhood and studied some 


of its properties. Furthermore, we have presented the matrix representations of the SVN covering-based lower 
and upper approximation operators. Finally, we give a method for MCDM under the SVN £3 -covering-based 
lower and upper approximation operators over two universes. 
Inthe future, to handle more critical decision-making problems, we can extend the proposed model by replacing 
the SVN covering information with the refined single-valued neutrosophic(RSVN) and quadripartitioned 
single-valued neutrosophic(QSVN) covering information and use them to develop TOPSIS, AHP, 
MULTIMOORA method in the MADM, MCDM, MCGDM, MAGDM problems. Topology and Entropy-based 
study in the same setting can also be possible to develop soon. To handle the parametric information, we can add 
the flavor of the soft set and hypersoft set in the present study to make it more flexible to encounter the uncertain 
information in a sophisticated way. 
Conflicts of Interest: The author declares no conflict of interests with anyone. 
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Abstract. In this paper, the number of neutrosophic topological spaces having two, three, and four open sets 


X47 whose membership values lies in MN?. Further, the number of neutrosophic 


are computed for a finite set 
bitopological spaces and neutrosophic tritopological spaces having €(t = 2,3, 4) neutrosophic open sets on finite 


sets are computed. 


Keywords: : Neutrosophic Set; Neutrosophic Topology; Two Open Set; Three Open Set; Four Open Set. 


1. Introduction 


Finding the number of topologies in a set is an interesting task. Many authors have done 
their work in this field. Krishnamurty obtained a sharper bound namely 2""~)) for the 
number of distinct topologies. Sharp |2) shows that only discrete topology has cardinal greater 
than 39" and derived bounds for the cardinality of topologies which are connected, non- 
connected, non-Yg, and some more. After obtaining all non-homeomorphic topologies with n 
points and > 2" open sets, Stanley |3} also determined which of these are Y. The concept 
of partial chain topologies supported Kamel |4] to formulate a special case for computing the 
number of chain topologies and maximal elements with natural generalization. Ragnarsson et 
al. [5], have also studied obtainable sizes of topologies on a finite set. Benoumhani (6| computed 
the number of topologies having 2,3,...,12-open sets, and also Y topologies having n+4,n+5, 
and n+ 6 open sets. These results are extended in [7]. 

Later on, Benoumhani et al. extended their work to fuzzy topological spaces (FTS). 
They computed the number of FTS having 2, 3,4, and 5-open sets and certain cases, where the 
number of open sets is large. Basumatary et al. (9| discussed the number of fuzzy bitopological 


spaces and gave some formulae. 
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After the generalization of the fuzzy set from crisp set and intuitionistic fuzzy set ; 
Smarandache discovered the concept of the neutrosophic set by combining the fuzzy set and 
intuitionistic fuzzy set. Since the introduction of the NS (Neutrosophic set) by Smarandache 
(12, several authors have contributed their work in science and technology by taking NS 
as a tool. Wang studied single-valued NSs in multiset and multistructure. Salama et 
al. studied the neutrosophic topological spaces (NTS). Lupidfiez investigated NTS. 
Mwchahary et al. studied neutrosophic bitopological space (NBTS). Devi et al. and 
Ozturk et al. also discussed NBTS. Kelly and Kovar introduced the notion of 
bitopological space and tritopological space respectively. The neutrosophic crisp tri-topological 
spaces are studied by Al-Hamido et al. [24]. 

Ishtiaq et al. studied fixed-point results in orthogonal neutrosophic metric spaces 
and also certain new aspects in fuzzy fixed-point theory. Ali et al. discussed solving 
nonlinear fractional differential equations for contractive and weakly compatible mappings in 
neutrosophic metric spaces. Hussain et al. worked on some new aspects of the intuitionistic 
fuzzy and neutrosophic fixed point theory. Javed et al. studied the fuzzy b-metric-like 
spaces. Hussain et al. studied the pentagonal controlled fuzzy metric spaces with an 
application to dynamic market equilibrium. 

From the literature survey, it is observed that generally finding the number of topologies 
(NoTs) for a set is not an easy task. Because of this current authors started research work in 
this area. This article discusses formulae for calculating the NNTSs (number of NTSs) with 
2,3, or 4-open sets, as well as the NNBTSs (number of NBTSs) and NNTRSs (number of 
neutrosophic tritopological spaces) with the same number of open sets in topologies. 

Let XN? be a non-empty finite set, M7 be the finite totally ordered set with |M‘47| = m > 2 
and WZ be a set that contains all the neutrosophic subsets (NSubs) of XN? with membership 
values in MN’. 

Note that in this paper ZN? (n,m, €) denotes NNTSs on XX? with [XN7| = n and & 
open sets, (FAT, TNT) (n, m, €) and (FP re? ayn (te, €) denotes NNBTSs and 
NNTRSs respectively on X‘7 consisting t-open sets in topologies at a time where n,m, ¢ € N, 
n>1,m>2andt> 2. 


2. Preliminaries 


Definition 2.1. On a universe of discourse XN? a NS YUNT is defined as UN? = 
u . - yNT NT JNT PNT . yNT eee = 
CGRTG)T Rate ° % © XO"), where Ty Ags Fy": XO" 410,17. Here “0 


Ty? (w) +17 (w)t+ FY? (wu) < 3+; TY? (wz) represents degree of membership function, Ij’? (z) 


IA 


degree of indeterminacy and Fi" (w) degree of non-membership function. 
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Definition 2.2. Le gee Ne ? then FN? is called a neutrosophic topology (NT) 
on X47 if 

0 ONT ANT € GANT 

ose re eo" forany 1 Ae emt, 

e UUNT € NT’ for arbitrary family {UN? :ie PE NT. 
The pair (XN7, 77) is called NTS and any NS in FN” is called NOS (neutrosophic open 


set) in XT. 


Definition 2.3. Let 9," and 9°" be the two NTson X"?. Then GQ? oP" oy" 7) 
is called a NBTS. 


Example 2.4. If X°? = {w,v,w} and if @X? = {0%F,1°7 30") and gf? = 
foNe 1 SY vw here 
NT _ u uv NT _ u u w 
ih = COW AINROEDE (0.5,0.2,0.3)? a0 aoa) = (wap s0I) (0.1,0.2,0.3)? 060505)" 


Then (X"? ,.9;°7) and (X"7 .9,"7) fom NTS. Therefore, (C"? 9/9" 9)"7 ) ia, NETS. 


Definition 2.5. Let FN?,GN? and FN? be the three NTs on X47. Then 


(XNF FN? INT, ZN?) is called a neutrosophic tritopological space (NTRS). 


Example 2.6. 1f X°? = {w,#,w} and consider 9? = {0°",1°7 107), GO? = 
{ONT INT NT} and NT = {ONT ANT WNT}. 

NT u vu w NT u vu w 
Here, Up" = (wrO TOS) (0.5,0.2,0.3)’ 030603)! ity (wensoay (0.7,0,0.2)” CEXONRUND EE 


yf NT —_ ( u u w. ) 
3 (0.5,0.2,0.3) ? (0.2,0.1,0.2) ? (0.1,0,0.1) /* 
Then ("9"), ("9s | end ONT og.) term NTS. 


Therefore (X"", g/"" 38" .93" ) 48. @ NTRS. In this case, OO" 9)" =a) ae 


NTRS having 3-NOS in each of the topologies. 


3. Results on NNTS 


Proposition 3.1. The NNTs (Number of Neutrosophic Topologies) on XN’, whose member- 


ship values lies in MN’, is finite if and only if both XN? and MX? are finite. 
Result 3.2. The NNTSs having 2-NOS is one i.e., FX" (n, m, 2) = 1. 
The NT having 2-open set is the indiscrete NT which is HN? = {047,147}. 


Result 3.3. The NNTs having 3-NOS is m" — 2 i.e., FN? (n,m, 3) = m" — 2. 


These NTs necessarily consists of a chain containing 0N7,1%7 and any one NSub of X%7. 


In this case NTs are in the chain, of the form ON? C UN? C IN? (YT is any NSub of XN. 
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Example 3.4. Let XN? = {w,v} and MN? = {(0,1,1), (0.6,0.1, 0.2), (1,0,0)}. It is seen 
that; (X*7| =n=2, (MM? | =m =3. 
Then number of elements in Ng Le., [NZ | = 3 = 9. These are 
NT 14NT NT _ i u u NE u uv 
Ome A = ~ (wip ), i = (Wao 103) CRRSDEE 


NT _ tt vu NT _ u u 
As _ (wen T0D) Toy) ig = (omy ory) 


(ory: (0.60.10) 3" 


NT u 
a) (wenT0D) 50103) 


ure a (Top 060.103)" 

80, 77 (2,3,4)= 2" -2=7. 

The NTs having 3-open sets are: 
GANT = {ONT ANT NT}, GNT = {ONT ANT NT} ONT = {ONT ANT NT}, 
GANT = {ONT ANT NT}, ANT = {ONT ANT NT} ZANT = {ONT INT NT} 


Saad = fo, i Ae 


Result 3.5. An arbitrary NT with 4-NOSs is an NT consisting of 1N7,0%7 and other two 
NSubs. These NSubs are either chain of 2-elements or anti-chain of 2-elements having 1NT 


and ONT as union and intersection respectively. 


Theorem 3.6. In Ae = NZ — {ONT 1NT}, the number of chains (NCs) of length 2 is 
obtained by 
c2( MZ) = (™E*)" — 8m" + 3. 


Corollary 3.7. In WZ , the NCs of length 4 having both ON? and 17 is same as c2(MgZ ). 


Lemma 3.8. In WZ , the number of anti-chains (NACs) of size 2 (having 2-elements) with 


INT as union and OX" as intersection is 2°—! — 1. 


Corollary 3.9. The NAC NTs of Ne consisting of 4-open set is 2"-! — 1. 


Theorem 3.10. The NNTs in WZ with 4-NOSss is 


n 
Te aA) = (232) 3m" + 2-1 4 2. 


Follow Cor. and Cor. [3.9] for the prove of theorem. 


Example 3.11. Let, XY? = {w,v} and MNT = {(0,1, 1), (0.1, 0.3, 0.8), (1,0,0)}. Therefore 
|Z | = 3? = 9. These NSubs are 


NT _ u vu ND u ia NT _ u vu 

0 = (wip CUBES 1 4 (moo , Toy) uy ~~ (wip 10508) 
NT _ u u fy on u vu NT _ u vu 

it > (@iay (10,0)? ih _ (@i0308) (iy) ty a (wi0308) (01,0308)? 
NT _ u vu NT _ u vu NT _ u vu 

As _ (@res08) Tha0)) LG ~~ (mom? orp) i; _ (Tomy? 10508): 


In this case, n = 2, m = 3, 
Therefore, FT (2,3, 4) = (2ee0)" 3.32 422-142 = 6? — 23 = 13. 
These NTs with 4-NOSs are 

GNT = {ONT ANT NT NTH, FNT = {ONT ANT NT NTH, 
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ge = fone, rr sr Ae ge = fons, 1A At 
gfe = 1%, Ye ST ee ge = fo er Se 
ag = fo’ 1 SE Fae = for. 1 ee Se 
a = fee 1 es es = fn, 1 AE Sle te 
S Fi = fo", 1 Ae a = fo, ae Se ee 


TNT = {ONT ANT UNT NT}, 
Here, the only anti-chain NTs in Ne is Fe NT with ON” and 1%” as intersection and union 


respectively. 


4. Results on NNBTS 


In this section, the NBTS having 3-NOSs in both NTs and the NBTS having 3-NOSs in both 
NTs without repetition means NBTS of the form (X*7, FN?, ao), where FN? ‘o) es are 
identical or non-identical topologies, and non-identical topologies having 3-NOSs respectively. 


A similar meaning is used for 4-NOSs. 


Result 4.1. In Ne, the NNBTS with two NOSs in both the NTs is 


(FAT, TPT)" (n,m, 2) = 1. 


From Result Ff (n,m,2) = 1, which is the indiscrete topology FN? = {ONT 147}. 
Hence, NBTS with ee iswnly one te, (37 97g 


Result 4.2. In WZ , the NNBTSs having 3-NOSs in both NTs is 


(FET, TPP VYT( 


— (FNT(a,m,3)+1) _ m2"—3m"+2 
nym, 3) = (“My ) = a. 


Example 4.3. Example |3.4] gives FO 38) = 7. 
Therefore, (F747, FN) (2, 3, 3) = (ae eal y= 28. 


Then, these NBTSs are 


rr, Z oa ee? (eg Ae soe), Oo Yaa eo Ce og), 
CNT. NT. ge), CONT GNI le ey Go), 

(ee Ye ao), (KAT gNT. oP), OS ee ius ), ON ge ge), 
ne, ee SP aae Oo, ae oF), 

(xT ge, ge), Owe, ee Ge), (ONT 9 Te. oe); (Xt ge oe), 
pees a aaa 

i. aw alam ieee e.Gueee Ge, faa ees a ae), ese, i oan 
oe go go), Oo, ge oo), oe, geo) 

oe, fae a), on fie gS). 

(nee, Gage, 


Result 4.4. In AZ the NNBTSs having 3-NOSs in both NTs without repetition is 
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Example 4.5. Following Example[3.4] and Result , the number of NBTSs without repeti- 


tion is 


Result 4.6. The NNBTSs in NZ , consisting 4-NOSs in both the NT is 


{(0, 1, 1), (0.1, 0.3, 0.8), (1,0, 0)}. 


{u,v} and MNT = 


Example 4.7. Let XN? 
Then, %N7 (2, 3, 4) 


and the NNBTSs is 


These NBTSs are 


i] 


Ore: ae we. Gee a oo), ee. Gt ee), Oe Fee a) 


? 


ie. aes a a), Cs, a ae, Oe, ot Te), (eg, oe 


i] 


ae, TF, ae) oo, gi. ge): on, Gg), '¢ Go ae a) 


’ 


(Ne. a at (xe, ge a Ne), oe, go, ee Ae eae 


) 


(ae, Ga , a): ae alae qe) oe, A ees Fae (ge as 


d 


eee a. oi, (xt a, ae. xe, G7 ge), Ot a. ge) 


Oe, a a), eae oa ae Oe, age), (tae Gi 


(KNT, INT, TNT), (HNP INT, TET), (WNT INT, TNT), 


i] 


(ae, ge, gp), Oe, oe. go), Cue Gt oo |. (Or es a) 


Oe ge. ae), co. gr. a) oo ot a), (ae a). 


0. GARIN Fleaees Fa Pn. Gules ms eae 


i] 


(ne, ge", ge"), On, 7 ae a), eee Gg) no ae 


’ 


Oe ge oa"). oe a, Dae): Oe. ga), OM ae, Gn) 


(KAT, INT, 87), 


i] 


ce, ge ge), GOs, iy uae eee ip cum Paes Page F aie ae gee) 


? 


’ 


(KNT, TPT, FNP), (NT, INT, TNT), (NT, INT, TNT), (KT, TPT, FB), 


(ane, oe aaa Oe, Sa ge, Oe. oF a), ge ie 


ne, ee a Or, ge, vega Or, ae aE 


oe a oo). oe, ge gt oe, oP on 0 ines ean a 


13 


or Cee ao): eG Se Tins ON Ce New Sarre Aa a, 


le. Sue a. Seca f Oe, GPs, 727) 


(XAT, Fy", FB"), 


B. Basumatary, J. Basumatary, Number of Neutrosophic Topological Spaces on Finite Set 


with €<40O 


pen Sets 


Neutrosophic Sets and Systems, Vol. 53, 2023 $14 


eee on a), On” & Ty a Ces, To as a): 
(.Gaaee A Fa Sead . (Xho GNI oe (te i 

(ee Fe. ae Ge" .g FANT ae 

On, FZ, ae Aeee 


Result 4.8. In AS the NNBTSs having 4-NOSs in both NTs without repetition is 


GNT 
(INT TPT VAT (nm, 4) = (FROM), 


Example 4.9. Following Example and result the number of NBTSs without repeti- 


tion is 78 = (Fe 23.4) _ . 


5. Results on NNTRS 


In this section, the NTRS having 3-NOS in three NTs and the NTRS having 3-NOS 


in three NTs without repetition means NTRS of the form (X‘?, 7% ee T GNT) where 
cea a, a tO, T are identical or non-identical topologies and non-identical topologies having 


3-NOS respectively. A similar meaning is used for 4-NOS. 


Result 5.1. In Ng the NNTRS consisting 2-NOSs in three NT is 
(FAT, TPT TR) 87 (n,m, 2) = 1. 


In this case NT with 2-NOSs is the indiscrete one i.e, FN? = {ON7,1N?}. Therefore, 
NNTRS with 2-NOSs is exactly one, namely (XN7,F,N7,FN7, FN). 


Result 5.2. The NNTRSs consisting 3-NOSs in all three NT in Ne is 


(ge: ie Pie a 


n,m, 3) = Ge ema) 


Example 5.3. Example|8.4]implies (7 (97 (2,3,3) = 7: 
Therefore, (77, a 7 2 23.3) = (Fa sie) = eee — B4. 


Result 5.4. The NNTRSs consisting 3-NOSs in all three NT without repetition in Ag is 


GNT 
Ga oS Pam aa= = 3"), 


Example 5.5. From Example|3.4| Z FXT (2, 3,3) = 7. In this case, the NTRSs having 3-NOSs 
in three NTs without repetition are 
(XNT ANT ONT GANT), (XNT,G NT, ONT TNT), (MNT, NT ONT, NT), 
(XAT GANT, ANT, 9.7) (XNT GNT G.NT GNT), 


wg apt), b Chey ae gt oN?) Gee, ues Gas Le 


d 


? 


( 
ON" go GANT. gNT ae) 
(go gor), Cee, GNP. gt Fe as oo ae, 
Ce a gee. (a?) CNT, a. at a), 


NT NT NT NT 
(XNA 16 Fz): 
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NT gNT Gg NT GNT 
(a Fe Fg Fe) 


? 


NT NT NT NT 
Oe Ie Ta Ie), 


(XAT, GNT, G NT, G-NT), es GANT, FN 98) (XAT, ONT, G NT, GT), 
(XNT ONT GANT GN), (XNT INT GNT GNT), 
Oe ge gf ie , 
(XAT GAT ONT GANT), (KNT GNT GT, ZN), 
(XAT, FNT, GNT, G-NT), 
(XNT GANT GNT GNT), 
Therefore, the NNTRSs consisting 3-NOSs in all three NTs without repetition is 


Og a eae =) 


Result 5.6. (FAT, FST, FZPP)NT (n,m, 3) = (GAT, GPT)Y? (a, m, 3). 


Example 5.7. From Example [4.3] and [5.3] we have, 
(FAT, TNT )ZT (2, 3,3) = 28 and (FAT, TPT, FA7)27 (2, 3,3) = 84. 


Therere 7 88) Ss ke BH Oe eae). 


Result 5.8. In NS the NNTRSs consisting 4-NOSs in three NTs is 


ge, a gee 


nm, 4) = (Feo OymO4), 


Example 5.9. Example implies, 
NEO S.A) 18: 
Then the NNTRS having 4-NOSs is 


(FIT, gue TNT)NT (2, 3,4) = (een) _ cee = aby. 


Result 5.10. The NNTRSs consisting 4-NOSs in all three NT without repetition in Ne is 


cee eee oo ye ( 


n,m, 4) = (Fe cna) . 


Example 5.11. From Example 3.11 FST (2,3,4) = 13. Following Example 
and result |5.10} [5.10] the NNTRSs consisting 4-NOSs in all three NT without repetition is 
(777 77 og Se (2,3,4) = 286. 


GNT 
Result 5.12. (NT, TNT, TATOT (n,m, 4) = OM) gnr gNTVNT (n,m, 4). 


Example 5.13. From Examples [8.11] [4.7] and [5.9| we have 


FANT (2,3, 4) = 13, (FAT, TAT)RT (2, 3,4) = 91 and (GFA7, 7)? , FY? )Y7 (2,3, 4) = 455. 
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Therefore, 


GNT 
Ge CBO (GNT, GNTINT (9, 3A) = 1822 x 91 = 455 = (GT, INT, ONT)NT (2, 3,4). 


t aed A t 


6. Effective of the proposed method 


The formula for giving the number of topologies T(n) is still not obtained for a finite set 
X having n elements. If n is small, then we can compute it by hand. But the difficulty 
increases when n becomes large. Studying this particular area is also a highly valued part of 
the topology, and this is one of the fascinating and challenging research areas. Note that the 
explicit formula for finding the number of topologies is undetermined till now. This paper is 
towards the formulae for finding the number of neutrosophic topological spaces having 2, 3, 4- 
open sets, the number of neutrosophic bitopological spaces, and tritopological spaces having 


the same number of open sets in topologies. 


7. Conclusions 


In this paper, the NNTSs consisting of small NOSs i.e., 2,3, and 4-open sets are computed. 
Moreover, the NNBTSs and NNTRSs are computed. It is also observed that formulae for 
finding NNTSs, NNBTSs, and NNTRSs are interrelated. Hope this work will help in further 
study of NNTSs with greater open sets. In the future, the NNBTSs having k, /-open sets and 
the NNTRSs having k,/,#z-open sets can be found where k 4 1 4 m. Moreover, we aim to 
extend our work to study the existence of NNTSs in the topological group. 
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Abstract: In this paper introduce the homomorphism, isomorphism, weak isomorphism and co-weak isomorphism 
of Neutrosophic over topologized graphs. Some properties of isomorphism are introduced. The isomorphism of Neu- 
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1 Introduction 


In 1965 Zadeh [12] was invent the idea of a fuzzy set as a mathematical frame work for represent- 
ing vagueness and imprecise information. Rosenfield (1975) introduced the notion of fuzzy graph [10]. Fuzzy 
graphs have numerous applications in diverse parts of science and engineering like broad cost communications 
producing, social network. Attanassov introduced the concept of intuitionstic fuzzy set as a gerealization of 
fuzzy sets [2]. Many researchers established and studied about fuzzy graphs and Intuitionstic fuzzy graphs 
in[1].Neutrosophic set proposed by Smarandache [11,13,14] is a powerful tool for dealing incomplete , in- 
consistance, imprecision, uncertain, false and inderminate problems in the real world whenever the fuzzy and 
intuitionstic fuzzy approches fail in such type of situation. Also he extended the neutrosophic set respec- 
tively to Neutrosophic Overset when some neutrosophic component is > 1, to Neutrosophic Underset when 
some neutrosophic component is < 0, and to Neutrosophic Offset when some neutrosophic components are 
off the interval [0, 1], i.e. some neutrosophic component > | and other neutrosophic component < 0. since 
our real-world has numerous examples and applications of over-/under-/off-neutrosophic components[4,5,6]. 
Later, Narmada Devi [15,16,17,18,19,20,21,22,23] worked on new type of Neutrosophic over, Neutrosophic 
off graph and minimal domination via Neutrosophic over graph and Neutrosophic over topologized graph. In 
this paper, we introduce the notion of homomorphism and isomorphism between Neutrosophic over topolo- 
gized graphs. 


2 Preliminiaries 


Definition 2.1. [3] A topologized graph is a topological space 2 such that 


G.Muthumari and R. Narmada Devi Application Of Some Topological Indices In Neutrosophic over 
Topologized Graphs 


Neutrosophic Sets and Systems, Vol. 53, 2023 520 


(i) every singleton is open or closed 
(ii) Vx € 2, |O(x)| < 2, since 0(x) is denoted by the boundary of a point x. 


Definition 2.2. [16] A single-valued neutrosophic over set A is defined as A = (X, (7 (x), 4(x), F(x))), 2 € 
X such that there exist some elements in A that have atleast one neutrosophic component that is > 1 and 
no element has neutrosophic components that are < 0 and 7(x),.4(x), F(x) € [0,2], where ( is called 
overlimit such thatO0 << 1 <Q. 


Definition 2.3. [16] A Neutrosophic over graph G = (P,Q) on a crisp graph G* where P is an neutrosophic 
vertex over set on V and Q is a neutrosophic edge over set on E respectively such that 


(i) FQ (mn) < [-Fp(m) A Fp(n)]| 
(ii) %Q (mn) < [Fp(m) A ¥p(n)]| 


(iti) Fg (mn) > [|Fp(m) V Fp(n)|| forevery mn € ECV XV. 


3  Homomorphism of Neutrosophic over Topologized Graphs 


Definition 3.1. Let G = (A, B) be a Neutrosophic over topologized graph [In short Neutrosophic over top 
graph] . The order of G denoted by O(G) is defined as O(G) = (Or(G), O7(G), Or (G)), where 
O7(G) = > T,4(v) denotes the T’—order of G, 


vEV 
O7(G) = >> L,4(v) denotes the J—order of G, 


vEeV 
Or(G) = Y> F4(v) denotes the F'—order of G. 
vEV 


Definition 3.2. Let G = (A, B) be a Neutrosophic over top graph. The size of G denoted by S(G) is defined 
as S(G) = (S7(G), S1(G), Sr(G)), where 
S7(G) = > Tp(ui,v;) denotes the T—size of G, 


UiFAV; 


Sr(G) = >> Ip(v;,v;) denotes the [—size of G, 
ViFV; 

Sr(G) = >> Fe(v;,v;) denotes the F—size of G, 
UiFV; 


Definition 3.3. Let G and G2 be the Neutrosophic over top graphs. A homomorphism f : G; — G2 is a map 
f : Vi — V2 which satisfies the following conditions 
(a) Ta, (1) = Ta, (f(#1)); La, (1) = La, (f(@1)), Far (11) = Fa, (f(21)) 
(6) Tp, (tiy1) = Te, (f (21) f(Y1)), La, (@1y1) = Ta. (f(@1) fm), Fe, (tim) = Fe, (f (21) f(y), 
Va, EV, t1y1 € Fy 


Definition 3.4. Let G; and G» be the Neutrosophic over top graphs. Isomorphism f : G; — Gp» is a map 
f : Vi + V2 which is a bijective mapping that satisfies the following conditions 
() Ta, (#1) = Ta, (f(@1)), La, (@1) = La. (F (01); Far (@1) = Fa, (f(a), 
(tt) Tp, (e191) = Te.(f (21) f(y), Le (tim) = La, (F (1) £1), Fa (tm) = Fa. (f(e1) f(y), 
Vt, € Vi, t1y1 € Ey 
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Definition 3.5. Let G, and G2 be the Neutrosophic over top graphs. Then a weak isomorphism f : G; — G2 
is bijective mapping f : V; — V2 which satisfies the following conditions 


(1) f is homomorphism 
(2) Ta, (#1) = Ta, (f(@1)), La, (1) = La, (f (#1) and Fa, (v1) = Fla, (f(#1)), Warr € Vi. 
Thus, a weak isomorphism preserves the weights of the vertex but not necessarily the weight of the edges. 


Theorem 3.1. For any two isomorphic Neutrosophic over top graphs their order and size are same. 
Proof: If f : G; — G2 is an isomorphism between the Neutrosophic over top graphs G and G» with the 
underlying sets V; and V2 respectively. 
(7) Ta, (#1) = Ti, (f(@1)), La, (@1) = La, (Ff (21) and Fa, (21) = Fa, (f(@1)), Vt1 € Vi 
(it) Ta, (t1m1) = Te, (f(t) f(y), La, (t1m1) = La, (f (a1) fm), Fe, (wim) = Fe,(f(e1) f(y), Very € Fi 


(2) order of G = (O7(G‘1), O7(G1), Or (G1)) 


= (x Ta(x), 5° La(a), 5° rate) 


xEV xEeV xrEeV 
= (> Ta(f(z)), ¥5 Ta(f(2)), do raise) 
= (Or(G2), Or(G2), Or(Ga)) 
= 0(Gs) 


(tt) S = (Sr(G1), S1(Gi), Sr(G1)) 


= (x Tp, (x1y1), S- Tp, (@1y1), S° Fate) 


r1EVy r1EVy rEVy 


-( SY) Tp, (f(e1), flu), S> Ta (F le), fm), >2 Fonte) So) 


r1,yiEC ky r1yiEC ky r1yiC ki 


= (Sr(G2), Sr(G2), Se(Ga)) 
= S(G2) 


Hence the theorem. 


Theorem 3.2. Isomorphism between Neutrosophic over top graphs is an equivalence relation. 
Proof: Let G = (A, B), G, = (Ai, B:) and G2 = (Ag, Bz) be Neutrosophic over top graphs with underlying 
sets V, V; and V, respectively. 


(i) Reflexive: 
Consider the identity map f : V — V such that f(v) =v, Vu € V. 


This f is a bijective map satisfying T4(v;) = Ta(f(v;)), La(vi) = La(f(ui)), Fa(wi) = Fa(f(ui)), Vi € V 
Ta(vi, vj) = Ta(f (vi), f(v;)), Lavi, v5) = Taf (vi), F(ey)), Favs, 03) = Fa(f (vi), f(v;)), Voi, v7 € V 
Hence f is an isomorphism of the Neutrosophic over top graph to itself. .-. It satisfies reflexive relation. 
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(ii) Symmetric: 
Let f : V — V, be an isomorphism of G onto G1, then f is a bijective map such that f(v) = v1,u € V 


satisfying 
Ta(v) = Ta(f(v)) 
Ta(v) = Ia(f(v)) 
Fa(v) = Fa(f(v)), Vu eV (3.1) 
Tp(vi, v;) = Tp, (f (vi), f(v;)) , 
Tp(vi, v;) — Tz, (f(v), f(v;)) 
Fa(v, v;) - sea (f (vs), f(u;)), Wu, vy ev 
As f is bijective, by equation (3.1) 
f(u1) = 0, Vor EVA (3.2) 
using (3.2) in (3.1), we get 
Ta(f~*(w1)) = Ta, (v1) 
Ta(f-*(w1)) = Lay (v1) 
Fa(f7*(v1)) = Fa,(v1), Vor € Vi (3.3) 
Ta(f-*(vi), f-"(&)) = Te, (vin), F (vs) 
Ip(f~* (vi), £7 "(v;)) = Ln, (vir), f(vj1)) 
Fp(f~*(vs), f-*(v)) = Fe, (va), f(vjl)), Von, vn € Vi 


Hence we get a 1-1, onto map f~' : V; € V, which is an isomorphism from G to G 


ie,G2G 53 G26 


.. It satisfies symmetric property. 


(iii) Transitive: 
Let f : V — V, and g : V; — V2 be isomorphisms of the Neutrosophic over top graphs G onto G’; and 
G onto Gp respectively. 


Then go f isa 1-1 onto map from V — V2 where 


(9° f)(v) = g(f(v)), Vo eV 


As f : V — V, is an isomorphism 


f(v) =u,0EV (3.4) 
Ta(v) = Ta,(f(v)) 
Ia(v) = Ia, (f(v)) 
F4(v) = Fa, (f(v)), Vu eV 
Talvi,v;) = Tos (f(), f(e9)) ae 
Tp(vi, vj) = Ip, (f (vi), F(v;)) 
Fg(u;, v5) = Fp, (f (uv), f(r), ui, vy € V 
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using equation (3.4) in equation (3.5), we have 


T(v)) = Ti, (01) 
Ta(v) = La, (v1) 
Fa(v)) = F4,(u1), Vu € V 


As g : V,; — V2 is an isomorphisms 


g(v1) = v2,01 € Vi 


Fai(v1)) = Fla, (g(v1)), Vor € Vi 


Tp, (vii, U1;) = Tp, (g(v1i), f (vy) 
Ip, (v1, V1;) = Ip, (g(vii), f (vr) 


Fg, (vu, 115) = Fa, (g(vi), f(vry)), Vos, vj € Mi 


Equations (3.5), (3.7) and (3.10) implies 


Tp(v;, v;) = Tp(g(v1i), g(v1;)) = 
Ip(vi,v3) = Ta. (9(f (%)), (f(s) 


Equations (3.12) and (3.13) implies 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


(3.10) 


(3.11) 


(3.12) 


go f is an isomorphism between G and G” is G & G" i.e., isomorphism between Neutrosophic over top 


graphs is an equivalence relation. 


Theorem 3.3. Weak isomorphism between Neutrosophic over top graphs satisfies the partial order relation. 
Proof: Let G = (A, B), G’ = (A’, B’), G" = (A", B") be Neutrosophic over top graphs with underlying 


sets VV’ and V” respectively. 
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(i) Reflexive: 
Consider the identity map h : V — V such that h(v) =v,Vu EV. 


This h is a bijective map satisfying 


Hence h is a weak isomorphism of the Neutrosophic over top graph to itself. 
.. It satisfies reflexive relation. 
(ii) Anti symmetric: 
Let h be a weak isomorphism between G and G’ and g be a weak isomorphism between G" and G. 


ie., h: V — V’ isa bijective map such that h(v) = v', v € V satisfying 


Tp(u;, vj) < Tp (h(u), h(v;)) 
Ip(ui, v3) < Ip (h(i), h(v;)) (3.13) 
Fp(vji,v;) < Fp (h(;), h(v;)), Wi, v7 € V 


Ty (v;,0;) < Tp(h(v;), h(v;)) 
Ty(v;,0;) < In(h(v,), h(v;)) (3.14) 
Fy (v;,0;) < Fe(h(v,), h(v;)), Vo; ¥; EV 


The inequalities (3.13) and (3.14) hold good on the finite sets V V’ only when G and G" have the same 
number of edges and the corresponding edges have same weights. 


Hence G and G’ are identical. 
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(iii) Transitive: 
Leth: V > V' andg:V —V’" be weak isomorphism of the Neutrosophic over top graphs G onto G" 
and G’ onto G” respectively. 


Then g 0h isa 1-1, onto map from V —> V" where (g 0 h)(v) = g(h(v)), v € V. 
Ash: V — V' is a weak isomorphism h(v) = v', v € V. 


Tp(vi, 05) < Tp (A(u;), h(v;)) 
Tp(uj,v;) < Ip (h(vi), h(v;)) (3.15) 
Fp(vj,0;) < Fg (h(uy), h(v;)), Voi, vj € V 


Asg:V —V" isa weak isomorphism g(v) =v", Vu EV’. 


(v;), h(v;)) (3.16) 


(v;),h(v;)), Vu;,0; EV 


= 
S 


) 
Lav) = Lan(gv )) = Lan (g(R(e))) (3.17) 
Fy(v) = Far (gv) = Fyr(g(h(v))), Vo eV 


< Tyr (9(v;), 9(v;)) = Tp (g(h(wr)), 9(A(v5))) 
Tavs, 07) S Lyn (9%), 9(%)) = Ip (o(h(vi)), g(A(s))) (3.18) 
x 


/ / 


9(v;); 9(Y;)) = Fan (g(h(wi)), 9((0;))) 


— 


Equations (3.17) & (3.18) implies g o h is a weak isomorphism between G & G”. 
i.e., weak isomorphism satisfies transitity. 


(i), (ii) & (iii) implies weak isomorphism between Neutrosophic over top graphs is partial relation. 
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4 Isomorphic Neutrosophic Over topologized graphs and their com- 
plements 


Definition 4.1. The complement of a Neutrosophic over top graph G = (A, B) is a Neutrosophic over top 
graph G' = (A, B), where 


(d)V=V 


(2) Ta(v;) = Tavs) 
Ta(u;) = Lavi) 
F 4(u;) = F'4(u;) 
_ min|T'4(v;),Ta(v;)], if Te (vi, v;) 
(3) Ta(%, v;) = { min[T4(v:), Talos) — Talia) if Tp(v;,v;) > 0 
7 min[I4(v;), Za(v;)], if Ie(vi, v;) 
La (vi, ¥3) = { min[I4(v,), I4(v;)] — Ia(vi, vj), if Ip(v;, vj) > 0 


Falun p.) = max[F'4(v;), Fa(v;)], if Fe (vi, vj) 
F'p(uj, U5) { max|F'(v;), Fa(v;)] — Fe(vi,v;), if Fe(vi,v;) > 0 


Vu;, U7 E V 


Example 4.1. Consider a Neutrosophic over top graph G' = (A, B) on the non-empty set V = {v1, v2, v3, v4} 
B= {v1V2, V2U3, U3U4, v4v,}. Neutrosophic over top graph G = (A, B) and complement Neutrosophic over 
top graph G' = (A, B). 


(0.3,0.2, 1.2) (0.5,0.6,1.1) (0.3,0.2, 1.2) (0.5,0.6,1.1) 
(0.3,0.2, 1.2) 
on Ss 
= in 
a S 
S a 
4 7 
= = 
(0.5,0.9, 1.3) 
(0.5,0.9, 1.3) (0.8,1.1,0.3) (0.5,0.9, 1.3) (0.8,1.1,0.3) 
G G 


Figure 1: Neutrosophic over top graph G and its complement G 


Theorem 4.1. If two Neutrosophic over top graphs are isomorphic then their complements are isomorphic. 
Proof: Let G, = (A;, B,) and Gz = (Ao, Bz) be the two Neutrosophic over top graphs. Assume G, = Go. 
There exists a bijective map h : V; — V4 satisfying 


Ta, (v) = Ta,(h(v)) 
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) 
F4,(v) = Fa, (h(v)), Vu € V 
Tp, (vi, ¥j) = Tp, (A(vi), A(v;)) 
Tp, (vi, vj) = Ip, (h(vi), 2(v;)) 
Fg, (uv, v;) = Fp, (h(vi), h(v;)), Voi, v7 € V 


By definition 
Tp, (vi, vj) = min[T4, (vs), Ta, (vj)] — Ta, (vi, vy) 
= min{T,(}4(0%)), Tag((0))] ~ Ting (C02), (0) 
= T po(h(vi), h(v;)), Wu, U5 EV 
Tp, (vi, ;) = Tp,(h(vi), (05), VOR; EV 
Fp, (uj, 0;) = Fp, (h(v), A(v;)), Voi, vy € V 
Hence G, & Go. 


Theorem 4.2. If G, = (A;, B;) and Gz = (Ap, Bz) are weak isomorphic, then Gy = (A>, Bz) and 
G, = (Aj, B,) are also weak isomorphic. 

Proof: If h is a weak isomorphic between G; & G2 then h : V; — V4. is a one-one-onto mapping and 
h(v) =1,vEV 


Ta, (v) = La, (h(v)) (4.1) 


Tp, (vi, 0;) = Ip, (h(vi), h(v;)) (4.2) 


Since h~! : V, — V, is also one-one and onto for every v in V2 there is a v € V, such that h~'(v,) =V. 
By equation number (4.2), 


we have 
Ta,(v) = Ta, (h-*(v)) 
T4,(v) = La, (h-*(v)) (4.3) 
Fy, (v) = Fa,(h7'(v)), Vu EV 
Tp, (vi, v3) = min|[T’4, (v;), Ta, (v;)] — Te, (vi, vj) 
= min[Z'4,(h(vs)), Pas (h(vj))] — Te. (h(i), Mey) 
= Tp, (h(vi), h(v;))sé »UZE v 
Similarly 
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Definition 4.2. Let G, and G2 be Neutrosophic over top graphs. A co-weak isomorphism f : G,; — G2 is 
bijective mapping f : Vi — V2 which satisfies the following conditions 


(i) f is homomorphism 


Gi) Tp, (v1y1) = Ta. (f(21), f(y) 
Tp, (t1y1) = Ip, (f(21), f(y) 
Fe, (t1y1) = Fe, (f (x1), f(y) 


Thus, a co-weak isomorphism preserves the weight of the arcs but not necessarily the weights of the nodes. 


Remark 4.1. — 1. If Gj = G2 = G, then the homomorphism f/f over itself is called an endomorphism. An 
isomorphism f over G is called an automorphism. 


2. If G, = Go, then the weak and co-weak isomorphism actually become isomorphic. 
3. If V; > Vo is a bijective map, then f~' : V; — Vo is also a bijective map. 


Remark 4.2. The interrelationship among Neutrosophic over top graphs as given below 


isomorphism 


ly 


homomorphism weak isomorphism co-weak isomorphism 
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Abstract. This research directs to obtain optimum fuzzy soft constants through Bonferroni mean and TOPSIS 
with the initial data represented in terms of multi-valued m-polar neutrosophic soft set. Multi-valued m-polar 
neutrosophic soft set is defined in this paper, which is the generalization of m-polar neutrosophic soft set, 
obtained by combining it with multi-valued neutrosophic soft set. Optimum fuzzy soft constants play a funda- 
mental role for the construction of the system of differential equations which helps to observe the experts’ future 
attitudes. Sometimes experts feel a requirement to rethink their choices or decisions due to the observation of 
others’ choice especially when others choose different alternatives. After the individual decisions of experts, an 
analysis of experts’ attitudes is produced by using phase portraits and line graphs of the system of differential 
equations. This analysis can also be provided by using system of differential equations with fuzzy initial condi- 
tions. To find the multi-valued m-polar neutrosophic Bonferroni mean, some basic operations on the elements 
of the defined set are introduced. An illustrative example is given where a system of two differential equations 


is developed for attitude analysis of two persons with independent variable t. 


Keywords: Multi valued neutrosophic set; Multi polar neutrosophic set; Bonferroni mean; Fuzzy soft differ- 


ential equations. 


1. Introduction 


Fuzzy sets have been conveniently utilized to deal with a plethora of problems regarding 
to uncertainties since when it was introduced by Zadeh (10). It allocates each element of a 
set with a membership degree in the real standard [0,1]. Intuitionistic fuzzy set (IFS) was 
introduced by Atanassov which generalizes the concept of fuzzy set and handles some 


complicated fuzzy information in multi-criteria decision making (MCDM). IFS determines the 


Asma Mahmood, Mujahid Abbas, Ghulam Murtaza, MVmNSs with an application in MCDM 


Neutrosophic Sets and Systems, Vol. 53, 2023 581] 


membership and non-membership degrees for each element of a set. The concept of IFS was 
extended by Atanassov and Gargov to interval-valued intuitionistic fuzzy set (IVIFS) 
which was applied for MCDM methods by several authors (13}18}. Despite of a number of 
research achievements on IFS, there is a need of indeterminate information. Smarandache 
proposed an indeterminacy membership function which leads to the neutrosophic set (NS). 
NS generalizes the fuzzy set and IFS. Hesitant fuzzy set (HFS) was defined by Torra 
which is identified by a function hy on a universe U that returns a subset of [0,1]. Many 
extensions of fuzzy set were further extended by combining with hesitant fuzzy set to Interval- 
valued hesitant fuzzy set (IVHFS) [25], hesitant fuzzy soft set (HFSS) (21), Interval-valued 
hesitant fuzzy soft set (IVHFSS) (22), dual hesitant fuzzy set (DHFS) [23], dual hesitant 
fuzzy soft set (DHFSS) [24], interval-valued dual hesitant fuzzy set (IVDHFS) and some 
others. All these extended representations of hesitant fuzzy set have a substantial amount 
of research work for MCDM (27}{29]/49]. Single valued neutrosophic set (SVNS) is an NS for 
which membership function, indeterminacy function and falsity function assign a single value 
from the interval [0, 1] for each element of a set (2\/45}. Interval-valued neutrosophic set (IVNS) 
involves the functions (membership, indeterminacy, non-membership) assigning the intervals 
from the interval [0, 1] for each element [43]. NS has remarkably contributed in MCDM [44147], 
and recently in TOPSIS [46]. Sometimes, decision makers hesitate to assign a single value to 
membership, non-membership or indeterminacy functions. They may suggest two or more 
values to these functions. HFS, IVHFS, DHFS and multi-valued neutrosophic set (MVNS) 
facilitates those problems. 

Bipolar fuzzy set is an extension of a fuzzy set whose membership degree ranges from 
—1 to 1, It represents the double-sided uncertainties (e.g. positive-negative, yes-no, gains- 
loses, bright-dim, effect-side effect, etc.). These two sides are reciprocally related. Some bipolar 
representations with their applications have been done by different authors [30}433). Chen et 
al. presented a multi-polar fuzzy set which is an abstraction of a bipolar fuzzy set. They 
also explained some real world problems involving multi-agent, multi-attribute, multi-object 
and multi-index information. Deli et al. |5| defined multi-polar neutrosophic soft set and Saeed 
et al. (9| presented some operations on this set. 

Bonferroni mean (BM) and geometric Bonferroni mean (WBM) are the aggregation opera- 
tors which generalize arithmetic mean and geometric mean respectively [35]. BM and WBM 
represent the interrelationships between the arguments of individuals and have some properties 
discussed by Yager [36], Xu and Yager and Xia et al. [39]. Multi-valued neutrosophic Bon- 
ferroni mean (MVNBM) was defined by Liu et al. and some of its applications in multiple 
attribute group decision-making are also presented. Hesitant fuzzy Bonferroni mean (HFBM) 


was defined by Zhu et al. which facilitates to calculate BM for hesitant fuzzy elements. 
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Beg et al. utilized HFBM to analyze the human attitude by developing fuzzy soft differ- 
ential equations. This investigation along with some others guides us to think about 
the changes in attitudes or experts’ interpersonal influences after the decisions. 

In this paper multi-valued m-polar neutrosophic set (MVmNS) is defined by combining the 
multi-valued neutrosophic set (MVNS) and m-polar neutrosophic set (mNS). Then operational 
laws are defined for its elements which lead to formulate multi-valued m-polar neutrosophic 
Bonferroni mean (MVmNBM) and multi-valued m-polar neutrosophic weighted Bonferroni 
mean (MVmNWBM) operators which are the extension of multi-valued neutrosophic Bonfer- 
roni mean (MVNBM) and multi-valued neutrosophic weighted Bonferroni mean (MVNWBM) 
operators |3] respectively. Then by utilizing the score values of MVmNWBM and coefficients 
of relative closeness obtained through TOPSIS for each alternative, a system of fuzzy soft 
differential equations is constructed to observe the change in experts’ attitudes. Another con- 
tribution of this research work is the utilization of system of differential equations with fuzzy 


initial conditions. 


2. Preliminaries 
2.1. Neutrosophic Set 


Neutrosophy is a branch of Philosophy and a basis of neutrosophic set. Neutrosophy con- 
siders a unit “A” in relation to “anti-A” and “neither A nor anti-A”. Smarandache presented 


the neutrosophic set with some applications fi]. 


Definition 2.1. Let Z be a universal set. A single valued neutrosophic set (SVNS) X is 
defined as: 

X = {z,(Tx(z), Ix(z), Fx(z)): 2 € Z}, 

where, Tx (z), [x (z) and F’x(z) are three real values in [0, 1], denoting the truth-membership 
degree, the indeterminacy-membership degree and the falsity-membership degree of the ele- 
ment z € Z to the set X respectively, satisfying 

0< Tx(z) + Ix(z) + Fx(z) <3 

for all z € Z. 


Definition 2.2. Let Z be a universal set. An MVNS_X is defined as: 

X ={z,(Tx(z), Ix(z), Px(2)):2€Z}, 

where, T Xe), 1 x(z) and F x(z) are three collections of discrete real values in [0,1], de- 
noting the truth-membership degree, the indeterminacy-membership degree and the falsity- 
membership degree of the element z € Z to the set X respectively, satisfying 

0< 7,49 S1,0< y+ut+yrt < 8 and 7 € Tx(z), 7 € supTx(2), u € Ix(2), 


ut €supIx(z), y € Fx(z), yt € sup Fx(z). 
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An element n of an MVNS X can have the following expression: 


n= (Fx). Tx@), Fx) for some z € Z, where 
x(z) = 10 € [0, Lt 


x(z) = {i € (0, Mee 
x(z) = {p,9 © [0, 1}}. 


eRe? 


Definition 2.3. {3| Let ny = T1,11,F 1 and nz = (Ta,72,F2) be two elements of an 
MVNS, then their operational laws are defined as follows: 

Geto (7: ©T 2,1, @ Io, F1® Fs) 

= U ~ (1+ - 172, Hil, Y1P2) 


~ 


2 Tech eligi ef) 
y2€ cn € Dies S Fo 
(2) m1@ ng = (Tet ie th @ Fy 
= U (11%, Ha + Ba — Pia, ,~1 + P2 — Y1H2) 


~ 


1 E71, € 11,91 € Fi 
yo € Te, w2 € Io, p2 € Fe 


G) kus ry UL ~ (1—(1—1)*, ut, of) ,k > 0 
m€T1,m1€11,91€F 1 
wk 
(4) ny = Wo f= Gaga Pa Se) ) ke SO 


y1ET1,miEl1,~1EF 1 


For many real world problems (e.g. ordering results of a journal, ordering results of an 
institute and inclusion degrees), multipolar information exists. The notion of m-polar fuzzy 


set was put forward to deal with those problems where m is an arbitrary ordinal number . 


2.2. Multi-Polar Neutrosophic Set 


Definition 2.4. (9| An m-polar neutrosophic set (mNS) on a universal set Z is a mapping 

X = {(s1 0 Tx(z), 82 0 Tx(z),..-,8m 0 Tx(z)), (81 © Ix (z), 2 0 Ix (Z), ++) 8m © Ix(z)), (81 © 
Fx (z), 82 0 Fx (2), ..., 8m 0 Fx (z))} : Z —> ([0,1]™, [0, 1]”, [0, 1]”") 

where ith mapping is defined as 

s,oTx : Z — [0,1] 

sole? Z— > 10,1] 

5,0 Fy : Z —> [0,1] 

and 0 < s;0Tx(z) +5; 0lx(z)+5,0Fx(z) <3 

for alli = 1,2,...,m and z € Z. 


Example 2.5. Let Z = {21, 22, 23} be a universal set. Then 
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((0.4, 0.6, 0.7), (0.1, 0.2, 0.3), (0.3, 0.5, 0.6))/2 
X ={ ((0.2,0.4, 0.5), (0.6, 0.7, 0.8), (0.7, 0.8, 0.9))/z2 } 

((0.2, 0.5, 0.6), (0.3, 0.4, 0.6), (0.4, 0.6, 0.8))/z3 
cs 


represents an 3-polar neutrosophic set (3NS). 


2.3. Neutrosophic Soft Set 


Let Z be a universal set and EF be the set of attributes of elements in Z. Take X to bea 
subset of EF. 


Definition 2.6. An neutrosophic soft set (NSS) (w, X) over Z is a mapping from X to 
P(Z) and is defined as 

Ox = (w, X) = {(e,wx(e)):e € E,wx(e) € P(Z)} 

where P(Z) denotes the collection of all neutrosophic subsets of Z, 

wx(e) = {z, Tx(e)(z), Ix(e)(z), Fx(e)(z) : z € Z} 

and each of Tx(e)(z), Ix(e)(z) and Fx (e)(z) is a mapping from Z to interval [0,1] with 

0 < Tx(e)(z) + Ix(e)(z)+ Fx(e)(z) $3 

for alle € EF and z € Z. 


Definition 2.7. An m-polar neutrosophic soft set (mNSS) (w,X) over Z is a mapping 
from X to P(Z) and is defined as 

OQx = (w, X) = {(e,wx(e)):e € E,wx(e) € P(Z)} 

where P(Z) denotes collection of all neutrosophic subsets of Z, 

wx(e) = {z, 5; 0 Tx(e)(z), 5; 0 Ix (e)(z), 5; 0 Fx(e)(z) : z € Z} 

and 

0 < s; 0 Tx(e)(z) +5; 0 Ix(e)(z) + 3 0 Fx(e)(z) <3 

for alli = 1,2,...,m;e€ E,z € Z. 


2.4. Bonferroni mean operator 


Definition 2.8. Let 1,m be two natural numbers and x; > 0 where i € {1,2,...,n} then 
Bonferroni mean B!""is defined as follow: 
ath. 
1 n l+m 
lym __ lim 
ia ae ae 
1,j=liAj 
Definition 2.9. Let I,m be two natural numbers and 2; > 0 (i = 1,2,...,n) and W = 
n 


[w; > 0)” be the weight vector of [x;] with the condition > w; = 1, then weighted Bonferroni 
i=1 
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mean (WBM) is defined as follow: 


WBM)™ — oy ee > (wi2i)' (w525) 


2.5. Fuzzy Differential Equations 
2.5.1. Fuzzy Numbers and Fuzzy Functions 


Definition 2.10. (6| A fuzzy number zx is defined by a pair x = (z,%) of functions xz,Z : 
[(0, 1] —> R, satisfying the three conditions: 


(1) x(q) is a bounded, monotonically increasing left-continuous function for all a € (0, 1] 
and right-continous for a = 0, 

(2) Z(a@) is a bounded, monotonically decreasing left-continuous function for all a € (0, 1] 
and right-continous for a = 0, 


(3) For all a € (0,1] we have: x < &. 


For every x = (z,), y= (y,y) and k > 0, a € (0, 1], we define addition and multiplication 


as follows: 
e (x +y)(a) = x(a) + y(Q), 
e (x + y)(a) = Za) + ya), 
e (kx)(a) = kx(a), 
© (kx)(@) = kz(a). 


With this definition of addition and multiplication, the collection of all fuzzy numbers is 
denoted by E!. For 0 < a < 1, we define a—cuts of fuzzy number u with [z]* = {u € R | 
x(u) > a} and for a = 0, the support of x is defined as [x]° = {u € R| x(u) > O}. 


Definition 2.11. (6| Let 2 = (x,%) and y = (y,¥) be two arbitrary numbers, then distance 
between x and y is defined as follows: 


d(x,y) = sup {max|| x(a) — y(a) |,| e(@) — y(a) IJ}. 
a€ [0,1] 


Definition 2.12. (6) A fuzzy function g: R! + E! is said to be continuous if for an arbitrary 
fixed tp € R! and < > 0 there exists a 5 > 0 such that: 


lt — to] < 6 + d(g(t), 9) <e, 
then g is said to be continuous. 


Definition 2.13. (6| Let 2,y € E!. If there exists z € E' such that x = y+ z then z is called 
the H-difference of x, y and it is denoted by x — y. 
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Definition 2.14. (6| A function g : (c,d) > E’ is said to be H-differentiable at to € (c,d) 
if for a small h > 0, there exist the H-differences g(t.) — g(to — h), g(t. +h) — g(t.) and the 
element g/(t.) € E! such that: 


—_— (a9 SG Dats) =. Fed (ae thats) 9(,)) 


h—->0+ h hoot 


then g’(t.) is called the fuzzy derivative of g at to. 


Definition 2.15. The triangular fuzzy numbers are common and are denoted by x = 
(a,c, 8) and defined by: 


— ifa<u<e, 
a=) 5%, ife<u<f, 
0, otherwise. 


2.5.2. First Order Fuzzy Differential Equations 


A first order fuzzy differential equation is written in the following form: 


x'(t) = g(t, x(t) 


where g(t, x) is a fuzzy function of the crisp variable t and the fuzzy variable x and z is a fuzzy 


function of t. Here x’ is the fuzzy derivative of x. Consider the initial value problem 


a(t) =g(t,e(t)), (to) = ao, (1) 


a mapping « : R! > E! is a solution to the problem (1) if and only if it is continuous and 


satisfies the integral equation 


£0) =a +f g(s, 2(s))ds 


for allt € R! (3}. Moreover, sufficient conditions for the existence of a unique solution to Eq 
(1) are: 
e f is continuous, 


e A Lipschitz condition d(g(t, x), g(t, y)) < Ld(x, y) satisfied for some L > 0. 


To obtain the solution of Eq (1), it can be replaced by the following equivalent system: 


g(t, x(t), x(to) = Lo, 
g(t, x 
For example, to solve 


it is replaced by 
“¢ = tz, 2£(0) = (0,5), 
@ = PT, (0) = (5,1), 
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z(0) = (0, 5) and Z(0) = (5, 1) are replaced by parametric forms x(0) = 2a and Z(0) = 2(1—a), 
respectively where a € [0,1]. And the solution is: 


3 


3 
c= (2ae 3 , 2(1 —a)es), a€ (0, if 


2.6. Human attitude analysis after a decision 


The constants which provide the base to rank the alternatives, can also provide a support 
for further process of rethinking after a decision. These constants were utilized in fuzzy soft 
differential equations and in developing the influence matrix which can play a vital role 
in influence model and doubly extended TOPSIS (421/48). 


2.6.1. Human attitude analysis based on fuzzy soft differential equations 


A system of linear fuzzy soft differential equations is developed by Beg et al. [41]. 


dPy _ 1 1 
“ad = Up, Pi + ap, Po, 


dPz _ 2 2 
“de = Up, Pi + ap, Pe 


(2) 


where P, and Py» are the variables representing the attitude of two persons after taking a 
decision at time ft, ae and ue represent the change in persons’ attitudes after some time 
due to that decision and ap, (t,7 = 1,2) are optimum fuzzy soft constants (OFSCs) taken 
as signed fuzzy numbers denoting the influence on ith person of his internal feelings and jth 
person’s feelings. Positive sign is assigned to ap, when the attitude of jth person for ith person 


is supportive, otherwise a negative sign is assigned to it. Stability of system (2) depends upon 


as @ 
eigen values of the matrix Pt ‘i e 
ap, ap, 


3. Multi valued Multi-Polar Neutrosophic Set 


Multi-valued multi-polar neutrosophic set (MVmWNS) is a generalization and composition of 
MVNS and mNS. 


Definition 3.1. Let Z be a non empty set. An MVmNS X is a mapping defined as 
m sets of discrete values in [0, 1], 


X:Z-—+ | m sets of discrete values in (0, 1], 


m sets of discrete values in [0, 1] 


~ ~ 


(s oTx (2), 820 Tx (2) , 058m oTX (2) 


X(z)=] (510 Tx (2),820Tx (2): 8moTx ()) | 
810 Fy (z) 890 Fx (z),...,8m° Fx (2) 
where s;0 Tx (z), 5;0 Ix (z) and s;0 Fx (z) («= 1,2,...,m) are the collections of discrete 
real values 7, 4; and y; denoting the truth-membership degree, the indeterminacy-membership 
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degree and the falsity-membership degree of the element z € Z to the set X respectively with 
O<%, ma, Gi S1,0S 4 +uf +07 <3, of € sup (soFx() , Wy © sup (soTx@), 


y} € sup (s. oF x (2) ; 


3.1. Multi valued Multi-Polar Neutrosophic Soft Set 


Definition 3.2. Let Z be a universal set and E£ be a set of parameters with X C E. Define 
w: X — P(Z), where P(Z) is the collection of all MVmN subsets of the set Z. Then 
(w, X) is said to be an multi-valued m-polar neutrosophic soft set (MVmNSS) over Z which 
is represented as Nx = (w,X) = {e,wx(e):e € E,wx(e) € P(Z)} and wx(e) is an MVmNS 


over Z. 


3.2. Operations on MVmNS 


(six (21) 82° T'x (21),. somo Eel (21) = 


~ ~ 


Let X(z1) = 8, ol x (21), 820 T x (2),. 68m o Let (21) 
noFeta).moBe tn... eno ky ( (a)) 
= (Uf?) UMP }) (Ua. Ud), (UPD... UfeE7F) } 
(sx (29), 99:0 Tx (z2),- iol et (za )), 
and X (z2) = note (a) mote). BAe Tel (22). 
96 F’y (29) ,990 Fx (73) 5~ sap oe (z2) 


= (UI UH) (UMP, UF)» (UIP } .. UPR H) | 


be two elements of an MVmNS. Then their eat laws are defined as 
(s10 Fx (a),800 Fx (a) 13m 0Fx (a), 
ay =|. aie ees Acted 2 (a)) . 
81 0 Tx (21) 820 Tx (21) yo 8m 0 Tx (a)) 
= ((UfpPPs, ule F), (UO = nF UE — eed), (UPB UEP). 
(2) X (21) BX (22) 
(s ° Tx ( (21) , $20 Tx (21) 5.5mm © Tx (a)) , (s: ° 1% (z2) , $20 Tx (29) youn Sy Tx (~2)) ; 
= ape ly (i), 620 Tx (a), 8m 2 Tx (a) © 810 Tx (22) 820 Tx (22) 8m 0 Tx (2) J, 


510 Fre (a) 820 Fx (a2), 14m 0 Fx (41) 810 Fr (ea) ,890 Fx (22) s=18m 0 Px (22) 
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S| 


~N ~ 


= (si07x (21), s20lx (Pa) p53 


(s oT yx (21); 800 T x (21) 545801 x (1) 81 0 Tx (22) ,82 0 Tx (22) , «+; Smo Tx ( 
) 


(s10 Fx (a), 820 Fx a), 43m0Fx 21) 


(( ox (a)) @ (s: ores ) 2 
: 
@ (5,0 Fx (~)) aes (smo Fx (a)) ® (smo Fx (~2))) 


(z2) 
= ((s1 27x @) &@ (810 Tx (22) 


((s o Fx (x1) 


Cem ‘a 


(21), ( 


8m Olx (24 


rl 
sey 


yy ee 
= Cite gaan 


2) ; 


35m ° Ix (~)) ; 
ane (~2)) 


~ 


~ 


® ( 
& 81 0 Tx (22), 820 Tx (22),... 
® ( 


(s10Fx 22) , 820 F’x (z2),... 


~N 


8m Olx (z1 ; 


(sn amy (a)) ® (sn ors (2) ) 
(smo Fx (a) 


}e Sm 0 Ix (22) 


ULqm? +m) — Wey) 
Uti? ah) 


(fel? 3, os UP eH} 


(3) X (21) @ X (2) 


51 OT x (41) ,89 0 Tx (21) 5 «0 

sro Ty (ai) eee ly (21), 43 
noret (21) , 820 Fx (21),. Sm oF x Ge 
(sex ( (21) ),820Tx (21) 5 


ae 21), 820 Tx (%),... 


(sie Fx( 21) ,89 0 Fy (a), 


((noFx (a)) @ fats za) ), 


~ 


= s,olx (a)) ® 


((s ore («)) ® (s: o Fx ( (2)) 


aos a (z2) 


? 


pole (21) 


8m oT x (a)) ; (s: o Tx (22) ,82 0 Tx (22), -+, 8m oT x (~2)) : 


ae @ 8, 0 Tx (22), 820 Tx (22), ..., 8m 0 Tx (22) 


~N ~ 


81 0 F'x (za), 520 Fr (22) s=18m 0 Fx (22)) 


~N ~ 


snare wa aoret (22) 89 0 T x (20) 518m OT x (22), 


Syd Tet (z2) , 820 Tx (22), .-, 8m 0 Tx (22) 


~ 


@ (so Fx ( (z2) , 82 0 F’x (22),... 


eee (<2) 


el 
Ce) u))® (smo (22))). 


Sm 01x (a)) ® | 8m 0 Ix (22) 


(Ubi ce on 


5 BPO PY 


= utuy 
U{p (22) (21) 


Yl?) — pl) gla)) Up ey + 


ssUf pan? + pa? — pr” we }) , 


on? = eh? phe ¥) 


(va = (1 - P) 9, ao ce (1 = Y's) 


(4) kX (21) = 


(1), UE (uG?)V), 


(Ut(of?)" hut (6) 9) 
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(oO) 3,0 ()"9), 


(6) &ayyt=] (ua (1-0f)'3,.ua- (1 6)"9), 
(va -(1- oe) "}, ws Uf1 = (1- o)")) 


Example 3.3. Let 
x1 = (({0.3}, {0.4, 0.5}, {0.5, 0.6}) , ({0.4, 0.5}, {0.2}, {0.7}) , ({0.3}, {0.5}, {0.8})) and 
x2 = (({0.1}, {0.3}, {0.6}) , ({0.2, 0.4}, {0.6}, {0.7, 0.8}) , ({0.5}, {0.6}, {0.7, 0.8})) 
be two elements of an MV3NS. Then 
(x1)° = (({0.3}, {0.5}, {0.8}) , ({0.6, 0.5}, {0.8}, {0.3}) , ({0.3}, {0.4, 0.5}, {0.5, 0.6})), 


({0.37}, {0.58, 0.65}, {0.8, 0.84}) , 
x1 @x2= | ({0.08, 0.2}, {0.12}, {0.49,0.56}), |, 
({0.15}, {0.30}, {0.56, 0.64}) 
({0.03}, {0.12, 0.15}, {0.3, 0.36}) , 


r1@a2=| ({0.52,0.7}, {0.68}, {0.91,0.94}), |, 
({0.65}, {0.8}, {0.94, 0.96}) 
— ( ({0.51}, {0.64, 0.75}, {0.75, 0.84}) , 
({0.16, 0.25}, {0.04}, {0.49}) , ({0.09}, {0.25}, {0.64}) ]’ 
a ({0.09}, {0.16, 0.25}, {0.25, 0.36}) , 
a ( ({0.64, 0.75}, {0.36}, {0.91}) , ({0.51}, {0.75}, {0.96}) ) 


Definition 3.4. Score function s(X(z)) and accuracy function a(X(z)) of an element X(z) 


of an MVmNS is defined as follows: 


(x9) = 29> (; > (ae 4) 


SF \lrlulir 
1S 1 Vit Mit Vi 
Ber en 
(Xe) = (Go (AE). 


where y;, € 8,0 Tx (z), wi € 5,01 x(z), G € 55° Fx (z) and 7, liz, ir are the number of 


( 
elements in s;0 Tx (z), s;0 Ix (z) and s; 0 F’x (z) respectively. 


It can be observed that, the score function and accuracy function satisfy the following 
properties: 


(1) For an element X(z) of an MVmNS, 


(2) For an element X(z) of an MVmNS, 


0< a(X(z)) <1. 
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Definition 3.5. Two elements X(z1) and X(z2) of an MVmNS are compared as: 
e if s(X (21)) > s(X (z2)), then X (21) > X (22), 
e if s(X (z1)) = 5 (X (z)) and 
— if a(X (21)) )), then X(z1) > X (22), 
) )) 


>a(xX 
=i aX Gj) =a , then X(z1) = X (ze). 


( 


22 


(Ze 
( 


Definition 3.6. Let X(z), (i = 1,2,...,n) be the elements of an MVmNS. Then for two 
natural numbers p,g, MVmNBM operator is defined as 
1 
n p+4q 
MVmNBMP# (X (21) X (2a) Xen) = (seats (8 (KG)? @ (DIY) J 
WJF=1 FU 

Theorem 3.7. Let X(z;), (¢ = 1,2,...,n) be n elements of an MVmNS, then MVmNBM 
operator can be expressed as: 


MVmNBMP*4 (X (21) ,X (22), .-,X (Zn)) 


\ Tat \ ?* 
of] a rere] 4}t-| tt 0-G@)"6@)) 
4p 1 : 


Proof. Let 
X (2) = (ut, os UEP }) Cre: Uf }) (Ufol}, U(e})) 
and X (2) = (Ur },-., UE F) (UP }, UMP) (UIP, .. ULF) 


(Uf (o)"3, (YH), | 
| mae 


POP) .uf 6) OH. 
(f= (0-0 =)" ut =A’ a), 
(uf) 0 oF} ua 0 oe 9") 
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ee ((X(zi))? @ (X (z3))") = 


Uf ft @-C-ePY Oo) hwy th O-G-H) O- oh) 
i,j=1 i,j =1 
tF ij tF ij 
Finally, the required result is obtained by using operations 4 and 5, presented in section 3.2. 


Definition 3.8. Let X(z;), (i =1,2,...,n) be the elements of an MVmNS with weight vector 
n 
W = (wi, w2, ey Wn) satisfying w; > 0 and }>w; = 1. Then for two natural numbers p, q, 


i=1 
MVmNWBM operator is defined as 


1 


MVmNW BMP (X (21), X (22), 0X (%)) = (45 (8 wxte? @ (wjX (2) = 


Theorem 3.9. Let X(z;), (¢ = 1,2,...,n) be n elements of an MVmNS with weight vector 
We= (Ww, Wo, -., Wn) satisfying w; > 0 and wi = 1, then MVmNWBM operator can be 
expressed as: - 

MVmNWBMP4 (X (21) ,X (22),..-,X (2n)) = 
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(nt) aa 
uy {a-| Tf (-(-(a-4)")’ @- @-a?)")4 = 
i,j=l 
t# Jj 
ay \ PH 
Me] a 6-0-6802) 
ij=l 
t# Jj 
ie pa 
df] a @e-weyryreweory] | be 
i,j=l 
t# Jj 
Tay \ +4 
Jif] 6--WeYO-NN) 
ij=l 
iF Jj 
aT) Pa 
h-] at o-oo] | be 
ij=l 
t#j 
ra 


4j=1 
t# Jj 


Proof. This result can be obtained similarly as the previous one. 


MVmNBM and MVmNWBM operators satisfy the following properties: 
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e Permutation 
e Monotonicity 


e Boundedness 


Theorem 3.10. (Permutation) Let X(z;), (¢ = 1,2,...,n) be a set of n elements of an 
MVmNS. If X(z), (¢=1,2,...,n) is a permutation of X(zi), (i =1,2,...,n), then 
MVmNWBM(X (21) , X (22) , +) X (n)) =MVmNWBM(X (21) , X (za) , «+» X (Zn) 


Proof. Following result can be obtained by definition 
=o 
(AS (,, 8, (wx Cen? @ (wx (2))))"™ 
—__—_ wiX (21 w,X (22 = 
n(n —1) \igj=1j4i : 
1 


Cees (9 ((wixe))" 8 (w.x'te)"))) =< 


Hence the result. 


Theorem 3.11. (Monotonicity) Let X(zi), (i = 1,2,...,.n) and X(z), (4 = 1,2,...,n) be 
two sets of elements of an MVmNS. If X(z;) > X(z%) for alli =1,2,...,n then 
MVmNWBMP4 (X (21), X (22) +X (Zn)) >MVmNWBMP 4 (X (21), X (22), X (Zn) - 


Proof. Let 

X (zi) = ((UOT} UE) (UP UF)» (ULE fem) ) 
and X(z;) = (uta, wos UEP }) , (U{ul}, os Uf PF) : (Ufel)}, 1s UP? })) ; 
(1) X (zi) > XG) > of 2 ok 1 - (1-7) 21 - 1-9)" 


= (1 a (1 2 yy’ (1 s (1 - ey)" > (1 = (1 = yy (1 7 (1 7 wy") 


for all 7 = 1,2,...,m, 


= 1-(1- Gf)" (1-0 a)" 0-0-2) 1-0-2)! 


igs 
FJ 
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: 


= TE (eye yy) 


‘ s 
17 — I 
t#j 
i T] (1-(1-(1-a')")" Q-@-A y")") 
ij=1 
t#j 
chiy\ 7 
aad ia II (a-(1- (1-4) ") G- a )")") ‘ 
ij=l 
t#j 
cy \ 7 
i-| TL (-@-(-0°)"9 @- 0-1)" 
1ij=l 
t#j 
Similarly 
(=i \ PF 
1- Il 2-1-2)" y= -1”) )") re 
ij=l 
t#j 
eo. \ 


ij=1 
Aj 
for k= 1,2) au, 


i oH (ul 


= (1- (uy)? (.- (>) > (1 (ui)? (0 (uf? 


oye 
‘ie 
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1 (= (HP YY = PY st (= PY" (PY) 
“ 2 2;)\ 5 


ij=1 
t#J 
Mh. (eee) ia") 
i,j=1 
t#J 


e 
| 
e 
| 
a 
fae 
| 
ns 
he 
| 
LS 
c= 
HN 
& 
VS 
nd 
&§ 
Sa” 
3 
aN 
fae 
| 
a ~N 
= 
aa 
= 
VY 
SS 
€ 
S 
See” 
Q 
nN 
IA 


Similarly 


— 
| 
— 
| 
a 
Re 
| 
aN 
— 
| 
Ka ON, 
= 
pied 
s 
wm 
nN_ 
€ 
= 
SS 
sS 
as 
He 
| 
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= 
=o 
= 
nN_ 
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Sea 
Q 
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3 
iL. 
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for k = 1,2,...,m. 


— 
Ww 
Sieneasieil 
pa 
| 
— 
| 
fo OS 
— 
| 
aN 
— 
| 
Lo 
6 
*R 
x 
heal 
& 
ites 
s 
A 
— 
| 
i 
co 
= 
xR 
w. 
eS 
ian 
wS 
tea caai 
Q 
iets 
lA 


for k = 1,2,...,m. 


From (1)-(3), the required result is obtained. 


Theorem 3.12. (Boundedness) Let X(z;), (i = 1,2,...,n) be a set of n elements of an 
MVmNS, then 


min (X (21) , X (za) ,...,X (2n)) < MVmNWBM (X (21), X (22),...,X (Zn)) 
< max (X (21), X (49) 25% pn) 


Proof. Let m = min (X (21), X (z2),...,X (2n)) and M = max (X (21) , X (z2),...,X (Zn)) 


Since m < X(z;) < M so by using previous theorem 


m< MVmNWBM (X (21), X (22),..-,X (Zn)), 
MVmNW BM (X (21), X (22),..., X (2n)) < M. 


Hence the result. 


3.3. Multi- Valued Multi-Polar Neutrosophic Soft Set 


Definition 3.13. Let Z be a universal set and E be a set of parameters with X C EF. Define 
w: X — P(Z), where P(Z) is the collection of all MVmN subsets of the set Z. Then 
(w, X) is said to be an multi-valued m-polar neutrosophic soft set (MVmNSS) over Z which 
is represented as Nx = (w,X) = {e,wx(e):e € E,wx(e) € P(Z)} and wx(e) is an MVmNS 
over Z. 
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TABLE 1. Representation of a MV3NSS. 


({0.7, 0.9}, {0.8}, {0.5}) 


({0.6}, {0.6}, {0.5,0.7}) , 
Aa ({0.5, 0.7}, {0.7}, {0.9}) , 
( 


({0.3, 0.5}, {0.8}, {0.7, 0.8}) 
({0.6}, {0.4}, {0.1, 0.3}) , 
({0.5}, {0.8}, {0.6, 0.7}), 
({0.3}, {0.6, 0.7}, {0.6, 0.9}) 


({0.4}, {0.8}, {0.7, 0.9}) 
| ({0.7}, {0.3, 0.6}, {0.7}) , | 


({0.7}, {0.9}, {0.4, 0.5}), 


{0.4}, {0.8, 0.9}, {0.5, 0.6}) ({0.4}, {0.3}, {0.6}) 


Ch C3 
({0.6}, {0.4, 0.5}, {0.4, 0.5}) , ({0.6}, {0. - a 4,0.5}), ({0.3, 0.5}, {0.7}, {0.9}) , 
Aj | ({0.8, }, {0.1, 0.4}, {0.5}) , _ [ ({0.3, 0.7}, {0.6}, {0.8, 0.9}) , | ({0.6, 0.9}, {0.8}, {0.6}) , | 
({0.2}, {0.8}, {0.3, 0.6}) ({0.4}, {0.8, 0.9}, {0.5}) ({0.4, 0.5}, {0.4}, {0.7}) 
({0.4, 0.6}, {0.5}, {0.2}) , ({0.4, 0.6}, {0.6}, {0.6,0.9}) , ({0.6, 0.8}, {0.6}, {0.5,0.7}) , 
Ag | ({0.6, 0.7}, {0.7}, {0.2, 0.4}) , , [ ({0.6}, {0.6, 0.8}, {0.7}) , ({0.2, 0.6}, {0.3, 0.4}, {0.4}) , 
({0.4}, {0.6}, {0.6, 0.8}) ({0.4}, {0.6}, {0.5, 0.9}) ({0.4}, {0.5}, {0.5, 0.7}) 
({0.4}, {0.3}, {0.8, 0.9}) , ({0.6}, {0.4, 0.6}, {0.8}) , ({0.9}, {0.7}, {0.8, 0.9}) , 
As ({0.4}, {0.3}, {0.9}) , 7 [ ({0.7, 0.8}, {0.9}, {0.5}), | ({0.4}, {0.7, 0.9}, {0.8}) , 


Following example shows an MV3NS where three poles represent three different opinion 
leaders and decision makers are considered as opinion followers. Opinion leaders have an 


influence power for updating process of opinion followers’ opinions [40]. 


Example 3.14. Let {Aj, Ag, A3, A4} be a set of four companies where an investor wants to 
invest a suitable amount and {C1, C2, C3} be a set of criteria, then an MV3NSS is represented 
in Table 


3.3.1. Operations on Multi- Valued m-Neutrosophic Soft Set 


Some operations in MVmNSS are defined in this section. 


Definition 3.15. Let Z be a universal set and E be a set of parameters with U,V C E. For 
two MVmNSSs Qy and Uy, QyCUy if 


(1) @ CV, 


(2) Qu(e) C Wy(e) for alle € U i.e. s (Qu(e)(z)) < s(Wy(e)(z)) for alle EU, z € Z. 


Example 3.16. Let Z = {z1, 22} and FE = {e,e2,e3}. U = {e1,e2} and V = {e1,e2} be 
subsets of EF. Let Qy and Vy be two MV3NSSs defined as: 
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Qu = {(er, (21, ({0.3, 0.4}, {0.4, 0.6, 0.7}, {0.2, 0.5}), ({0.5, 0.7}, {0.6, 0.8, 0.9}, {0.7, 0.83), 
({0.4, 0.6}, {0.5, 0.7}, {0.5, 0.7, 0.8})), (za, ({0.3, 0.4}, {0.6, 0.9}, {0.8, 0.9}), 
({0.4, 0.5}, {0.6, 0.8}, {0.4, 0.6, 0.73), ({0.1, 0.3, 0.5}, {0.6, 0.7}, {0.7, 0.8}))), 
(2, (z1, ({0.4, 0.5}, {0.4, 0.6}, {0.6, 0.9}), ({0.2, 0.4, 0.5}, {0.6, 0.7}, {0.7, 0.8), 
({0.3, 0.5}, {0.6, 0.7, 0.8}, {0.7,0.9})), (za, ({0.4, 0.6}, {0.4, 0.6, 0.7}, {0.6, 0.73), 
({0.1, 0.2, 0.4}, {0.5, 0.6, 0.7}, {0.6, 0.8}), ({0.4, 0.5}, {0.5, 0.6}, {0.5, 0.7})))} 

Wy = {(e1, (21, ({0.8, 0.9}, £0.3, 0.5}, {0.5, 0.6}), ({0.5, 0.6}, £0.2, 0.3}, {0.4, 0.5}), 

({0.8, 0.9}, {0.3, 0.4, 0.5}, {0.3, 0.4, 0.5})), (za, ({0.7, 0.8, 0.9}, {0.4, 0.5}, {0.5, 0.6}), 

({0.6, 0.7}, {0.6, 0.7}, {0.3, 0.5}), ({0.7, 0.8}, {0.4, 0.6}, {0.2, 0.5}))), 

(2, (z1, ({0.6, 0.8}, {0.4, 0.5}, {0.4, 0.5, 0.63), ({0.6, 0.8, 0.9}, {0.4, 0.6}, {0.6, 0.7}), 

({0.7, 0.8}, {0.6, 0.7}, {0.5, 0.7})), (22, ({0.6, 0.8}, {0.4, 0.5}, {0.4, 0.5}), 

({0.5, 0.8}, {0.4, 0.5}, {0.1, 0.4}), ({0.9}, {0.4, 0.5}, {0.5, 0.7})))}. 

Since s(Qu(e)(z)) < s(Wy(e)(z)) for alle € U, z € Z > QyCVy (one of the different 


choices of e and z is explained as: s(Qu(e1)(21)) = —0.3288 < —0.083 = s(Wy(e1)(21))). 


Definition 3.17. Let Z be a universal set and Qy, Vy be two MVmNS sets, where U and V 
are subsets of E. Qy and Wy are said to be equal if QyCWy and Vy CQy. 


4. Distance Measures 


Let Z = {21, 22,...,2n} be a universal set, EF = {e1,€2,...,ep} be a set of attributes and 


U,V CE. Let Qu and Vy be two MVmNS sets over Z with their respective MVmN mappings: 


wy (64) = { (24,850 Fu (6) (en) 8:0 Fu (6) (2) 50 Fu (es) a)) §, 
wy (e;) = 4 | Ze, 81° Tv (ej) (ze) 81 0 Tv (e;) (Zk) , 81° Fv (e;) ()) ; 
for alli = 1,2,...,m; 7 =1,2,...,p and k = 1,2,...,n, then the distance measures between 


Qy and Vy are defined as: 


4.1. Hamming Distance 
so Ty (e;) (25) — 81 Ty (e7) (z) 


si 0 Ty (€;) (ze) — 810 Ty (e5) (2x) 


+ 


PPD? 


Lj=lk=1 


Ms 


dy (Qu, Vy) = => 


3mp aa 


ss 
ll 


~N 


8: 0 Fy (ej) (2z) — 81 0 Fv (e;) (2x) 
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4.2. Normalized Hamming Distance 


~ 


8,0 Ty (ej) (Ze) — 84° Ty (ej) (zx) 


+ 


~ ~ 


dvi (Qu, ¥v) = gb § SLY | sie To (ey) (2x) — 810 Tv (es) (24) | + 


~ 


si 0 Fy (€3) (2k) — 81 0 Fy (e;) (2x) 


4.3. Euclidean Distance 


NI 


dg (Qu, Vy) = Ly 


Pp 
3mp — 


i=1j=1k=1 


n a Ay 2 
> (s. o Ty (5) (ze) — 40 Ty (e;) ()] + 
7 2 


(s:o Fu (e)) (er) - 0 Fv (es) (a) 


4.4. Normalized Euclidean Distance 


~N 


7 2 
(s. o Ty (e;) (x) — 1 o Ty (e;) («.)) a 
aNE (Qu, Vy) = Smipn Be > (07 (e;) (zx) —s oly (e;) ()] + 
2 


(s:0 Fu (6) (en) - 0 Fv (es) (a) 


Some distance measures are defined with weight vector W = (wj,w2,...,Wp) satisfying 
Pp 
w; > 0 and 2 =1. 
J 


Bee oe 2 
(s:0Fu (6)) (a) - 0 Tv (e;) ()) + | 
| 


4.5. Weighted Hamming Distance 


S40 Ty (ey) (zn) — 540 Ty (e;) (zx) 


~N ~ 


si 0 Ty (€;) (ze) — 810 Ty (e;) (zx) 


+ 


+ 


~N 


8: 0 Fy (ej) (2k) — 81 0 Fv (e;) (2x) 


4.6. Weighted Euclidean Distance 


as 2 


~ 2 
(s. o Ty (e;) (zk) — 810 Ty (e,) ()] te 
dz (Qu, Vv) = gap § DD (s. 0 Iu (e;) (zz) — 81 0 Lv (ey) (2)) + 


(s. o Fy (€;) (ze) — $4 Fy (e;) (2) 
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5. MCDM Based on MVmNSS by using TOPSIS 


Ordering of the elements of MVmNS and formulation of distance measures between them 
leads us to develop a stepwise algorithm of TOPSIS. 

Step 1: Construct a set of alternatives X = {x1,%2,...,% } and a set of attributes EF = 
a eee ye 

Step 2: A decision matrix is constructed by a decision maker which is the representation 
of an MVmNSS. In case of group decision, decision matrices are obtained from the experts 
and then an aggregated matrix D is obtained by using MVmNBM (Definition 3.6), and is 


represented as: 
De.) = { (ensieFo (ej), 870 Ip (es), 979 F'p (e))S. 


for an alternative r,, k = 1,2,...,n. 
Step 3: Choose the positive and negative ideal solutions by calculating the score values of 


the entries of decision matrices, 


PIS = {(ensietr (e;),s,0Ip (e;), 5,0 Fp (e)))}. 


nis= 1 (cj.s:0Fy (e),s10 Fw (e910 Fw (e)) } 


Step 4: Find the distances of the elements of the aggregated matrix from PIS and NIS for 


each alternative x,, k = 1,2,...,n by using one of the following group of distance measures: 


~ ~N 


8,0 Tp (e;) — 8,0 Tp (e;)| + 


~ ~ 


so 1p (e;)— 9,012 (e;)| > ; 


m p 
bd dw H (Dz,, PIS) = aa dy Daj 
i=lj= 


~ ~ 


81° F’p (e;) — 5; 0 Fp (e;) 


~ 


3,0 Tp ( (e;) — 3, 0 Ty (e;)|+ 


~ 


ao lat (e;) — 8; 0 Ty (e;)| 4 


i=1j=1 


~ 


3,0 Fp ( (e;) — 85° Fy (e;) 


m p 
dwu (Dx,,NIS) = 355 | 


NIK 


2 
+ , 
2 


) 
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) 


(s:0 Fo e;)— 3,0 Fp (e; 
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(s:0Fp (e;) -s0TN («)) + 
1 ae - - : 
dwe (Dz,,NIS) = x5 dy 2s j (s:° Tp (q) -s:0 Tw (e)) + 
J= 


a = 2 
(s. o Fp (ej) — 830 Fn (e)) 
Step 5: Calculate the co-efficients of relative closeness (RC) for the alternatives by using 


one of the following formulae: 


dwu (Dz,,NIS) 


BO) = ae (D,,, NTS) + dwu (Dz,, PIS)’ 
or 
dyn Dx,.NIS) 
RC(az) = ko 
(ts) = Fe (Ds,, NIS) + dwa (Da, PIS) 


k =1,2,...,n, according to the distance measure used in step 4. 


Step 6: Rank the alternatives. 


5.1. An Application Example 


Let X = {x1, 22,23, 24} be a set of alternatives, EF = {e1, e2,e3} be a set of attributes and 
D = {d;,d2,d3} be the set of decision makers. Ranking of alternatives by the experts and 


observation of their attitudes is done here by two techniques: 


(1) MVmNBM 
(2) TOPSIS 


By using first technique, stepwise procedure is as under: 
Step 1: Obtain the MV2NSSs from the decision makers d;,d2 and dz which can be repre- 
sented in Table Table [3] and Table [4] respectively. 
Step 2: Obtain an MVmNSS d?99 by calculating MV2NBM (Definition 3.6) for the respec- 
tive values of Table Table [3] and Table 
Step 3: Let W, = ( 0.3 0.5 0.2 ; W2 = ( 0.2 0.4 0.4 ) and W3 = ( 0.7 0.1 0.2 ) 
be three weight vectors for the attributes provided by three decision makers d;, dz and ds 
respectively. Their weighted aggregated values are obtained from Definition 3.7 and are shown 
in Table [6] Table [7] and Table[8} 
Step 4: Now by using the score function (Definition 3.4), find the single values for each 
alternative. 
Score values for dj: 
S(x) = —0.3128 
S(a2) = —0.3341 
S(a3) = —0.3009 
S(a4) = —0.3147 
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TABLE 2. Decision matrix from the decision maker dj. 


1 EL (a) €3 


8 


1 ({0.5}, {0.4}) , ({0.5, 0.7}, {0.4, 0.6}) , ({0.4, 0.5}, {0.7}), 
({0.6}, {0.7}) ({0.9}, {0.9}) ({0.3}, {0.6}) 


({0.1}, {0.5}), | [tvs ({0.3}, {0.7}) , 
( 


wuss.03) | ({0.6, 0.7}, {0.8}) , [tnson.tn 


({0.5}, {0.9}), ({0.6, 0.7}, {0.6}), ({0.4}, {0.9}) , 
({0.6, 0.7}, {0.9}) ({0.6, 0.8}, {0.9}) {0.2}, {0.3, 0.5}) 
({0.6}, {0.8}) , ({0.9}, {0.8}) , ({0.5}, {0.6}) , 
conos0 ({0.7}, {0.6}) , | ({0.4}, {0.9}) , 
({0.6}, {0.1}) ({0.5, 0.6}, {0.5}) ({0.1, 0.4}, {0.5}) 
({0.53, {0.9}) , | | ({0.1, 0.4}, {0.5}), | ({0.3}, {0.8}) , 


8 


2 


8 
w 


({0.2, 0.6}, (0.43), ({0.7}, {0.2}), ({0.4}, {0.5, 0.6}), 
({0.7}, {0.4}) ({0.5}, {0.3, 0.7}) ({0.4, 0.6}, {0.7}) 


8 
i 


ee ee 
K—S___E—S-—s= A >" 


TABLE 3. Decision matrix from the decision maker dy. 


2 el €2 €3 
({0.1}, {0.3}), ({0.7}, {0.5}), ({0.3, 0.5}, {0.5, 0.6}), 
v1 G ({0.2}, {0.1,0.5}), | [ ({0.4}, {0.5}) , | ({0.4}, {0.8}) , | 
({0.4}, {0.6}) ({0.3, 0.5}, {0.4}) ({0.3}, {0.7}) 
({0.4, 0.6}, {0.9}) , ({0.1}, {0.5, 0.7}), ({0.4}, {0.9}) , 
x2 [i ({0.8}, {0.5}),, | [i ({0.6}, {0.7}), | t ({0.5}, {0.6}) , | 
({0.6}, {0.6}) ({0.1}, {0.3}) ({0.7}, {0.8}) 
({0.2}, {0.4}), ({0.4}, {0.7, 0.8}), ({0.2}, {0.8, 0.9}), 
x3 C ({0.5}, {0.6,0.7}) , | [i ({0.2}, {0.1}), | [i ({0.5}, {0.8}) , 
({0.2}, {0.7}) ({0.2}, {0.7}) ({0.1}, {0.5, 0.9}) 
({0.5, 0.7}, {0.4}) , ({0.9}, {0.8}) , ({0.3}, {0.4, 0.5}), 
D4 [i ({0.4, 0.8}, {0.9}) , 5 [i ({0.6}, {0.7,0.9}) , | [: ({0.3, 0.4}, {0.6}) , | 
({0.1}, {0.5}) ({0.3}, {0.6}) ({0.7}, {0.2, 0.3}) 


Score values for do: 
S(x1) = —0.3084 
S(x2) = —0.3326 
S(x3) = —0.2952 
S(x4) = —0.3167 

Score values for d3: 
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TABLE 4. Decision matrix from the decision maker d3. 


3 El e€2 €3 
({0.6}, {0.7}) , ({0.4, 0.6}, {0.7}) , ({0.1, 0.3}, {0.4}) , 
ry ({0.8, 0.9}, {0.4}) , ({0.4}, {0.6}) , ({0.6}, {0.5, 0.8}) , 


({0.3}, {0.6}) 
({0.4}, (0.55) , 
x9 ({0.6}, {0.7}) , 
({0.8}, {0.6}) 


({0.5}, {0.7, 0.9}) 
({0.3}, {0.4}), 


({0.4}, {0.7}) 


x3 ({0.4}, {0.5}) , 
({0.7}, {0.8}) 
({0.2}, {0.6}) , 

LA ({0.4, 0.6}, {0.7}) , 


({0.6}, {0.8, 0.9}) 


({0.7}, {0.9}) , 
({0.4, 0.5}, {0.8}) 
({0.6}, {0.4}), 
({0.4}, {0.9}), 
({0.3}, {0.6, 0.7}) 


({0.5, 0.6}, {0.6}) , 


({0.2}, {0.3, 0.6}) , ({0.6}, {0.7, 0.8}) , 


({0.3, 0.5}, {0.4}) 
({0.5, 0.8}, {0.5}) , 
({0.2}, {0.3}), 
({0.4}, {0.9}) 
({0.9}, {0.7}), 
({0.4}, {0.6, 0.7}) : 
({0.6}, {0.8}) 
({0.2}, {0.3, 0.5}) ; 
({0.7, 0.8}, {0.9}) , 
({0.4}, {0.1}) 


TABLE 5. Aggregated matrix d%99. 


Agel ey e2 


€3 


({0.3039, 0.3437}, {0.4539}) , ({0.5638, 0.6666}, {0.6666}) , 
Ty ({0.5187, 0.56}, {0.3025, 0.4338}) , ( 
({0.4362}, {0.6346}) 
({0.6418}, {0.7204}) , ({0.5677, 0.6346}, {0.6346}) , 
({0.6722, 0.7050}, {0.7140}) ({0.3732, 0.4454}, {0.6732}) 
({0.3068}, {0.4806, 0.5955}) , ({0.6268}, {0.7334, 0.8}) , 
r3 ({0.5387, 0.5775}, {0.4130, 0.4512}) ({0.5607}, {0.5803}) , 
({0.5194}, {0.5824}) ({0.3693, 0.4419}, {0.6774}) 
( ({0.3912, 0.4524}, {0.6268}) , ({0.5169, 0.6268}, {0.5581}) , 
4 


({0.3346, 0.6722}, {0.6961}) , ({0.5740}, {0.6516, 0.7608}) , 
({0.4936}, {0.6193}) ({0.3672}, {0.5080, 0.6682}) 


({0.4338, 0.5050}, {0.5022, 0.5677}) , 
({0.5891, 0.6507}, {0.6961, 0.7911}) 

({0.2860, 0.3437}, {0.6246}) , ({0.3268, 0.3484}, {0.4659, 0.5285}) , 
2 


({0.3691, 0.5488}, {0.4978, 0.5955}) , 
({0.4687, 0.5022}, {0.6774, 0.7690}) , 


({0.3, 0.3672}, {0.5740}) 


({0.3966, 0.4806}, {0.7003}) , 
( ({0.3693}, {0.6299}) , 


({0.4404}, {0.7207, 0.7607}) 
({0.5095}, {0.7, 0.7334}) , 


( ({0.4338}, {0.7832, 0.8081}) , 


({0.2430, 0.3732}, {0.6088, 0.7607}) 


({0.2648}, {0.4806, 0.5947}) , 
({0.4724, 0.5432}, {0.6842, 0.7140}) , 


({0.5050, 0.5740}, {0.32, 0.3656}) 


S(x1) = —0.3444 
S(x2) = —0.3663 
S(x3) = —0.3365 
S(xa) = —0.3503 


S(x2) < S(x4) < S(a1) < S(x3) is the ranking of alternatives which is similar for all three 


decision makers. Alternative x3 is the best one to select. 


Step 5: To analyze the future attitude of the decision makers, system of differential equa- 


tions (2) is developed by selecting a,,, 1,7 = 1,2,3 from the score values.ay,, 


DP xs 2 
0.7048, a2, = 0.6991, a2, = 0.7048 


dt = 0.6991P, + 0.7048P» 
an = (1.6991 P; + 0.7048 P2 


= 0.6991, al 
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TABLE 6. Weighted aggregated values for dj. 


({0.6455, 0.7069}, {0.7202, 0.7360}) , 
a1 | ({0.7883, 0.8137}, {0.7889, 0.8375}) , | 
({0.7778, 0.8019}, {0.8684, 0.8858}) 
({0.5922, 0.6256}, {0.7444, 0.7571}) , 
ao ({0.8186, 0.8313}, {0.8771}) , | 
({0.8, 0.8185}, {0.8924, 0.8968}) 
({0.6843}, {0.7723, 0.8112}) , 
v3 | ({0.8109, 0.8172}, {0.8381, 0.8473}) , | 
({0.7346, 0.7749}, {0.8617, 0.8789}) 
({0.6379, 0.6756}, {0.7298, 0.7465}) , 
v4 | ({0.7832, 0.8494}, {0.8824, 0.9030}) , | 
({0.7760, 0.7859}, {0.7963, 0.8345}) 


TABLE 7. Weighted aggregated values for dg. 


({0.6527, 0.7225}, {0.7263, 0.7470}) , 

a1 | ({0.7825, 0.8081}, {0.8027, 0.8508}) , 
({0.7683, 0.7942}, {0.8634, 0.8808}) 
({0.6019, 0.6362}, {0.7520, 0.7644) , 

xo ({0.8064, 0.8201}, {0.8716}) , | 
({0.7848, 0.8033}, {0.8912, 0.8976}) 

({0.7001}, {0.7867, 0.8221}) , 

v3 | ({0.8033, 0.8084}, {0.8527, 0.8623}) , | 
({0.7179, 0.7647}, {0.8595, 0.8840}) 
({0.6304, 0.6637}, {0.7270, 0.7496}) , 

v4 | ({0.7826, 0.8418}, {0.8802, 0.9015}) , 
({0.7730, 0.7872}, {0.7815, 0.8234}) 


Line graph for the system (3) (Figure [2) shows the same future behaviour of the decision 
makers d, and dg, since lines are overlapping and phase portrait (Figure |1)) shows that the 
system is unstable. It means that the experts may change their attitudes in future. A similar 
conclusion can be observed between dg and d2 or d, and dg. Future attitudes of d, and do can 
also be analyzed (Figure |3) with the following fuzzy initial conditions (FICs): 

P,(0) = (-1,0,1), 
P2(0) = (-1,0,1), 

or (a-cut representation) 
P\(0)=(-1+a,l-—a) aeé(0,1], 
P,(0)=(-1l+a,l-—a) aeé(0,1). 
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TABLE 8. Weighted aggregated values for d3. 


ry 


T2 


T3 


v4 


({0.5941, 0.6529}, {0.6708, 0.6887}) , 

({0.8239, 0.8432}, {0.8310, 0.8709}) , 

({0.7917, 0.8105}, {0.8813, 0.8881 }) 
({0.5629, 0.6}, {0.7245, 0.7304}) , 


AN NO eee._é.Wl 


({0.8437, 0.8488}, {0.8980}) , 


({0.8431, 0.8567}, {0.9106, 0.9155}) 


({0.6299}, {0.7240, 0.7646}) , 


({0.8336, 0.8407}, {0.8720, 0.8806}) , | 


({0.7762, 0.8090}, {0.8767, 0.8985}) 

({0.5891, 0.6212}, {0.6886, 0.7115}) , 
({0.8066, 0.8744}, {0.9019, 0.9135}) , 
({0.8179, 0.8283}, {0.8261, 0.8461}) 


a 
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FIGURE 2. Line graph for the system (3). 
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FiGuRE 3. Line graph for the system (3) with FICs. 


TABLE 9. Score values from the decision maker dj. 


dy ey e2 €3 
xz, —0.2416 —0.2416  —0.075 
tq —0.3916 —0.2666 —0.15 
z3 —0.025  —0.1083 —0.1583 
z4 —0.0833 —0.1916 —0.175 


TABLE 10. Score values from the decision maker dy. 


dy ej e2 €3 

x; —0.1833 —0.0833 —0.2083 
z2 —0.1833 —0.1666 —0.2166 
z3 —0.2416 —0.0083 —0.175 
tq —0.1833 —-0.1  —0.1916 


Now the stepwise procedure of the second technique is as under: 

Step 1 Same as in first technique 

Step 2 Same as in first technique. 

Step 3 Find the score values of the entries of Table |2| Table |3] and Table |4| by Definition 
3.4. Respective score values are represented in Table [9] Table [10] and Table 

Step 4 By comparing the score values of the alternatives in Table|9| Table[10] and Table[I1] 
select the PIS and NIS from Table [2] Table [3] and Table 

Step 5 Find the weighted distances between the entries of Table|5]and Table[12]as described 
in section 4.5 with W, = ( 0.3 0.5 0.2 ) and Wz = ( 0.2 0.4 0.4 ), Here weighted 
Hamming distance is utilized. 
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TABLE 11. Score values from the decision maker d3. 


dg el e2 €3 

x; —0.1416 —0.1833 —0.2416 
vg —0.3 —0.2583 —0.1 
x3 —0.2916 —0.25 —0.1416 
x4 —0.3083 —0.2083 —0.2583 


TABLE 12. Positive and negative ideal solution. 


al €2 €3 
({0.6}, {0.8}) , ({0.4}, {0.7,0.8}) , ({0.9}, {0.6, 0.8}) , 
PIS ({0:7,.0.8},(0.1}). ({0.2},{0.1}):, ({0.4, 0.5}, {0.7}) , 
({0.6}, {0.1}) ({0.2}, {0.7}) ({0.3}, {0.6}) 
({0.1}, {0.5}) , ({0.7,0.8}, {0.5}) , ({0.21,10.8,0:5})., 
NIS ({0.5}, {0.9}), ({0.6, 0.7}, {0.6}), ({0.7, 0.8}, {0.9}), 
({0.6, 0.7}, {0.9}) ({0.6, 0.8}, {0.9}) ({0.4}, {0.1}) 


dw,H (Dz,, PIS) = 0.4059 | dw, (Dz, PIS) = 0.3875 
dw, (Dz, PIS) = 0.4284 | dyw,1 (Dz, PIS) = 0.4131 
dw,n (De,, PIS) = 0.4048 | dw, (D2;, PIS) = 0.3886 
dw,n (De,, PIS) = 0.4523 | dw, (De, PIS) = 0.4485 
dw,n (Dz,,NIS) = 0.3838 | dw, (Dz,, NIS) = 0.4064 
dw,n (De,,NIS) = 0.3928 | dw, (Dz,, NIS) = 0.3824 
dw,u (Dx,,NIS) = 0.4060 | dw, (D23, NIS) = 0.4109 
dw,u (De,,NIS) = 0.4122 | dw, (Dey, NIS) = 0.4597 


Step 6 Find the Coefficients of relative closeness for each alternative and rank the alterna- 


tives. 


RCw, (x1) = 0.4860 RCw, (#1) = 0.5119 
RCw, (x2) = 0.4783 RCw, (x2) = 0.4807 
RCw, (x3) = 0.5007 RCw, (x3) = 0.5139 
RCw, (xa) = 0.4768 RCw, (aa) = 0.5061 
S(za) < S(xo) < S(a1) < S(a3) | S(x2) < S(xa) < S(x1) < S(x3) 


Both experts select the same alternative and their future attitude is same as discussed in 
previous technique. 
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6. Conclusion 


MVmNSS can model the problems of MCDM with undetermined information better than 
MVNSS and mNSS. It engages not only the multi-polar information but also multi-valued data. 
The multi-valued neutrosophic set has the membership, non-membership and indeterminacy 
values which can be treated as in hesitant fuzzy set or dual hesitant fuzzy set when operational 
laws (Definition 2.3) are defined. An analysis of experts’ attitudes after their decisions can 
also be done by utilizing the MVmNBM. This study has also been carried out by Beg et 
al. with a fuzzy soft matrix as the initial data which does not captivate the degrees 
of falsity-membership and indeterminacy-membership. MVmNSS handles these complicated 
uncertainties and can be aggregated by MVmNBM. In the future, other MCDM methods 
(TOPSIS, VIKOR, etc.) can be applied in group decision problems by defining the distance 
and similarity measures in MVmNSs. Another aspect of this research is the utilization of 


differential equations with FICs which does not produce different results. 
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Abstract. Neutrosophy deals with the study of neutrosophic logic, set and probability. A Pythagorean m- 
polar neutrosophic set is indeed an expansion of crisp, fuzzy, intuitionistic fuzzy, neutrosophic and Pythagorean 
m-polar fuzzy sets. In this paper, we develop the perception of Pythagorean m-polar fuzzy neutrosophic metric 
space defined over Pythagorean m-polar fuzzy neutrosophic set relying on the classical definition of metric 
spaces defined on a crisp set. We present some related results and illustrations to perceive the conceptions. 
We present many examples of metrics which hold true for classical sets but fail to make sense in Pythagorean 


m-polar fuzzy environment. We also render a practical utility of the proposed metrics in pattern recognition. 


Keywords: Pythagorean m-polar fuzzy neutrosophic set; Pythagorean m-polar fuzzy neutrosophic subset; 


Pythagorean m-polar fuzzy neutrosophic metric spaces; Pattern recognition 


1. Introduction 


In the wake of advancement of classical sets to fuzzy sets by Zadeh [33], the scientists around 
the globe started working on diverse aspects of fuzzy sets and its expansions. Contrary to clas- 
sical sets, an element is allowed to partially belong to the set, as specified in fuzzy set. In [2,3] 
Atanassov unveiled the notion of intuitionistic fuzzy sets (IFSs) by including the so called non- 
membership grade to already included membership grade in a fuzzy set. Yager [32] comforted 
the decision makers by enhancing the space for the the choice of association and dissociation 


grades prevailing in the IFSs and called the resulting model as Pythagorean fuzzy set. Naeem 
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et al. [21] expanded the conception given by Yager to Pythagorean m-polar fuzzy sets and ren- 
dered a fascinating practical implementation to advertisement mode selection problem. Later, 
Riaz et al. [24] further generalized the thought to Pythagorean fuzzy soft sets. Naeem et al. 
further explored the chief characteristics of Pythagorean m-polar fuzzy sets in [22]. 

Maurice René Fréchet, a French mathematician, floated the idea of metric spaces in 1906. 
Deng [12], Diamond and Kloden [13], Atefi and Jehadi [4], Chaudhuri and Rosenfeld [5], 
George and Veeramani [14], and Gregori and Romaguera [15] are among the mathematicians 
who studied and explored different aspects of fuzzy metric spaces. The scientists who explored 
metric spaces in the framework of IFSs mainly include Gregori and Romaguera [16], Li et 
al. [19], and Park et al. [23]. 

Smarandache [28] presented yet another expansion of fuzzy sets called Neutrosophic sets. He 
made further explorations in [29] and [30]. The series of fascinating explorations by Smaran- 
dache is continued. Wang et al. [31] presented single valued neutrosophic sets. Arockiarani 
et al. [1] studied fuzzy neutrosophic soft topological spaces. Simgek and Kirsci [27] explored 
fixed points in the context of neutrosophic metric spaces. Ishtiaq et al. [17] presented fixed 
points results in orthogonal neutrosophic metric spaces. Jansi and Mohana [18] studied, in 
recent times, pairwise Pythagorean neutrosophic P-spaces (with dependent neutrosophic com- 
ponents between T and F). In recent times, Siraj et al. [25] unveiled the apprehension of 
Pythagorean m-polar fuzzy neutrosophic topology with applications towards handling eco- 
nomic crises caused due to COVID-19 and the root cause behind scarcity of water in Thar 
desert of Pakistan. 

Das et al. [6] presented the notion of neutrosophic fuzzy matrices with their algebraic opera- 
tions. Das and Tripathy [7] studied neutrosophic multiset topological space. Mukherjee and 
Das [20] explored neutrosophic bipolar vague soft set and its application. Das et al. [8] un- 
veiled the notions of neutro algebra and neutro group. Das and Das [9] presented neutrosophic 
separation axioms. Recently, Das et al. [10] rendered the idea of pentapartitioned neutrosophic 
probability distributions. Das et al. [11] studied topology on ultra neutrosophic set. 

There arise many situations in real life where we have to think time and again before reach- 
ing at some decision—a decision that may be thought as flawless. It is in fact the process of 
multipolarity. The ever-expanding applications of neutrosophic sets are not concealed from 
the world. Pythagorean neutrosophic environment provides the enhanced facility of choosing 
values for the three membership functions (truth, indeterminacy and falsity) from a broader 
space. 

In this article, we explore some notions of Pythagorean m-polar fuzzy neutrosophic metric 
spaces. Section 2 presents some basic notions necessary to conceive the main topic of this 


study. The third section presents main study of this article. In this section, the notion of 
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Pythagorean m-polar fuzzy neutrosophic metric spaces has been put forward. A large number 
of examples and illustrations are presented to conceive the perception. Section 4 presents a 
practical implementation of the proposed metrics in pattern recognition. Section 5 concludes 


the paper. 


2. Preliminaries 


Definition 2.1. [28,29] A neutrosophic set N on the underlying set X is specified as 
N= {< Y,Tn(Y), In(Y), Pu(VY) > YE X} 


where T, I, F : X ++]~0,1*[ accompanied by the constraint ~0 < Ty(Y)+Jn(Y)+F(Y) < 3°. 
Here Ty(Y), Iy(¥) and Fy(Y) are the degrees of membership, indeterminacy and falsity (non- 
membership) of members of the given set, respectively. T, J and F are acknowledged as the 


neutrosophic components. 
Definition 2.2. [1] A fuzzy neutrosophic set (fn-set) over X is delineated as 

A={< Y,Ta(Y), LA(Y), Fa(y) >: ¥ € X} 
where T,J,F : X + [0,1] in such a way that 0 < Ta(Y) + Ia(Y) + Fa(Y) <3. 
Definition 2.3. [25] A Pythagorean m-polar fuzzy neutrosophic set (PmFNS) & over a basic 
set X is marked by three mappings o) :X — [0,1], 1 : X — [0,1] and FO :X — [0,1], 
where m is a natural number, Vi = 1,2,--- ,m, with the limitation that 

08 GMO) HUY OO) Bee) s2 


for all Y € X. 
A PmFNS may be expressed as 


S = {OOO OPM) Gm 


: 
= :YEX 
franecvewcaen », (TE? (1), L(y), FL" 
= a) ~ a) >Y EX,t=1,2,---,m 
COOL), FL 


If cardinality of X is J, then tabular structure of & is as in Table 1: 
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TABLE 1. Tabular representation of PmFNS S$ 


Ss 

= an Oe Ba na pO A a a 
v1. (Ty IPO), FP OD) (Toy, Pon, Fey) (TE 011), Er), FE 11) 
Yo (TL (v2), IP (r2), FO (v2) (T2012), TP (12), F072) (TE (72), IL (¥2), FL (2) 
ve MEO CDI OL OD) GCS Cae ay ee EL EO) 


The corresponding matrix format is 


OCD Oyen) EPon@onEOend, = Geni? oe p) 
i (Ty? (2): 15? a) FS (v2). GE Wally (akg Ora)) a (ra IY” (ra), Bg” (2) 
S= ; : 

(TO) PD), FOOD) (TROD Ir), FOOD) (TEP 0r), EL 0171), FLO.) 


This 1 x m matrix is known as PmF'N matrix. The assortment of each PmFNS characterized 


over universe would be designated by PmFNS(X). 


Definition 2.4. [25] L 


et 
Yo, written as Sy C So, VS € X and each values of 7 ranging from 1 to m, if 


1) TSC) S Tye (Y); 


9, and Sg be PmFNSs over X. Sj is acknowledged as a subset of 


Ss Se 
(7) (2) 
2) Ig (¥) 2 IgV), 


(i) (2) 


9, and So are said to be equal if S; C So C Sy and is written as Sy = Sg. 


Definition 2.5. [25] A PmFNS S over X is known as null Pm FNS if Ty) =e 1 (y) =. 


and Fy) = 1, VY € X and all acceptable values of 7. It is designated by ®. 
Thus, 


(0,1,1) (0,1,1 vee (0,1, 


Definition 2.6. [25] A PmFNS S& over X is called an absolute PmFNS if Ty) = 
1 (y) =0, and FO (7) =0, VY € X. It is denoted by ¥. 


Thus, 
(1,0,0) (1,0,0) --- (1,0,0) 
ms ie: yy ) nae ’ gi) 
xX = 
(1,0,0) (1,0,0) --- (1,0,0) 
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Definition 2.7. [25] The complement of a PmFNS 


y= a ee ee m 
(TS (y), IO), FEO) 


Si= yee FYE XG H1- . 
(Fg (VY), 11g), F3°) 


Definition 2.8. [25] The union of any PmFNSs 3} and Sg expressed over the same universe 


X is represented as 


Y : 
eek eT ACTER OTT TNT OFS OV 78 RTE OTS TCT Ree a a 
(max(T3; aor T35 (x )s min(Ig;(Y), Ts3(V)); min(FS; (Y), F396 (Y)) 


Definition 2.9. [25] The intersection of any PmFNSs 9 and S2 expressed over the same 


universe X is represented as 


Y : 
S182 = {yy a ee ED 
(min(T3; (¥95 T35(V)), max(Ig;(Y), Ts3(V)), max(Fy; (Ys Fg eae) 


3. Pythagorean m-Polar Fuzzy Neutrosophic Metric Spaces 


In this section, we introduce the notion of Pythagorean m-polar fuzzy neutrosophic metric 
space along with its prime characteristics and illustrations. The superscript 7, wherever used, 


will run from 1 to m, unless stated otherwise. 


Definition 3.1. Let 6;, 62 and 03 be three PmFNSs on X. The mapping 
M° : PmFN(X) x PmFN(X) + (0,2) is said to be a Pythagorean m-polar fuzzy neutro- 


sophic metric on PmF'N(X) if it ensures the following postulates: 


F 


F 


Me( 
M*(61, 02) =0 8S i = 0 
Me( 


F 


i 
On BH WH NH HH 


If d; C 02 C 03, then M*(d1, 62) < M*(6i, 03) and M*(d2, 63) < M*(O1, 03) 


for all 01, dg and 63 € PmF'N(X). 

The pair (PmF'N(X), Ml’) is said to be the Pythagorean m-polar fuzzy neutrosophic metric 
space (PmFNMS). PmF'N(X) is known as the Pythagorean m-polar fuzzy neutrosophic un- 
derlying set (PmFN-underlying set) or the Pythagorean m-polar fuzzy neutrosophic ground set 
(PmFN-ground set). The elements of PmF'N(X) are called the Pythagorean m-polar fuzzy 
neutrosophic points (PmFN-points) of the PmFNMS (PmF'N(X), M1’). 
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Remark 3.2. If 01, 02, 03,--- ,On—1, On are n distinct PmFN points of the PmFNMS 
(PmF'N(X), M°), then the fourth postulate may be generalized as 


MP(01, On) < M*(O1, 62) + M*(Go, 63) + M*(O3, 64) + --- +M*(On_-1,5n) 


Example 3.3. Let 


and 
82 = (C7), LY, £2’) 
be members of PmF'N(X). We establish that 


MP (81, 32) = 2] S> {I —IP)2m 4 OP — yam 4 (EY — EP Pm} 


is a PmFNMS on PmF'N(X). 
M5 and M3 of Definition 3.1 are obvious. We establish the remaining requirements. 
Mi: Since 0< (4 — WP)" <1, 0< (1pm <1, o< (E— EMP" <1 
SOS er oi eRe ey <2 
Thus, 


0< M*(01, 02) < 2 
Vv 01, 02 € PmFN(X). 
Mj: By virtue of Minkowski’s inequality, we have 
[CP — TPP" +P IP) (EP EP Pree < [CP — IPP +P IP) 
(EY — Ey) Pe + (Oy) PP + DP PP + (ep? — 6 Pr 
=> M*(O1, 63) < M*(di, d2) + M*(d2, d3) 


Vv 01, 02, 03 € PmF N(X). 
ME: If 01 C 02 Cc 03, then 


1 oS a 
Le el ey, 
be ee See 


so that 

5 i i)\2m i i)\2m i 4)\2m1 2 
MO(@B1, Be) = (CP - IP Pr +? - BPP + EY — EP Pree 
i M* (01, 02) = M* (62, 01), from M5 


So, 

i i)\2m i i)\2m i i)\2m1 2 
MP (81, 32) = [(1S? — 3)2™ + a — 1)? 4 (6M — 6 Oy] an 
and 


M*(8,, 83) = (I? — 1)?" + a? — 1) + (6? — Oye 
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again from M5, we have 
i )\2m i i)\am i aC ee 
M*(81, 83) = (03? — YP)" + Gy? - 1)?" + (eg - EP Pee 
Now, if d2 C 03, then 


ae ay 
w=? < aP-7? 
= (19 Wyn < (gO _— Oy 
Also, 
aerate he 
=I) < —1? 
Sey) << 
Sp yd Sy 
and 
@ > @ 
= -£y) < -£y 
SESE Se Bey 
= (pO — Om < (-O_— -Oym 


It follows from above inequalities that M*°(61, 62) < M°(61, 63). 


The other inclusion may be established on the parallel track. 


Thus, M°(61, 02) is a PmFNMS on PmF'N(X). 


Example 3.4. Consider the PmFNSs 61, d2 and 63 given in Example 3.3. Then, none of the 
following is a PmFNMS on ales 


(1) M?(61, 52) = max;{71(? a 2} + max;{I(? ol Ory aes ES 

(2) M#(d1, 52) = min, {1 | Ta} + mine Ie ok 4 min {EO Oy. 

(3) Mj (01,02) = a Tey + HI +E) +6) +62). 

(4) M3@1,d2) =D ate Wee) eed ew eae Wide 

(5) MG(@r, 82) = y Dima {( oP TP +P +O P(E) +EP}- 

(6) ME(8,32) = °™, {((a Vea +0? +1) + EP + £\)2)"). where n ER 

(7) M1, D2) = maxi{T? + Ty)” +176) + £9}. 

In case of (1), if 6] = do ie. if 4 = 7, 1) = 1) and EY = EF, then it is not necessary 
that Y= = 1 a ac arf 0 


Therefore, 0; = 02 # M{(61, 62) = 0. Hence, M?(61, 62) is not a PMFNMS on PmF'N(X). 


Same reasoning holds good for (2). 
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For (3), it is not guaranteed that the sum on the RHS will not exceed 2. So, Mj fails to be a 
PmFNMS on PmF'N(X). The same argument is valid for (4), (5) and (6). 


The analogous issue arises in case of (7). 


Example 3.5. Let PmF'-N(X) = {21,22} be the universal sets with three P3FNSs as given 
in Tables 2 - 4. 


TABLE 2. P3FNS M, 


My 
x1 (0.417, 0.312, 0.356) (0.012, 0.374, 0.436) (0.811, 0.363, 0.272) 
vy (0.712, 0.117, 0.562) (0.333, 0.672, 0.891) (0.068, 0.772, 0.921) 


TABLE 3. P3FNS Nj 


Ni 
x1 (0.811, 0.062, 0.211) (0.312, 0.270, 0.137) (0.921, 0.266, 0.152) 
xv (0.932, 0.101, 0.431) (0.466, 0.352, 0.721) (0.368, 0.572, 0.900) 


and 


TABLE 4. P3FNS O, 


QO, 
x1 (0.932, 0.001, 0.200) (0.527, 0.170, 0.007) (1.000, 0.062, 0.008) 
x2 (0.982, 0.001, 0.231) (0.667, 0.252, 0.421) (0.766, 0.423, 0.262) 


where My, Ni, O; € P3F.N(X) and M, c Nj Cc OQ. We show that M*(My, Nj) isa P3FNMS 
on PmF'N(X) if 

Ms (Mi, Ni) = Dy + a? - 2)? + (6? - 6} 
Mi: Mé (Mi, Ni) = V0.239 + 0.190 + 0.036 + 0.066 + 0.149 + 0.130 = 0.900 
>0Q< Mé (Mh, N;) SD 


: Obvious. 


: Obvious. 

: Since MS (My, 01) = 1.680, M&(Ni, O1) = 0.970, and M& (My, Ni) = 0.900, so 
Me (Mi, O1) < Ma(Mi, Ni) + Me(Ni, O1) 

Ms: M, CN; CO; > M8(Mi, Ni) < ME (My, 01) and M8(N;, 01) < M8 (Mj, O;) 


follows from above computations. 


C 
| 
BH WH NH 
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Thus, Mé (Mi, Ni) is a P3FNMS on PmF'N(X), for Mi, Ni, O1 € P3FN(X). 


Proposition 3.6. Let M°(60;, 02) and M°(63, 64) be two PmFNMSs on a PmFNS 
PmF'N(X), then M%[(01, 53), (G2, 54)] = MP(O1, 52) + M*(G3, 54) is not a PmFNMS on 
PmFN(X) x PmFN(X). 


Proof. Since M°(61, 62) and M°(63, 64) are two PmFNMSs. Therefore, by definition 


0 < M*(di, d2) < 2and0 < M*(3, 04) < 2 
=> 0 < MPO, d2) +M*(d3, 04) < 4 
=> 0 < Mi} [(61, 03), (02, 0a)| < 4 


So, M}[(61, 53), (62, d4)] is not a PmFNMS on PmF'N(X) x PmF'N(X). 
0.1emO 


Remark 3.7. It is interesting to note that the distance defined in the way as in Proposition 


3.6 yields metric space in crisp sets but fails to hold in PmFNSs. 


Example 3.8. Consider the PmFNSs PmF'N(X), My, N; and O, given in Example 3.5 and 
Mz, Ne and Oy given in Tables 5, 6 and 7, respectively: 


TABLE 5. P3FNS My 


Mo 
x1 (0.444, 0.123, 0.256) (0.114, 0.274, 0.336) (0.901, 0.269, 0.117) 
x2 (0.882, 0.107, 0.432) (0.441, 0.521, 0.742) (0.172, 0.710, 0.916) 


TABLE 6. P3FNS No 


No 
LY (0.844, 0.002, 0.201) (0.332, 0.260, 0.037) (0.922, 0.261, 0.109) 
x2 (0.936, 0.006, 0.331) (0.470, 0.262, 0.621) (0.468, 0.472, 0.889) 


TABLE 7. P3FNS O95 


Oz 
x1 (0.992, 0.001, 0.169) (0.627, 0.070, 0.006) (1.000, 0.032, 0.006) 
x2 (0.988, 0.001, 0.201) (0.676, 0.152, 0.411) (0.862, 0.413, 0.216) 
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VY Mi, Me, Ni, No, O1, Oo € P3FN(X). We check whether M*|(Mj,Mz), (Ni,No)] = 
57M (M,,N,) is a PmFNMS on PmF'N(X) x PmF'N(X) or not? 
Since MS(M;,N;) = 0.900 and Mi°(Mb,N») = 0.756, so that M®[(Mj, Mp), (N,,No)] = 1.656 
=> 0< M*[(M1, Mp), (Ni,No)] < 2 
But, 
M*[(M1, Mz), (Q1,02)] = M°(Mi,01) + M*(Mb, O2) 
= 0.386 + 0.491 + 0.196 + 0.196 + 0.509 + 1.043 
at 0.323 + 0.414 + 0.095 + 0.076 + 0.301 + 1.054 
= 72.821 + V2.263 


3.182 £2 


So, M*[(My, M2), (Ni, N2)] is not a PBFNMS on PmF'N(X) x PmF'N(X). 


Proposition 3.9. Let M°(d1, 62) and M*(03, 64) be two PhFNMSs on PmFNS PmF'N(X), 
then 

(i) MG[(91, 53), (G2, J4)] = max{M*(d), 52), M*(d3, d4)} 

(ii) MO[(O1, 53), (02, J4)] = min{M*(61, 52), M*(63, 54)} 
are PmFNMSs on PmF'N(X) x PmFN(X). 


Proof. We prove (i) here. The proof of (ii) may be furnished on the parallel track. 
Mi: Since M*(01, 62) and M*(63, 04) are PmMFNMSs on PmF'N(X). 
=> 0 <M%(8), 32) <2 and 0 < M°(33, 31) <2 
But then, max{M°(61, d2), M*°(d3, d4)}, being the maximum of two non-negative and 
less than or equal to 2 quantities, is also non-negative and less than or equal to 2. 


M3: Obvious. 
VAIS: 

M5 [(01, 53), (G2, 54)| = 0 max{M°(01, 02), M°(d3, d4)} =0 
M"(3,, 3) =0, M53, 34) =0 
01 = 02, 03 = 04 


= (01,03) = (2, 04) 


~ ¢ 72 


Mj: M5[(01, 53), (05, d6)] = max{M*(O1, 65), M°(d3, 56)} 
Let My |(61, 03), (0s, 06)] = M°(0), 0s). Then, 
M*(d1, 02) < max{M*(d1, 02), M*(d3, d4)} 


and 
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M5: 


M*(52, 05) < max{M*(d2, 05), M*(d4, d6)} 

Since M*(01, 02) is a PmFNMS. Therefore, 

M*(d1, 05) < M*(61, 02) +M*(d2, 55) 

> max [M*(0;, 905),M*(03, 56)]) < M%(O;, de) + M*(O2, 55) < 
max{M°(01, 52), M°(63, 54)} + [M°(d2, 55), M°(G4, 56)] 

= Mj[(G1, 53), (5, 56)] < MG[(1, 53), (G2, 54)] + MG [(2, 54), (Os, 56) 

Straight forward. 

Thus, Mj [(01, 53), (62, 54)], V1, 02, 03, 04, O5, 06 € PmF-N(X) is a PmMFNMS on 
PmFN(X) x PmF'N(3). 


0.1emO 


Remark 3.10. Proposition 3.9 shows that more than one PmFNMSs can be defined on a 
single PmFNS. 


Example 3.11. Consider the P3FNSs given in Example 3.5 and 3.8. We check whether 
(i) Mi [(Mi, Mz), (Ni, N2)] = max{M*(Mj,N;), M*(Mby, N2)} 
(ii) Mi[((Mi, Mz), (Ni, N2)] = min{M? (My, Ni), M°(Mb, N2)} 

where M°(M, M2) and M*|[(M3, M4) are P3FNMSs on PmF'N(X) x PmF'N(X) or not? 


For (i): 
Mi: 


s 


V3: 


Mi: 


Ms: 


Mi[(Mi,Mb), (Ni,N2)] = max{M°(M1,N:),M*(Mz,No2)} 
= max{0.900, 0.756} 
= 0.900 
=> 0 < Mi|(Mi, Mp), (Ni,No2)] < 2 
Obvious. 
Obvious. 
M3[(M,,M>),(O1,02)} = max{M°(M,,0}),M°(Mz,O2)} = max{1.680,1.504} = 


1.680. 

Also, 

My |(My, M2), (Ni,Ne2)] = max{M*(M,,N,),M°(M2,No)] = max{0.900,0.756} = 
0.900, 

and 

M5|(N1, No), (Oi, O2)| = max{M*(N,, 01), M*° (No, O2)} = max{0.970, 0.973} = 0.973. 
= M§[(M,,My), (Ni, N2)] + M§[(N1,No2), (Oi, O2)| = 0.900 + 0.973 = 1.873 

Thus, 
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Mi [(Mi, Mz), (O1, O2)] < Mi[(M1, Mb), (Ni, N2)] + Mi[(Ni, N2), (1, O2)] 
M:: As given, M; CN; C O; and Mz C Nz C Oe 
M3 [(Mi, M2), (Ni, N2)] = 0.900, 
Mi [(Mi, Mz), (O01, O2)] = 1.680, 


and 


Mi[(N1, Nz), (01, O2)] = 0.973. 
It may be observed that 
Mi |(Mi, M2), (Ni, N2)) < Mi[(Mi, Mz), (Oi, O2)] 
and 
Mi[(N1,Nz2), (O1,02)] < Mi[(Mi, Mz), (O1, O2)] 
Hence, Mi [(My, Mz), (Ni, N2)] is a PSFNMS on PmF'N(X) x PmF'N(X). 


(ii) may be proved likewise. 


Example 3.12. Consider the P3FNMS given in Example 3.5, then following are not P3FNMSs 
on PmF'N(X). 


(i) Mj(mi,,N,) = Minn 
(ii) M§(My,Nj) = Brie a7) 
(ii) Mg (M,N) = ME ont) 
(iv) Mg (M,N) = Meany 
(v) MS(M.,Ni) = See 


We prove them one by one as follows: 
(i) Since M* (My, Ni) = 0.900, so 
M3 (My,N,) = M"(Mi,Ni)_ _ _0.900_ _ g £2 


1—M* (M,N) 1—0.900 
d h Me — MP (My,N1) . 
and hence M4(My,N1) = LM) ® not a P3FNMS on PmF'N(X). 


(ii) Since 
8 _ 1-M*(M1,Mi) _ 1-0 _ 

M5(Mi,Mi) = Tyrqaginy = 0 = 

which is undefined. So, M&(My,Nj) is not a PSFNMS on PmF'N(X). 


(iii) Since 


8 — 3-MP (MiMi) _ 3-0 _ 
Mig (Mi, Mi) = TOM tsa) — 10 = 3% 0 


Hence, Mg (My, Nj) is not a P3FNMS on PmF'N(X). 


(iv) Since 


_ M’ono:) _ 1680 _ 
Mi(Mi,O1) = Ayragoy = Fores = 1273 


_ MMi) _ 0900. _ 
M7 (Mi, N1) = 3-M, N) = 3-0.900 — 0.429 
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and 


_ M*,01:) _ 0970 _ 
M7(Ni1, 01) a 3-M"WN,0:) — 3-0.970 — 0.478 


so, 
M(M1, 01) £ M7(Mi, Ni) + M7(Ni, 01) 
and hence M?(My,Nj) is not a PSFNMS on PmF'N(X). 
(v) Since 
_ 1+M" (MMi) _ 1-0 _ 
Ms(Mi,Mi) = Syria) = io = 1 #0 
Thus, Mg(M1, Ni) is not a P3FNMS on PmF'N(X). 


Remark 3.13. Let M*(M,,Ni) be a PmFNMS on non-empty universal PmFNS PmF'N(X), 
then 


(1) M**(M,, Ni) = eee ? where gq is any integer, is not a PmFNMS on PmF'N(X). 
Be 1,AN1 


S*K —_ M* (MiNi) ] ] 
(2) M°**(M,,Ni) = na Mt,’ where n is any natural number, is a PmFNMS on 
PmFN(X). 


(3) Distance defined in this way yields metric spaces in crisp set but fails to hold in 
PmFNMSs. 


Proposition 3.14. Let M*°(01, 62) be a PmFNMS on a non-empty universal PmFNS 
PmFN(X) then M}(0i1, 52) = eee, where n is any natural number, is also a 
PmFNMS on PmF N(X). 


Proof. Mj: Since M*(01, 62) is a PmFNMS on PmF'N(X). So, 
0 < M(B), 32) <230< EO.) <2 50 < MiG), dy) <2 


n+M (51, 52) 
M5: 
s M*(d1, d2) 
MAO) = TMG, 8a) 

== Mi (02, 01) a? 8 . 
~ TP 4+ME (Gp, 01) (." M°(51, 32) is a PmMFNMS on PmF'N(X)) 
a Mi (2, 01) 

MB: 


M*(d1, d2) =, 
n+M> (01, 02) 
~ M*(d, 62) =0 


M}(01, 02) =0 © 


=> 01 = 02 


Since M*(61, 02) is a PMFNMS on PmF'N(X). 
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Mi: Since M*(01, 62) is a PmFNMS on PmF'N(X). So, 


w 
fo) 
rary 
Ox 
ot 
aS” 
IA 


Mi (01, do) + M*(do, 55) 


575 


m+ M*(61, 05) 
ie 


n+MP(d1, 55) 
n+MP(61, 55) — 1 
n+M*(61, 05) 
M°*(d1, ds) 
n+ M*(di, ds) 


IA 


IV 


IA 


IA 


IA 


IA 


IA 


n+ M*(0,, 02) + M?* (02, 05) 
1 


n+M°(61, 52) 4 


- M° (02, 05) 


n+ M°*(61, 02) 7 


~ M?* (02, 05) 


n 


~ n+MS(01, 52) + MP(do, 5s) 
n+M5 (01, 02) + M°(6o, 05) —n 

n+M*(61, 62) + M*(G2, ds) 

M*(01, 02) + M*(O2, 55) 


n+ M*(01, 2) +M* (Go, ds) 


MP (61, 


02) M°*(62, 05) 


n+M>(dj, 52) 4 
M*(01, 52) 
n+MP(01, 52) 


+ Me (do, 65) n+ MP(d1, 62) +M* (G2, Js) 
M*(d2, 55) 


n+MF(01, 52) 


=> M}(01, 05) < M(01, 62) +M (2, 55) 


ME: Since M°(6), 62) isa PmFNMS on PmF'N(X). So, if 6; C 62 C 65 then M°(0,, 62) < 


M°(01, 05) and M*(d2, 65) < M°(61, 65) then follows directly from definition. 
Hence, M}(01, 02) is also a PmFNMS on PmF'N(X). 0.1em0 


Example 3.15. Consider the PmFNMS given in Example 3.5. We show that M3(M,,N,) = 


MP (Mi,N1) 


1+M*(M1,N:) 


Mj: Since M*°(M,, M2) = 0.900 from Example 3.5, so 


is a PmFNMS on PmF'N(X). 


_ Man) _ 0.900 _ 0.900 _ 
M3(Mi,Ni) = GMM.) = [40.900 = T9900 = 9-474 = 0 < M3(Mi,Ni) < 2. 
M5: Obvious. 
Vip 
M3: Obvious 
. —_ M*’M,0.:) _ 1680 _ 
Mg: M§(My,0,) = My MuOn = sso = 0.627 
NI 3(My, Ni) = 0.474 and 
_ M’W:,0:) _ 0970 _ 
NI 3(Ni, 01) => GM"N,op = T40.970 — 0.492 
*. M3(My, 01) < M*(Mi,N1) + M3(Ni, 01) 
M:: M3 (My, N1) = 0.474 < 0.627 = M3 (Mi, 01) 


and M3 (Ni, O;) = 0.492 < 0.627 = M3(Mh, O,) 


Thus, M3(M,,N1) is also a PmFNMS on PmF'N(X). 
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4. Application of proposed metrics in pattern recognition 


In this section, we present an application of suggested metrics in pattern recognition. Pat- 
tern recognition is the science endued with diverse utilizations, mainly including speech and 
fingerprint recognition, medical imaging and diagnosis, aerial photo interpretation, image pro- 
cessing, and optical character recognition in scanned documents such as contracts and pho- 


tographs. 


Example 4.1. Let PmFN(Z) = {21, 22,23} be the universal set with model P3FNS M and 
three P3FNSs M,, My and Ms as given in Tables 8, 9, 10 and 11, respectively. 


TABLE 8. Model P3FNS M 


z, (0.206, 0.101, 0.135) (0.010, 0.153, 0.215) (0.600, 0.142, 0.051) 
z. (0.114, 0.100, 0.215) (0.080, 0.093, 0.435) (0.090, 0.002, 0.981) 
z3 (0.087, 0.132, 0.156) (0.090, 0.123, 0.204) (0.340, 0.642, 0.131) 


TABLE 9. P3FNS M, 


My, 


z, (0.307, 0.202, 0.246) (0.002, 0.264, 0.326) (0.701, 0.253, 0.162) 
zo (0.542, 0.002, 0.254) (0.143, 0.876, 0.796) (0.214, 0.005, 0.214) 
z3 (0.053, 0.007, 0.760) (0.320, 0.432, 0.324) (0.530, 0.241, 0.964) 


TABLE 10. P3FNS Mo 


Mp 


z, (0.701, 0.052, 0.101) (0.202, 0.160, 0.027) (0.811, 0.156, 0.042) 
z (0.262, 0.001, 0.003) (0.290, 0.980, 0.017) (0.041, 0.126, 0.022) 
z3 (0.754, 0.023, 0.100) (0.192, 0.360, 0.023) (0.408, 0.134, 0.702) 


and 


TABLE 11. P3FNS Ms 


M3 


z, (0.822, 0.001, 0.100) (0.417, 0.060, 0.007) (1.000, 0.052, 0.008) 
z2 (0.143, 0.084, 0.098) (0.009, 0.170, 0.037) (0.000, 0.402, 0.064) 
z3 (0.632, 0.340, 0.132) (0.128, 0.604, 0.215) (0.800, 0.322, 0.609) 
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where M, M3, My4,Ms5 € P3F'N(Z). We use the metrics defined in Example 3.3, which is 


in Example 3.5, which is 


Me (Mi, Ni) = 


and that in Example 3.14, which is 


M’*(61, 62) 
n+ M°* (61, 2) 


Miy(01, 52) = 


taking n = 2, to determine pattern similarity between M and M,’s. The results so computed 


are tabulated in Table 12. 


TABLE 12. Metrics between M and M,’s 


Metric (M, M,) (M, Mz) (M, M3) 
M* 0.969 1.068 0.948 
Mé 1.753 1.880 1.650 


=a 


My 0.326 0.348 0.322 


Above results show that pattern of M3 is most recognizable with M. These results are 


depicted in Figure 1. 


0.3260.3489 322 


MAs MAs_a@ MAs_f 


m(M,M1) m(M,M2) m@(M, M3) 


FIGURE 1. Chart of metrics between M and M,;’s 
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5. Conclusion 


We have inculcated the axiomatic definition of Pythagorean m-polar fuzzy neutrosophic 
metric space with the help of Pythagorean m-polar neutrosophic sets and classical metric 
space in this study. We provided a large number of examples to perceive the notion clearly. 
The cases which are metrics in classical sets but fail to be so in the environment of Pythagorean 
m-polar neutrosophic setting have also been made part of the study. The results presented also 
hold good in the case of Pythagorean fuzzy neutrosophic sets. We presented an application of 
the proposed metrics in pattern recognition. We computed three metrics there and exhibited 
that these metrics yield the same optimal choice. The results computed are displayed with the 
assistance of a statistical chart. We hope that this article will give new ideas to the researchers 


to promote research in various fields. 
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Abstract. BCK-algebras are algebraic structures in universal algebra such that are based on logical axioms 
and have some applications. This paper introduces the concept of super hyper BCK-algebras as a generalization 


of BCK-algebras and investigates some properties of this novel concept. 


Keywords: BCK-algebra, hyper BCK-algebra, super hyper BCK-algebra, generalized operation. 


1. Introduction 


Smarandache introduced a new concept in neutrosophy branches as neutro-algebra as a 
generalization of partial algebra. A neutro algebra is an algebra which has at least one neutro- 
operation (an operation that is partially well-defined, partially indeterminate, and partially 
outer-defined) or one neutro-axiom (axiom that is true for some elements, indeterminate for 
other elements, and false for the other elements). A partial algebra is an algebra that has at 
least one partial operation, and all its axioms are classical (i.e. axioms true for all elements). 
Through a theorem he proved that Neutro-algebra is a generalization of partial algebra, and 
he gave examples of neutro-algebras that are not partial algebras. He also introduced the 
neutro-function (and neutro-operation). Recently, Smarandache, introduced a new concept 
as a generalization of hypergraphs to n-super hypergraph, plithogenic n-super hypergraph 
{with super-vertices (that are groups of vertices) and hyper-edges {defined on power-set of 
power-set...} that is the most general form of graph as today}, and n-ary hyperalgebra, n-ary 
neutro hyperalgebra, n-ary anti hyperalgebra respectively, which have several properties and 
are connected with the real world [2,8]. Recently in the scope of neutro logical (hyper) algebra, 
Hamidi, et al. introduced the concept of neutro BC K-subalgebras [4], neutro d-subalgebras [B] 
and single-valued neutro hyper BCK-subalgebras [5] as a generalization of BC K-algebras and 
hyper BC’K-subalgebras, respectively and presented the main results in this regard. Also 
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Smarandache a novel concept as super hyperalgebra with its super hyperoperations and super 
hyperaxioms, then is introduced some concepts such as super hypertopology and especially 
the super hyperfunction and neutrosophic super hyperfunction [10,]. 

Regarding these points, we try to develop the notation of BC’ K-algebras to the concept of 
super hyper BCK-algebras and so we want to seek the connection between BC’ K-algebras and 


super hyper BCK-algebras. 


2. Preliminaries 


In this section, we recall some concepts that need to our work. 


Definition 2.1. [6] Let X # Q. Then a universal algebra (X,0,0) of type (2,0) is called a 
BCK-algebra, if V x,y,z © X: 
(BCI-1) ((a¥ y)0 (xd z))0 (zd y) = 0, 
(BCI-2) (xd (xd y))v y = 0, 
(BCI-3) x0 x = 0, 
(BCI-4) xcd0 y = 0 and yO x = 0 imply z= y, 
(BCK-5) 09 « = 0, 
where U(x, y) is denoted by xv y. 


Definition 2.2. [IZ] Let X 4@ and P*(X)={Y |0#AY CX}. Then foramap @ :X?—> 
P*(X) a hyperalgebraic system (X, 0,0) is called a hyper BC K -algebra, if V x,y,z € X : 
(H1) (toz)o(yoz)<xoy, 

(H2) (zx oy) oz=(rez) oY, 

(13) wo xX <a, 

(H4)x<yandy<zimply r=y, 

where x < y is defined by0OE€roy,VWiZCX,WK Ze VaecewsbeZzsta<sd, 


(W eZ)= U (a @ b) and e(az, y) is denoted by zo y. 
aeW,bEZ 


We will call X is a weak commutative hyper BC K-algebra if, V x,y € X,(x @ (@ @ y)) A 
(yo (yox)) 40. 


Theorem 2.3. [7] Let (X, 0,0) be a hyper BCK-algebra. ThenV x,y,z € X andW,Z CX, 


(t) (0 @0)=0,0<2,(0 gx) =0, rE (x 0 0) and(W KO0SW =D), 
(i) 2<e, ec 0y<2c ond(y<2>7 pe< 2 oy), 
(iii) Wo ZKW,W KW and(WCZSW KZ). 
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Definition 2.4. [10,11] Let X be a nonempty set and 0 € X. Then (X, oO is called an 


ane 
(m,n)-super hyperalgebra, where canoe = P?(X) is called an (m,n)-super hyperopera- 
tion, P?(X) is the n“” powerset of the set X,@ ¢ P(X), for any A € P”(X), we identify {A} 
with A,m,>2,n>0,X™=Xx Xx...X and P°(X)=X. 

ee 


m—times 


3. Superhyper BC K-subalgebra 


In this section, we make the concept of superhyper BC’K-subalgebras as an extension of 


BC K-subalgebras and seek some of their properties. 


Proposition 3.1. Let (X,0,0) be a BCK-algebra. Then for all x,y,z € X, 


(i) WO, y), O(a, z)) = BO(O(a, y), O(@, 2), 0). 
(i) V(O(x), V(x, y)) = V(O(x), O(a, y)), 0). 


Proof. Since for all « € X,0(x,0) = 2, results are clear. 


By Proposition B-, we define the concept of (m,n)-super hyper BCK-subalgebras. 


Definition 3.2. Let X be a nonempty set and 0 € X anda= 0,0,...0 . Then (XC ee 
——— , 


is called an (m,n)-super hyper BCK-subalgebra, if 


(i) 0 € fm n) ( Ose 
* 1 1 1 * 1 ym m * m ~m—-1 1 
(Olan) (FI 9, a bshg ae wee > mn) (1s 2 jets ll es Re a hase Sa) 
(it) O€ Ca Oct) (27 9-0,0,4.0 er, Ca ere 0) Pa ON eee ees) 
(m—2)—times (m—1)—times 


(ii7) O€ OFnin) (aa; i 5) 
(iv) if 0 € ann (Pig @opsriagtys) and 0 € Onell (Grastaeiaeeg tel, then x; = x;, where 
it+j=m4l, 
(v) 0€ of, 2 (0,0,.--,2), 


Example 3.3. (7) Let (X,o 
is a BCK-subalgebra. 

(iz) Let (X; Gna ny) be a (m,n)-super hyper BCK-subalgebra. Then (X, %5 1) is a hyper 
BCkK-subalgebra. 


ae) be a (m,n)-super hyper BCK-subalgebra. Then (X, 0% 9) 


Example 3.4. Let X = {0,a}. 
(i) Then (X,o0*) is a (3,3)-super hyper BCK-subalgebra as follows: 
P3({0,2,z}) ifg=z 
0(3.3)(@,y,2) = 4 P3({0,z}) ifa=y=0, 
P?({a}) o.w 
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where 


P,({a}) = P2({a}) = P?({a}) = {a}, P.({0, a}) = {0,a, {0, a}}, 
P2({0, a}) = {0, a, {0, a}, {0, {0, a}}, fa, {0, a} }}, 
P2({0,a}) = {0, a, {0, a}, {0, {0, a}}, {a, {0, a}}, {0, {0, {0, a}}, {0, {a, {0, a}}, {a, {0, {0, a}}, 
{a, {a, {0, a}}, {{0, a}, {0, {0, a}}}, {{0, a}, {a, {0, a}}, {{0, (0, a}}, {a, {0, a} }} }. 
(7) By definition, 
of 3) ( °(3,3) (073.3) (@, 9 2); (3, 3)(2, 9's 2"), O%3,3) (2, 9", 2”), 0, O73, 3) (2, 2", 2)) C {0,a}. (a) It 
is similar to item (¢). 
(iii) By definition, 9(3,3) (4, d,0)= {0,0}: 
(iv) By definition, if 0 € 23,3) (x,y,z) and0€ 9(3,3) (2, Ys ®)s then x = z and so (a, y,z) = 
CA oe 
(v) By definition, 2/33) (0,0,a) ={0,a}. 
(iz) Then (X,0*) is a (3,0)-super hyper BCK-subalgebra as follows: 


P 0 if*=y=z 
2(3,1) (2, Y 2) = , 
xL O.w 


Theorem 3.5. Let (X, Om iy be an (m,n)-super hyper BCK-subalgebra. Then for anyk > n, 
(Xe: Cm ae is an (m,k)-super hyper BCK-subalgebra. 


Proof. Let (X,0%.) be an (m,n)-super hyper BCK-subalgebra and k > n. Since P?'(X) C 


(m,n) 
Pry): for any 11,%2,...,%m € X, mn) (P15 22, ang diy) OC n,k) (E1s £25 ...,2m). Thus 0 € 
©Cm,n) (21, 22,.--,;%m) implies that 0 € Om,k) (1s X2,-.-,Lm) and all axioms are valid. 


Example 3.6. Let X = {0,a}. Then for any n > 3, by Theorem EA, (X, 0*) is a (3, 2)-super 
hyper BCK-subalgebra as follows: 
PeGeest) wee 
03,3) (2,4, 2) = 4 PP ({0, z}) ife=¢y= 0: 


PP ({a}) 0.W 
Let m be an even and (X; Onn) be an (m,n)-super hyper BCK-subalgebra. For any 
given ©1,%0,...,%m © X, define (x1, 22,...,2m) < (Gm41,0m49,---,Lm) if and only if 0 € 
Oren (Hs Osa why alley J 
Theorem 3.7. Let m be an even and 21, %2,...,%m € X. Then (XC, n)) is an (m,n)-super 
hyper BC'K-subalgebra if and only if 
(i) eat Ca (ai, 5, sate a) car? fo cit (xi, xp", as yi ))) = Ose (or ps ayia et; 
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(it) ©fm,n)(©13 0,0,...0 Onn) 19M as 8s 3 Be) S mm) ( 0,0,-..0 oral) 
(m—2)—times (m—1)—times 

(610) (Wye .g th) S Gee aig), 

(‘})—-times (‘})-times 

(iv) if (x1, @2,...,0m) < (Tm41,0m42,.--,Lm) and 

(Gm41,Um40,.--,Lm) < (@1,22,...,0m), then xj = xj, where |t — j| = 2, 
(v) (0,0, . oe , 0) < (cm4i1,0m40, coe ne 
(})-times 
(vt) (@1,29,...,0m) < (wm41,Em49,...,2m) if and only if 0 € mn n) (C1 ©2, Scns Se) 


Proof. Immediate by definition. 


Theorem 3.8. Let m be an even and (X, Cm a) be an (m,n)-super hyper BCK-subalgebra and 


E1y TQ, +++ LM, YL, Y2, +++, YM, 21, 22,-.-, om EX. If0eE Cm) (1s B25 ++ +5 EM, Y1,Y2.--- ym), 
then 0 € 
Ofm,n) mn) (21, 22,-++ 52M, Y1, Ya, ++, ym), 0,0,...0 Cin) (21 225 +++) 2, £1, £9,-..,0m)). 


(m—2)—times 


Proof. Let D1, TQ, 666 LM Y1, YD ooo YMy 21, 2,000 Sm € X. Clearly, 


(mn) (° (m,n) (219 223 os » 2s Y1, Y2, as ym), 0, 0, coal > mn) (219 225 spol » 2m, 01,02; tee om 
(m—2)—times 
aa (mn) (£1 D2, « oe Em, Y1; Y2; te ym). 
Since 0 € mn n) (LI > €25 vey) D™,Y1, YO) +>. ym), we get that 


< OF magn) (Grreyn) (219 22 ++ + Zs Ys YO - : ym), 0,0,...0 » myn) (21s 221+ . » 2, Y1,Y2,--- ,ym)). 


| 


(m—2)—times 


Theorem 3.9. Let m be an even and (X, OF ragh)) be an (m,n)-super hyper BCK-subalgebra 


ANd £1, HQ, ++. LM, YL, Ys - ++ YMs Z1y 22, +++ Bm EX. If 

0 Of) (B13 By 66 Bm, Yt Ys ++ YM) MN Oy ny (Yt Yass ++ Ym, 21, 22,---, 2m), 
then 0 © O(n) (G1) 25 +++, 0M, 21, 22,+-., 2m). 
Proof. Let D1, U2, 666 VM Y1, Ys ooo YMy 21, 2,000 Sm € X. Since 

0 Of ny (1, Gay «+ 6 BM, Yr, Y2s +++ YM) OM pm) Yts Yor +++ YM, Z1y 22,+++, 2m), 


by Theorem E-3, we get that 


* * * 
0€ OF magn) (fimayra) (21s 229 0+ + ZB, YI Ys - . ym), 0,.0;,..+.0 » (myn) (219 22) - es » 2m, 11, 02,. . +) 0m 


| 


(m—2)—times 
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and 

Oe Onis (aga tite: vee ym, 21, 22,0..,2m), 0,0,..-0 5 mn) (G1) 225+, OM, Y1, Yo, +-- ,ym)). 
(m—2)—times 

It follows that 0 € Cnn) (Ls ©25 ve + EM, 21, 22,+5. zm). 


Let (X, Om a) be an (m,n)-super hyper BCK-subalgebra and A,B C X. If Oln n)(A) a 
Sfm,n)(B) #0, will denote it by A ~ B. 


Theorem 3.10. Let m be an even and (X; Cm a be an (m,n)-super hyper BCK-subalgebra 


ANd £1, 02,066, LM, YL, Y2, +++ YM, 21, 22,+-., 2m EX. Ifa= 0,...,0 , then 
—— 
(F—-1)—-times 
* * ed) * * 
Orman) ( (nay) (FIs «9B Ys ses Ym), Oy Sty. SM) On ny (Om ny (Gry +++ OM, 21,--+, 2m), A YI, »-. 
Proof. Let D1, TQ, 666 LM YL, YD ooo YMy 21, 2,000, Sm € X. Since 
* * * 
Oe onl Sra) (w1,22,..., Bm, (OF, )(@1,F2,--+, 2m, 21, 22,--+,2m)); Z1,22,.-+,2m)), We 

get that 

* * 

) ° (1, Od,2.05 0m, Yi, Yo, sj He), O,Ojas0 521, 254.4, 3m) 

age (m,n) 2 2 N y 2 ) 


(m—2)—times 
< Oras Smal (v1, 02,.-., Bm, 21, 22,.-.,2m), 0,0,...0 ,Y1; Y2,---,ym)) 
(m—2)—times 


and in similar to 


OCrnn) ( myn) (@1,02,...,0m,21,22,...,2m), 0,0,...0 Yl, Y2s-+-,Ym)) 
(m—2)—times 
<o* 


S or eae (1, 02,.-.,0m,Y1,Y2,-.-,ym), 0,0,...0 21, 22)++-,2m)). 
(m—2)—times 


It follows that 


* * pe * 
(m,n) (mn) (21 ee »EM,Y1,+.-, Ym), O, 2, a , zm) ~) (myn) (myn) (B1s +++ BM, 215 “ -)2m),O, Yi)... 


Corollary 3.11. Let m be an even and (X, cone? be an (m,n)-super hyper BCK-subalgebra 


ANd 1,02, +++, LM, Y1, Yds +++ YM, 21, Z2,---, 2m EX. If 
oe * * 
2 Om n) (myn) (21s FM, Y1y Ym), 0,...0 » 21,004, 2m) 
(4-1)-times 
then 
0 © OF my (myn) (E12 DM, 21, +++, 2m), 0,...0 Yly+-+ ym). 


(7 —1)—-times 
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Example 3.12. Consider the (3,3)-super hyper BCK-subalgebra in Example B4. Clearly 


°(3,3) (°%3,3) (0,a,0),0,a) = 2(3,3) (P?({0}), 0,a) = 213.3) (0,0,a) = Pt, a}) 


°(3,3) (a,0,a) = (3,3) (Pe ({a}), 0,a) = °(3,3) (°(3,3) (0, a, a), 0, a). 


Thus 273 3) (0/3 3) (0, a, 0), 0, a) = 2/3 3) (0/3. 3) (0, a, a),0,a), while m is an odd. It follows that 


the converse of Theorem B.1U, is not necessarily true. 


Theorem 3.13. Let m be an even and (Xn ny) be an (m,n)-super hyper BCK-subalgebra 
and £1, %2,---,XLm,Y15Y25---,Ym EX. Ifa= 0,...,0 , then 
—— 


(i) 


* * ol * 
(mn) (myn) (1) ++ +5 Bm, F1,-.., 0m), 0, y1,-.., ym) rd (mn) ( (myn) (1s ++ +5 BM Yl +++, Ym), A, 01,60. 50 


5 


OGrmsny( Or-22O Yas +s VE) & Onsay(Gmayny(Is Bayi Ya)s Oye 0 sy--- 2m). 
(})-times (3-1)-times 


(mn) (mn) (L1)+++,Em,L1,.-., 0m), US Yly-+ ym) 2 Om n)( 0,...,0 Yr. Ym). 
(F-1)-times (})-times 


Proof. (i), (ti), (t4t) Let 21,29,... Dm, Yi, Y2, +++, YM, 21, 22,---,2m E€ X. Using Corollary 
B11, we get that 


0 OF n) (O(n) (19+) BB, Ys. Ym), 0,...0 ,E1,.-., 0m) 


and 


In addition, by definition we get that 0 = bn ms 0,...0 Yrs ym), hence the proof is 
= ~~ A 


completed. 


Corollary 3.14. Let m be an even and (X, (m,n)? be an (m,n)-super hyper BCK-subalgebra 


and £1, %2,.--,L%m—1, Y15 Y25+++,Ym—-1 © X.Then 
(i) 


(mn) ( (mn) (P11 tee »tm, 21, tee ,Em), Yi, tee Vina) x © (mn) (myn) (21, tee ER, YL) tee ym), 21, tee pt). 
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(17) 


mn) (Os Yt) ++ +1 Ym—1) © Um ny (mn (F1.-- +B, Y1, +++ YM); V1, +++) Lm—1)- 
(m,n) (m,n) \* (m,n) 2 2 


(mn) ( (myn) (P11 tee » Um, L1,. oo ,Em),Y1,. os Unt) y (mn) 0; Yi tee Ura): 


Theorem 3.15. Let m be an even and (X, nny) be an (m,n)-super hyper BCK-subalgebra 


Wn Vi, Woscer pty eA Te Gig sgt) Cnn) (ELs andes Slat 

Proof. Let 21, %2,...,%m € X. Then0 OCm,n) (L122; 5ay »Lm—1s m,n) (L1) £25 tea paed Ns 
Moreover by Theorem B13, we have 0 = OF ail oa (Mijeses diy 0) ipeats tai). Tne 
we conclude that (41,...,%m—1) © Cran) (21s Sie tein 


4. Conclusion 


The concept of super hyper BCK-algebras as a generalization of BCK-algebras is introduced 
in this paper such that for special cases, we can obtain the concepts of BCK-algebras and 
hyper BCK-algebras. We wish this research is important for the next studies in logical super 
hyperalgebras. In our future studies, we hope to obtain more results regarding single-valued 
neutrosophic super(hyper) BC K-subalgebras and their applications in handing information 
regarding various aspects of uncertainty, non-classical mathematics (fuzzy mathematics or 
great extension and development of classical mathematics) that are considered to be a more 
powerful technique than classical mathematics. 
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Abstract. A single deteriorating product’s EOQ model has been examined in the literature, where it is con- 
sidered that the product deteriorate continuously but has a maximum lifespan. It has also been assumed that 
market demand is linearly related to time. Additionally, the credit-risk is required for the retailer to pay the 
purchase price is offered by the supplier. The total annual relevant cost has been demonstrated to be convex, 
suggesting that not only does the ideal replenishment cycle time exist, but that it is also singular. We identify 
the system’s ideal replenishment strategy, which reduces the overall cost per unit of time. To generalize the 
model we used Neutrosophic triangular numbers for the parameters. Finally, an numerical example is given to 


illustrate the theoretical results of this model. 


Keywords:EOQ model; deterioration; time dependent demand; Neutrosophic interval valued goal program- 


ming 


1. Introduction 


In real life, certain type of products either deteriorate or become obsolete and can not serve 
the need of the customer for an extended period of time. For example, in the food industry 
items deteriorate continuously. Also, how items are stored also has an impact on the lifespan 
of the products. For example in the durg industry items become obsolete after a fixed period. 
So, deterioration impacts how well can a customer be served. A lot of literature explored 
inventory model with deterioration. Some recent papers including including explored 
deterioration inventory models. A supply chain environment to determine retailer’s optimal 
credit period and cycle time was consided by Mahata [29]. A two-warehouse inventory model 
for decaying goods having imperfect quality was considered by . Mahata considered 
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supply chain inventory model for deteriorating items with maximum lifetime and partial trade 
credit to credit-risk customers. In the article, they showed that the total annual relevant 
cost is convex. An EOQ inventory model for non-instantaneous deteriorating products with 
advertisement and price sensitive demand under order quantity dependent trade credit was 
discussed in (31). Some modified mathematical derivations of the annual total relevant cost of 
the inventory model with two levels of trade credit in the supply chain system was analyzed 
in (32}. Liao et. al. studied Lot-sizing decisions for deteriorating items with two warehouses 
under an order-size-dependent trade credit. Abdel et. al. discussed a hybrid approach of 
neutrosophic sets and DEMATEL method for the development in supplier selection criteria. 
has done a case study using the integrated neutrosophic ANP and VIKOR technique to achieve 
sustainable supplier selection. |4| provided a Comprehensive Framework to evaluate sustainable 
green building indicators under an uncertain environment. |5| provided a bipolar neutrosophic 
multi criteria decision making technique for making a professional selection. (6| developed a 
hybrid multi-criteria decision making technique to evaluate thesustainable photovoltaic farms 
locations. introduced an approach of TOPSIS technique for developing supplier selection 
with group decision making under type-2 neutrosophic number. 

In most of the articles above, the market demand is taken to be constant. Furthermore 
all the articles are formulated with the assumption all the data available in hand are pre- 
cise. But, in real life problems the data available may not be exact. Using the arguments 
presented above, this paper investigate two important elements. Firstly, the market demand 
is taken to be a linear function of time. And secondly, the parameters are taken to be neu- 
trosopic triangular numbers to consider the fuzziness in the data. Zadeh developed the 
idea of fuzzy set. Bellman explained the decision making in fuzzy systems. Zimmer- 
mann implemented this concept for solving linear programming problem with several ob- 
jective functions. Atanassov introduced the concept of intuitionistic fuzzy set, where the 
sum of the membership degree and non-membership degreeis less than equal to one. Smaran- 
dache developed the concept of neutrosophic by adding another independent membership 
function called as indeterminacy membership along with truth and falsity membership func- 
tions. Smarandache introduced the idea of Neutrosophic interval valued number. Some 
basic properties as have been established in that paper. Ye explained some basic proper- 
ties and developed a linear programming method. Banerjee dealt with a single objective 
linear goal programming model with neutrosophic numbers. |1| developed a EOQ model with 
trade credit model with deterioration with constant demand. 

In this paper, we have developed a EOQ model where the said item deteriorates continuously 
with time and the demand is linearly dependent on time. Also to generalize the model we 


have taken demand as the triangular neutrosophic number. The rest of the manuscript is 
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organized as follows; |2| provides some basic definitions. |3/ presents the model. |4| forms the 
fuzzy problem, where demand is taken to be Neutrosophic triangular number. [5] provides an 


illustrative example. (6| gives the conclusion. 


2. Preliminaries 
2.1. Some Definitions 


Definition 2.1 (Fuzzy Sets). According to [26], a fuzzy set A in a universe of discourse X is 
defined as the ordered pairs A = {(z, Mq(x)) : x © X} where Mz : X — [0,1] is a function 
known as the membership function of the set A. M q(2) is the degree of membership of x ¢ X 


in the fuzzy set A. Higher value of M(x) indicates a higher degree of membership in A. 


Definition 2.2 (Neutrosophic sets). According to [25], let X be a universe of discourse and let 
x € X. A neutrosophic set A in X is characterized by a truth-membership function T'4(x), an 
indeterminacy-membership function J4(x), and a falsity- membership function F'4(x), where 
Ta(x), [a(x), Fa(x) € (0,1), Vx € X and OF < supT 4(x) + supla(x) + supF4(x) < 37. 


Definition 2.3 (Single valued neutrosophic sets). According to [24], if X is a universe of dis- 
course and if « € X, a single valued neutrosophic set A is characterized by a truth-membership 
function T,4(x), an indeterminacy-membership function [4(x), and a falsity- membership func- 
tion F4(x), where T(x), I(x), Fa(x) € [0,1],Vz € X and 0 < supT4(x) + supla(x) + 
supF'4(x) < 3. 


Definition 2.4 (Interval valued Neutrosophic number). As in [18], A neutrosophic number 
a=a+O0I where a is the determinate part, b is the indeterminate part and IJ is the indeter- 
minacy. Here a,b € ® and I is an real interval. 

a=a+bl, where J =([F',I“*}) => a= [at+bl',a+bdl] = {2 € Rlat+bl <2 <at+bdl™}= 


l 


[a’, a" | (say). 


Example: Let a = 1+2[0.1,0.2] where 1 is the determinate part and 2 is the indeterminate 
part. Assume that J € [0.1,0.2], then @ becomes an interval a = [{1.2, 1.4]. 


2.2. Neutrosophic interval valued linear programming 


In this section we briefly discuss neutrosophic interval valued linear programming as in 


1317). 


n 
Minimize Z,,= yee ree bie (1) 
i=1 
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Subject to, 


K 
Slee tes Ge) MH 12a (2) 
k=1 

rp > 0 k=1,2,...,K (3) 


where Z,, for n=1,2,3,...,N are objective functions, [c! 


vir Cu} are the interval coefficients for the 


’ objective function, Cie p], [b!,,, 64,] are the interval coefficients of the constraints. 


Accordingly in (15}/16), the constraints in [2] can be transformed into two following inequali- 


ties, 


pt = 0 es 1 Big dd (4) 
k=1 
K 
So ay pte < vl, m= 126d (5) 
k=1 


Therefore then minimization problem stated above can be written as, 


Minimize Z,= we Ce Cos |G (6) 
i=1 
Subject to, 
K 
Soe < eH 1,2, nd (7) 
k=1 
K 
cee < ol, ie 12 cy (8) 
k=1 
Lp > 0 k=1,2,...,K (9) 


For the best possible solution, we solve the problem 


n 
Minimize Z,,= > ca, = Z' (say) (10) 
i=1 
Subject to, 
K 
Sia pty <b, =o m=1,2,...,M (11) 
k=1 
rp > 0 k=1,2,...,K (12) 


And for the worst possible solution, we solve the problem 
n 
Minimize Z,,= > C= Zz (say) (13) 
i=1 
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Subject to, 
Seen < vl, tt = 1, 2,525 (14) 


tp, > 0 k=1,2,...,K (15) 


Let the best and worst possible solution respectively be Z°(a°) and Z”(x¥). So the optimal 
solution lies in the interval [Z°(x°), Z“(a”)]. So, for the decision maker the objective function 
Z lies in [Z2(x?), Z“(a)}. If d',d" > 0 be devotional variables, then the goal achievement 
functions can be written as, 


=f" gd" = =27) (2 and 2 4d = ZY (2) (16) 


So, the goal programming problem according to (17, 


Minimize(d" + d’) (17) 
subject to, 
ae og es ge | (18) 
Z' 4d = Z! (a) (19) 
K 
oe m=1,2,...,M (20) 
k=1 
K 
S° Omk Lk = vt, m=1,2,...,M (21) 
k=1 
SU (22) 
d* >0 (23) 
rp >0 k=1,2,...,K (24) 
(25) 


3. Mathematical Model 


In this manuscript, we study a supply chain system where a supplier supplies retailers with 
deteriorating products. Also, the give credit to pay the credit-risk of the retailer’s accounts. 


For this we have the following notations and assumptions. 


3.1. Notations 


o per unit order cost 

c per unit cost of purchasing 

p per unit selling price 

h per unit annual holding costs excluding interest costs 
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I. interest that the retailer earns each year 
I, interest accrued annually 
I(t) inventory level at any time t 
6(t) non-decreasing deterioration rate at any time t 
m maximum lifetime of the products in years 
M trade credit term in years set by the supplier 
D time dependent demand rate per year 
Q order amount in units per replenishment cycle 
T the number of years in the replenishing cycle 
Z(t) the total relevant yearly cost 


T* the optimal duration between replenishment cycles 


3.2. Assumptions 


(1) The item deteriorate continuously. Also, the item expires after the maximum lifetime. 
The deterioration rate is assumed to be closed to 1 when time approaches to the 
expiration date m. The deterioration rate is assumed to be same as that in as 


follows: 


Clearly, 0 < 6(t) <1, 6(m) =1 and 6(t) >1 
2) The market demand is a linear function of time as follows: D(t) = a+ bt 


3) Shortages are not allowed. 


5 


6) The trade credit agreement is assumed to be as follow: 


(2) 

(3) 

(4) There is no delay in replenishment and also the lead time is zero. 

(5) Time horizon is assumed to be infinite. 

(6) 

e The retailer initially borrows money to pay the supplier’s procurement costs, after 
which interest charges are incurred during the time interval (0,M]. 

e In the event that the retailer does not settle the balance by time M, the supplier 
asks the retailer to pay the unpaid balance plus interest with interest rate J,. The 
retailer then uses the earnings from the sale to settle the supplier’s outstanding 
debt. Once all accounts have been settled, the retailer keeps the profit and uses 


sales income to earn interest for the course of the replenishment cycle (T). 
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3.3. Model formulation 


At any time t € [0,7], the inventory level is depleting from the demand and deterioration. 


The inventory level is described by the following differential equation: 


at) = —D— 6@(t)I(t) 
; : (27) 
=— t) — ————_ I(t <t<T< 
(a+0t)- 1) (0S tS T<m) 
With the boundary condition I(T)=0. 
Solving the differential eq. we get, 
1l+m-t 


Furthermore, by assumption 6, the retailer takes loan to pay off the supplier. So the amount 
of loan the retailer has to take i cDdt = claT + b=). Then the amount of interest charged 
cMI,[aT + sa during the time interval (0, M]. Additionally, the retailer keeps the payments 


and receives interest during the same time period.,i.e. , 


M M 2 2 3 
bM aM bM 
rf (a+ bt)dt + ple | (a + bi)tdt = p(aM + ——) + ple(—— + —) 
0 0 
bM? bM? 
Now, if p(aM + 5 )4 ple(we | 3 ) > claT + bt] then the retailer succeeds in paying 


off the loan and keeps earning interest on the remaining balance given by, 
bM? aM? bM?3 i 
5) + ple | iS cla’ + b>] 


2 3 
M? yp, 0M? 
If, p(aM + : 5 )4 pe | 2 3 )<claT + bt] then the retailer fails to pay off the loan 


p(aM + 


and he/she has to reduce the loan amount from sales revenue. 


Additionally, the retailer encounters the following costs, 


(1) 
Annual ordering cost = z (29) 
(2) 
hes cont =. 02 _ ello) _ C+ mI[la+ (1+ mb) In (tte) + o(-7)) 
nnual procurement cost = = = —~ = F 
(30) 
(3) 
Annual holding cost excluding interest charge, 
h vi 
_ flat Ue) l+m T? (l+m)T oTh 
7 7, 2 l+m-T 4 2 2 
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In this connection two cases arise. The first case is for when the replenishment cycle is less 
than trade credit period and the second one is for when replenishment cycle is greater than 
trade credit period. 

Case 1: In this case we examine the case where the retailer pays off the loan in time t=M 
and T < M Here, the retailer keeps the profit and sells revenue and earns profit on it untill 
the the replenishment cycle time T. 


The annual interest payable is given by, 


M2 
Ipe(aM + —) (32) 
Interest earned by the retailer from t=0 to t=T with an interest rate J, is given by, 
T 2 3 
aT bT 
ae [ Geigy a (33) 
0 2 3 
Additionally, the interest earned starting from the time t=T to t=M is given by, 
ag a. br 
Ielp(aT + 5) + ple + MM -7) (34) 
Hence, the total annual interest earned is given by, 
i qr. or bY? ar or 
7 ltep( 7 +3 )+1e-(M —T){p(aT + oe ae ore oF wl (35) 


So, the annual opportunity cost of capital is given by, 


0, (+ m)[(a+ (1+ m)b) In (GP) +0-T)] pla + (1 +m)) 
aa T | p 


(l+m)T bTh bM?. 1. aT? oF re. Oe wr 


5 5 | + Ipe(aM + 5 ) 


With the inventory constant, [(0) < I 
Case 2: In this case, we study the case when the replenishment cycle is greater than trade 
credit i.e. M <7. Similar to the previous case, the retailer has to pay the annual interest, 
bM? 
Ipc(aM + a) (37) 


The retailer earns interest on sales revenue from t=0 to t=M and it is given by, 


aM? " bM3 
2 ie 


After paying the loan interest, the retailer uses the remaining revenue to earn more interest. 


(38) 


M 
1% | la LO ide = Tep| 
0 


Since the retailer pays off in time t=M, he earns interest on the net revenue from time t=M 
to t=T on every replenishment cycle. So, the annual interest earned is given by, 


2 aM? 3 2 aT — my een 
Fel(o(aM +) + pre + ME) — ears Ser — My + pte“ 4 EM 


(39) 
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So, the annual opportunity cost of capital is given by, 


o + m)[(a+ (L+m)b) In (He) + 8(—T) (at 6(1-+m)),(1-+m)2, / ltm \ 7? 
ae a i | ij (3 =) 4 
m 2 a 2 3 2 a 2 3 
CT 4 pela +) — 2, ( 4 | + tel(olat +) 4 pro 4 AE 
2 a —m)2 _ 3 
— oat + Eyer — My + p(S@F oe 4, EY 
(40) 
So we have, 


= (41) 


4. Fuzzy Model formulation 


Sometimes it is hard to predict the market demand precisely. The approximate demand 
within a range may be predicted. So for generalization we form the same problem with the help 
of neutrosophic triangular number. We take the market demand as D = [a!, a“|+[b!, b“|t, where 
a’, a”, [b', b“] are interval coefficients of fuzzy demand function. Here again the inventory level 
is described by the following differential equation: 

at) = —D-— @(t)I(t) 


: (42) 


=+((a' 0") + Le) — iat 


I(t) (0<t<T<m) 


Solving the differential eq. we get, 


l+m-t 


T(t) = (1+ m—2)[{[al, a] + (1+ yf 4) n (FEE 


) + [b',o"\(t-T) (43) 


Proceeding similar way, the loan amount will be c[[a!, a“]T +[b!, b“] ha and the interest charged 


will be cM1,|[a!, a“|T + [0', bee). Here the costs the retailer encounters are, 
(1) 


Annual ordering cost = z (44) 


(2) 


cQ _ ef(0) _ (A+ m)|({a!,a%] + (1+ m)[6!,64]) In (en) + (8! b4)(—T) 
cP T 


Annual procurement cost 


(45) 
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(3) 


Annual holding cost excluding interest charge, 


T 
= * / I(t)dt 
ai 


_ A(a’,a™] + [b', 6%(1 + m)) (1 +m)? ; 1l+m T (l+m)T  ([b,o"\Th 
- z Uo ( ) 


(46) 
Again two cases arise. 


Case 1: Similarly as the crisp cases we get the following annual opportunity cost of capital, 


o CL +m)[([a!, a] + (1 + m)[b!, bY]) In (7) + [a2] 


A= i 
_ dla’, a%] + [be] +m)) +m)? , L+m i 
: ay 3 Cee 4 
m Il pu lt pu 2 a! qu 2 lL puyp3 
Co yt ET + tpe((al ate ¢ PPI) Ap ye, PO) + e( — 7) {pia 0" 
Lt puyq2 tL jujyq2 l pu 
pl pie e | (oer? 


With the inventory constant, [(0) < I 
We solve the problem, using neutrosophic goal programming method. 


Case 2: Here again, as before we get the following annual opportunity cost of capital, 


2 , Ct my la,a'] + (1+ m)P, 64) In (dete) + 1 04(-7)] 


2=AT a 
h({a!,a”] + [b', “(1 + m)) (l+m)*, 1+m T G4mjr BTA 
ii 3 =) 4 2 7! 
1 pu 2 al qu 2 I pu 3 1 pu 2 
+ pelt any + PPE) — Ftp (EE) + ello anor + EE 
a! qu 2 Ll pu 3 1 puyq2 
pie | POI ela. atyr + PE er my 
a! qu —m 2 lL pu = 3 
it en a eee M) ) 
(48) 


Similarly we have, 


5. Numerical example 


In this section we discuss the numerical results in two cases. In the first case the crisp model 
is discussed. And in the second case the fuzzy model is discussed. 
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Case 1: For the following example, we have taken the ordering cost 10$ per order. Per unit 
cost of purchasing and selling are taken respectively 10$,15$. We have taken holding cost per 
unit per year excluding interest charge to be 1$. We assumed the retailer earns 0.12$ per year 


and the retailer pays 0.15$ per year interest. We have the following problem, 


Minimize Z(T) (50) 


Z1(T) if T<M 
Z2(T) if T>M 
We have used Lingo software for solving this optimization problem. 


We have the following results, 


TABLE 1 


a/|bjo|c;/pjh| kL] Lp 
100} .1 | 10/10/15) 10) .12} .15 
105 | .11) 10/10/15 | 10) .12} .15 
110 | .12) 10/10; 15 | 10] .12} .15 
95 | .1 | 10); 10/15 | 10) .12] .15 


yg BT") 
0.1071494 | 653.5241 
0.1046234 | 628.8297 
0.1022692 | 599.0090 
0.1098596 | 625.4176 


lel RlRel|S 
ReyRpRe Rs 


5.1. Numerical example(Fuzzy) 


In this section we solve the problem using the neutrosophic interval valued linear program- 
ming to solve the problem as discussed in[2.2| Again for the following example, we have taken 
the ordering cost 10$ per order. Per unit cost of purchasing and selling are taken respectively 
10$,15$. We have taken holding cost per unit per year excluding interest charge to be 1$. We 
assumed the retailer earns 0.12$ per year and the retailer pays 0.15$ per year interest. 


The problem is, 
Minimize Z(T) (52) 
where, 


2 Air) a Te 
A Se (53) 
Z2(T) if T>M 
Similarly using Lingo program we get the following results for different values of the market 
demand. 


By similar arguments, for different values of the score functions we get the following results, 
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TABLE 2 
laa") | Ee) | ee) op || ie | || a T mr) 
[103,115] | [.11,.15] | 10} 10} 15] 10] 12] .25 | 1 | 1 | 0.3269101] [448.55,618.64] 
[101,110] | [.10,.13] | 10} 10} 15) 10] 12] .25 | 1 | 1 | 0.3656319 | [543.78,659.13] 
[99,108] | [.12,.16] | 10] 10/15] 10) 12) .25| 1 | 1 | 0.2551095 | [372.84,548.5184] 
[105,125] | [.09,.12] | 10} 10} 15/10] 12] .25/ 1 | 1 | 0.4338459] [667.10,734.18] 


So, when we use the neutrosophic interval valued number we get an range of value for the 
objective function rather than getting a fixed value. So, the decision maker has more freedom 


in choosing the approximate demand. 


6. Conclusion 


In this paper we have developed a EOQ model for a single deteriorating product which 
deteriorate continuously. Also, the market demand is considered to be linearly dependent of 
time. The retailer is given trade credit with a fixed interest. The retailer assumed to be 
earning interest on the profit. Since the market demand cannot be predicted precisely, the 
model is further generalized using neutrosophic triangular numbers for the parameters. The 
final model is solved using neutrosophic interval valued goal programming method. Through 
an example we have shown that the retailer has more freedom in choosing the approximate 
demand for the later case. 

The model has been formed assuming the demand function is a linear function of time. For 
future work, the demand function can be assumed to be more complex functions of time or 
other parameters. Furthermore, the model can be more generalized by considering the other 


parameters as neutrosophic triangular number. 
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Abstract. Mappings are significant mathematical tools with many applications in our daily lives. The bipolar 
hypersoft set is one of the effective tools for dealing with ambiguity and vagueness. The purpose of this article 
is to define mappings between the classes of bipolar hypersoft sets. The notions of bipolar hypersoft image 
and bipolar hypersoft inverse image of bipolar hypersoft sets are then defined, and some of their properties 
are studied. Moreover, we discuss the relations between the bipolar hypersoft image and the bipolar hyper- 
soft inverse image of the bipolar hypersoft sets. This proposed work can be extended to IndetermSoft Set, 
IndetermHyperSoft Set and TreeSoft Set and their corresponding Fuzzy, Intuitionistic Fuzzy, Neutrosophic 


forms and other Fuzzy-extension. 


Keywords: bipolar hypersoft mapping; bipolar hypersoft image; bipolar hypersoft inverse image; bipolar hy- 
persoft set; hypersoft set; soft set 


1. Introduction 


In all real-life disciplines, such as environmental science, social science, engineering and 
economics, there is ambiguity, inaccuracy, and inadequate information. Many researchers have 
attempted to process such data in the past and present. In 1999, Molodtsov [14] proposed the 
theory of soft set as a completely flexible mathematical approach to modeling uncertainties. In 
2003, Maji et al. [12] developed the theory of soft sets by defining several essential operations 
like subset, the equal set and the complement of a soft set. Shabir and Naz [25] proposed 
and studied the concept of bipolar soft sets (a combination of the soft set and the bipolarity 


structure) and its use in decision-making (2013). 
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The traditional soft set is built on a determinate function, however there are numerous 
sources in our world that, due to ignorance or a lack of knowledge, present indeterminate 
information. Due to the uncertainty in our world, they can be modeled by operators with some 
degree of uncertainty. As a result, Smarandache [27,28] extended the soft set to hypersoft set in 
2018, then both of them to IndetermSoft Set and IndetermHyperSoft Set [29,30] respectively 
in 2022, and introduced TreeSoft Set [31] as extension of the MultiSoft Set [26]. Several 
applications are presented for each type of soft set. Musa and Asaad [4,15,16] applied hypersoft 
set to present some topological concepts such as connectedness and separation axioms. 

Defining relations and mappings on soft sets, bipolar soft sets and hypersoft sets was one of 
the most important steps in the development of these theories. Babitha and Sunil [6] initiated 
the notion of soft relations and soft functions. Qin et al. [21] introduced the concept of soft 
relation which is a generalization of soft set relation presented in [6]. They supported their 
work with an application to information systems. Majumdar and Samanta [13] examined the 
concept of crisp (soft) set images using soft mappings. Kharal and Ahmad [11] defined the 
idea of soft class mappings and discussed the characteristics of soft images and soft pre-images. 
Furthermore, they provided an application of soft mapping in medical diagnosis. Addis et 
al. [2] has developed a new method to define soft mappings and studying their properties. 
They used this concept in a new way to study soft homomorphisms and soft homomorphism 
theorems on groups. They also built a soft mapping to model a symptom—disease relationship 
in medical diagnosis. The notion of mappings between two collections of bipolar soft sets 
was introduced by Al-shami [1] and exhaustively studied by Fadel and Dzul-Kifli [8]. Saeed 
et al. [23,24] introduced mappings to the hypersoft set environment. They defined hypersoft 
image and hypersoft pre-image and studied some of their properties. Moreover, the validity 
and dominance of their suggested technique is demonstrated through practical application and 
comparative analysis. Other searches for mappings can be seen [3,5,7,9, 10,22, 32-34]. 

Musa and Asaad [17], came up with the concept of bipolar hypersoft set as a mixture 
of hypersoft set and bipolarity structure and is created by looking at not only a collection of 
carefully chosen parameters, but also a set associated with parameters with opposing meanings 
known as "not set of parameters”. They also presented an application of bipolar hypersoft 
sets in a decision-making problem [18]. In addition, the authors [19,20] studied the topological 
structures of bipolar hypersoft sets. Motivated by the interest of researchers for mappings and 
their applications. We continue to study bipolar hypersoft sets by defining bipolar hypersoft 
mapping and discuss some of its characteristics. 

The rest of the article is organized in the following order: Section 2 provides an overview 
of several fundamental concepts that are necessary to understand our research. In section 3, 


we define the concept of bipolar hypersoft mapping and study its properties. In section 4, 
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we introduce bipolar hypersoft inverse image and related results. We conclude this section 
by presenting the relationship between the bipolar hypersoft image and the bipolar hypersoft 
inverse image. Section 5 provide a summary of ongoing work as well as a suggestion for future 


study. 


2. Preliminaries 


Throughout this work, % and X denote the universal sets; 2% and 2® denote the power sets 
of 3 and XN, respectively; © = o1 X 02 X ... X On and ys 61 X 62 X... X Gy denote the 
parameter sets with 0; 0; = 6, 6,6; = @ where i  j; and A,A, A, A are non-empty sets 


of parameters where A,A C Nand A,AC™. 


The basic definitions and results introduced in [17] will be collected in this section. 


Definition 2.1. A triple (g,g, A) is called a bipolar hypersoft set over R, where g and g are 
mappings given by g: A > 2° andg : ~A > 2® such that g(0) Ng(70) = ¢ for all 2E A. 


We represent a bipolar hypersoft set (g,g,A) as 


(9.9,4) ={(69(),9(8)) 2 € A and g(€) Ng(-£) = 4}. 
The collection of all bipolar hypersoft sets on # (resp., &) with the set of parameters } 
(resp., ) is denoted by Qs) (resp., Qe sy): 


Definition 2.2. Let (g,g, A), (ff, A) € Q@y). Then 


i. (g,g, A) is a bipolar hypersoft subset of (f, f, A), denoted by (g,g, A) E (fF, Aye it 
AC A and g(0) C f (2) wie) C g(7@) for all ZE A. 

ii. (g,g, A) and (f, f, A) are bipolar hypersoft equal, if (g,g, A) Ec Ff, A) and ff, A) 

E (99; A 

iii. If g(¢) = ¢ and g(70) = ¥ for all £ € A, then (g,g, A) is called a relative null bipolar 
hypersoft set and denoted by (6, RR, A). 

iv. If g(€) = and g(—0) = ¢ for all £ € A, then (g,g, A) is called a relative whole bipolar 
hypersoft set and denoted by (R, d, A). 

v. The complement of (g,g,A) is a bipolar hypersoft set (g,g,A)° = (g°,g°,A) where 
Gg (l) =g(70) and 7°(-0) = g(@) for all £E A. 

vi. The union of (g,g,A) and (fF, A), denoted by (g,g, A) ir fF, A), is a bipolar 
hypersoft set (A, A, C), where C = AUA and for all 6 € C: 


gl) ifCEA\A 
A(e) =< f (0) if€eA\A 
gl Uf(2) ifLEANA 
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5-0) if 2€ 3A\ A 
A(-0) =< f(-0) if £€ =A\ AA 
GO) NF (8) if 8 WANAA 


vii. The extended intersection of (g,g,A) and ff, A), denoted by (g,g, A) Ae ff, A), 
is a bipolar hypersoft set (A, A,C), where C = AUA and for all € € C: 


ge) ifLEA\A 
A(ey=* f(e) ifLeA\A 
gQ)nf(e) ifLE ANA 

i(-0) if £e€ -A\ A 

A(-8) = 2 F(=0) if 0 € WA\ AA 

F(-OUF(-0) if fe WAN AA 


viii. The restricted union of (g,g, A) and (f, f, A), denoted by (g,g, A) : a c A), isa 


bipolar 3 set (A, fh, = where C = ANA and for all 0€ C: A(é )UF(e) 
and h(n yn F(A€ 

ix. The intersection (g.g,N ad Gis Ff, A), denoted by (g,g, A) Ayn f, be A), is a bipolar 
hypersoft set (f, A, C), es C= ANA and for all £€ C: A(é) £)Nf(€ and 


A(=0) = G(-0) UF (0) 


Proposition 2.3. Let (g,g, A), (f.f,A) € OQgs)- Then 


a (9.9, 4) = (9.9:4) 
TeeeceiD ten FF EGA 
id. (6, RA) E G.g. A) (gg. Ae E G9, A) O Gg, A)’ E (8,6, A). 


Ww. g.g.M) 0 (f.f.M) ) = (9,9, A) ie (ff, A). 


U. (9:9, 4) ri (f.f,A) = (9:94) Me (f.f.A). 
Proposition 2.4. Let (g,g,A ), ff, A) € Q@y). Then 
(GaN OFFA) = GFAP AFF A) 


U (9.9.4) Ff, f,4))° = (9,9, A) O (ff, BY. 


3. Bipolar Hypersoft Mappings 


In this section, we study mappings between families of bipolar hypersoft sets with differ- 
ent universes and sets of parameters. In addition, illustrative examples are offered to help 


understand the main results. 
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Definition 3.1. Let 7 : # > & be an injective mapping. Let 6: i > % and \: 3D 5 AD 
be two mappings such that A(3@) = -6(£) for all =@ € =¥. Then a bipolar hypersoft mapping 
Wy5. : Qas) > Oey is defined as: for any bipolar hypersoft set (g,g,A) € Q (gn), the image 
of (g,g, A) under Wy5,, Vy5,((g,g,A)) = (Wy5(g), Vysr(J)s ©) is a bipolar hypersoft set in 
Qe given as, for all fed: 


a (Uses-rgrng)) , fd (OnAF So 
d, otherwise 


V5(g)(O = 


ithe 1 (Meerconrnd(-) > fad nas 6 
XN, otherwise 

Example 3.2. Let R = {ri,ra,r3} and % = {m,72,73,n4} be two sets, o1 = 
{01, £2, £3, l4},02 = {€s},03 = {fg}, and | = {4,6,6,4},02 = {6},03 = {te} be 
sets of parameters, y : # — N be a mapping defined as y(r;) = m for i = 1,2,3, 
the mapping 6 : © + ® be defined as 6((¢;,65,€6)) = 6((l2,65,£6)) = (4,4, %), 
6((€3, €5,£6)) = (€3,€5,€), 5((€1,€5,06)) = (l4,6,%), the mapping \ : 7X — =A be 
defined as \(70;) = —6(¢;) for i = 1,2,3, and Wy53, > Oma = Qe sy be a bipo- 
lar hypersoft mapping. Let Ay = {01,¢2,03},A2 = {é5},A3 = {46} and (y,g,A) = 
{((41, 45, £6), {r1}, {r2}), ((42, 45, £6), {v3}, {71, r2}), (43, 25, 46), {ra}, {ri })}. Then, the bipolar 
hypersoft image of (g,g, A): 


Since 5(A) = d({(€1, 65,6), (C2, 5, 6), (C3, 65, €6)}) = {(41, 65, 46), (C3, 65, 46)}, then for 


(61, 5, €6) : 0 (Gi, &5, &)) OA = {(l1, b5, 06), (C2, 5, 6)} A {(Er, b5, £6); (2, €5, £6); (3, €5, £6) } 
= {(41, 45, 46), (C2, £5, £6) }. We have 


Wrsr(g(4i,f5,%) = ¥ (Were ne seua®) = (g(t, 65,6) Ug(l2,65,46)) = 
¥({ri} U {r3}) = 7 {ri 73}) = tm, ns}- 


Also, (7A) = {7(4, 6, &), 7(43, £5, &)}, then for =(4;, &, &) : A(A(G, &, &)) NAA = 
{=(41, 5, £6), (42, £5, £6)}. We have 


Wer GG, 4,4)) = 1 (MeerrecitefyrnB-9) = vO, £56) 9 
G (7 (C2, £5, €6))) = ¥ fra} 9 {ri, r2}) = 7 ({r2}) = {2} 


Then, W45((9.9A)) (A, 65, &)) oa (C1, £5, 6), {m,n}, {n})- 
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Now, for (€3, €5, 4) : 5-1((€3, €5, &)) NA = {(03, &5, £6) } M {(L1, £5, £6), (2, €5; £6), (C3, 5, £6) } 
= {(3, 5, £6)}. We have 


Wrsr(g)( (Gs, &)) = 7 (Wees1((ét5,65) nO) = 7 (G(l5, 556) = 7 (Era}) = {ns}. 


Also, for 7(€3, €5, €) : A74(A(€3, 65, &)) NAA = {7(£3, bs, &)}. We have 


Wysr(g)(7 (63, €5, &6)) = 4 Nase Reda) = ¥ (G(A(és, £5, £6))) = CELT) 
= {m}. 


Then, W45((9.9,A)) (63, £5, &6)) = ((€3, 5, &), {ns}, {m})- 
Hence, Wy5.((9.9, A)) 77 {((£1, £5, £6), {m,3}; {n2}), ((€5, #5, &6), $,%), ((€3, £5, £6), {ns}; {m}), 
(Ca, €5, £6), 0,8) }. 


Remark 3.3. In the next example, we illustrate the reason for choosing the mapping y : R > & 


in Definition 3.1 to be injective . 


Example 3.4. Suppose W,5, and (g,g,A) be the same as in Example 3.2 but y(r2) = m 
instead of ¥(r2) = 12, then V5 (9.9; A))((4, &, &)) = (41, #5, £8), {m; ns}, {m}) which con- 
tradicts the definition of bipolar hypersoft set since V5) (g)((4, i. &)) NW 5(9)(> a(6,, bs, &)) 


# ¢. 


Definition 3.5. Suppose that Vy5, : Q~@s) > Qo %) is a bipolar hypersoft mapping and 
(g,g,A), .f,A) € OQ). Then: 


(1) The union of bipolar hypersoft image of (g,g, A), fF, A) € Q(R,y) is defined as, for 
all E&Y, 
(Varl(g.5- MOV a(F.4,4))) O = 


(¢, Dy sr(g)(O) U Vyr(f)(O, Pyar) Wrarlf)(-8). 


(2) The intersection of bipolar hypersoft image of (g,g, A), (fF, A) € Qaay) is defined 
as, for all fe y, 


(YrolGF MMW arf f, A))) (£) = 


(¢, Dysr(g)(E) 1 Vysa(F)(O, Vysa@) (8) U Wrar(f)(-0). 
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Definition 3.6. Suppose that V45) : Q(s) > Qe %) is a bipolar hypersoft mapping, where 
vy: k — ® is an injective mapping, 6: © > Sand \: nD — A¥ are two mappings such that 


A(a) = 76(¢) for all =€ € =X. Then a bipolar hypersoft mapping V5) is called: 


(1) A bipolar hypersoft surjective mapping if y and 6 are surjective mappings. 
(2) A bipolar hypersoft injective mapping if y and 6 are injective mappings. (Provided 
that any bipolar hypersoft sets in Q¢g,5) must have the same sets of parameters. ) 


(3) A bipolar hypersoft bijective mapping if y and 6 are bijective mappings. 


Proposition 3.7. Suppose that V5, : Qs) > Qe sy is a bipolar hypersoft mapping, where 
vy: RX is an injective mapping, 6: + 4 and X: 7A > 7% are two mappings such that 
Mal) = 6(€) for all € +E. If (9,9, A), (Ff, A) € Qea.yy then: 

(1) Vy5n((®, 8,5) 2 

(2) Wr5a((R, ®, E)) E (8,8, 5). 7 7 

(3) If G.5.A) © fF,A), then Vyon((g.9.A)) E Vrorl(f,f.A)). 

(A) Vor ((g.9, NUF.F,A)) = Vyorl9.9,A)) 5 Woah F,A))- : 

(5) Voor (GF NN F,A) = (A, AANA) E Vror((g.d-M)) 7 Vref f,A))- The 

equality holds if V5, 1s a bipolar hypersoft injective mapping. 


= ((®,X, ¥)) The equality holds if 7 is a surjective mapping. 


Proof. 1. and 2. are straightforward. 
3. Let (g,g, A) i (ff, A), then we want to show that, for all £€ ¥, Vy5,(g)(Q) C Vsr(f)(O 
and, for all +f € =¥, W45y(F) (8) © Wy5a(G)(78). Let 6 € 5(A) C 5(A) C © (if £¢ 6(A), then 
W,5(9)() = 6 © Vyan(f)(), then 


vain => U x) 


led5-1(ANA 


cy U ro) , since g(€) C f(£) for alle A 


Le5-1 (ANA 
= Wrr(f) (0. 


Now, for 6 € (AA) C A(AA) CAE (if 36 ¢ AAA), then W55,(G)(8) = 8 D Wysr(F)(-9), 


we have 


ea () jo) 


=lEA-1(AA)NAA 


cy () a0) since f (0) C g() for alll e aA 
AAA 


alEA“H(A 
= W5xG) (0). 
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Hence, Wy5((g,9, A)) C Wysr((ff, A)). 


4. To keep things simple, let 
Wrar((9.5, MOV ar((f,f,4)) = (44,5) 
V5.9, NUS. F,A)) = Vyer((L,7,AUA)) = 9,5). 


We want to prove that , for all 6€ ¥, 9(4) = A(A) and, for all 70 ES, 9(A0) = h(-0). For 
non-trivial case, let  € 5(AU A) = 6(A)U6(A) = AUA, then 


IE) = Var(D(O = (Ures-1(6 cava) 1(0)) 


1 (Uees-1( eye) ; ifCeA\A 
= 4 1 Uees-1( Aunt O) ifCe A\A 
7 User strat y U1 (UresrgrafO), fe And 
V5r(g) (2), if?eA\A 
= 4 Wer(f)( ifCe A\A 
Wrsr(g)(E Hoe ), fle ANA 
Since Drr(f)(O) = ¢ for fed \ A and WVy5.(g)(2) = ¢ for feA ‘ A, then for all / € ys we 
have 
I(0)) = Vyor(g)(Q U Wysr(F)(C 


= fi(¢)), by Definition 3.5 (1.). 


Also, for non-trivial case, let ube «(A U A) = ~AU-A, then 


G8 = Wye D(-8 S49 (Ahaeednecdinay 109) 


¥ (Aacerednca\nay (4) } 5 if 6e ~A\ =A 
~ 1 \Dazer-1( (-8)( cant (9) if 6¢ sA\ 7A 
- Nvea- 7 (brand (7 0) 9 (n ete CO) , if =f € aA NAA 
Wisg)(-9), if a6 = =A \ “A 
=< W5(f)(-8), if 6 e€ nA \ AA 


Wysr(G)(-O) AN Vyar(f)(n8, if 6e wAN-A 
pince Wrarlf)( 0) =N for “le “A \ A and V5 G)( 0) =N for a/€ A \ A, then for all 


ube ay, we have 


J(-0)) = W5rG)(-8) a Wrr(f) (8) 
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n 


= f(=6)), by Definition 3.5 (2.). 


Hence, ¥5,((9.9, NUL f,4)) = Vysr((9.g, A) O Vyan((f.F, 4). 


5. Simply, let 
Wr((9.9, AF, F,4)) = Vys((4, 4,40 A)) 
59.9 A) Gaarl(f,f,4)) = (,7,%). 


We want to show that, for all  € ¥, W5,(A)(Q C (1)(8) and, for all -€ € =¥, (1)(A4) C 
Wy5(A)(A8). For a non-trivial case, let f € 6(A NA) C %, then 


eaitt => U Hw) 
(ANA) 


ted-1(8)9 


{ U Hoos) 

£Ed-1(A)N(ANA) 

(Ueo)or( se) 
led-1(€)N(ANA) led-1(B)N(ANA) 


al U a) | U r0) 
fn A le5-1(ANA 


— = Wy5r(g)(¢ ie Wrsr(f)(e 
=a), 


Now, for a non-trivial case, let ‘zs (AA NAA) C Dy then 


Wy5\(A “bn eo] 
LEA-1( [ ANAA) 
—( on 5-2) oF 
ANAA) 
a(n - Uy a ico) 
6)N(AAN=AA) LEA-1(AA)N(AANAA) 


21 () a0) ur () ico) 
=lEA1 (AANA =lEA-1(AA)\NAA 


= Wis G)(8) UVyarF)(-8) 
= 1(-6). 
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Therefore, Vssa((g.g: AUF. F,A)) = Vyoa((f, A, AMA)) © Vy5n((g.g.A)) Fl Vysa((f. fd). 


Remark 3.8. The reverse of Proposition 3.7 (5) is incorrect. 


Example 3.9. Let W,5, and (g,g,A) be the same as in Example 3.2. Let (ff, y= 
{((41, 45, £6), {ra}, {r1,73}), ((42, 45, £6), 171}, {r2}), ((és, £5, £6), R, o)), (C4, 45, £6), {73}, {rit))}, 
then Vref. fA) = (Ais 666); {m2}, 6), (65,66), 4,®), (ls: 6.66), {m1 73}: 4), 
((€4, £5, 6), {na}, {m})}. Now, 


Visr((9.5, A))Vye(f FA) = ((4, 6,6). 4m}. tm}, (B, 6%), 6), (Cs, &), 
{ns}.{m}), (Cs, &, &), o,®)}- 


On the other hand, (9.9, MF, f, A) = {((41, £5, £6), &, {71, 72, 73}), ((2, £5, £6), , {71, T2}), 
(43, £5, £6), {rs}, {ri})}, then 


Wola AUF A) = {((6,66).¢.{m,m}), (6,656), (6,6, 6); 
{ns}, {m}), ((€4, &5, &),,)}.- 


Therefore, Vys((g.9.A))  Vyorl(f fA) Z Vyan((G.F. MAL. F.A)). 


Remark 3.10. In Proposition 3.7 (5.), W445) (@.9.MNY.f,A) = (4, ,AUA)) Z 
Vy5((9.9,A)) n Wo5a(GF A)). 


Example 3.11. Let U5, and (g,g,A) be the same as in Example 3.2. Let (ff, ne 
{((41, £5, £6), {71, 72}, ), ((43, 425, £6), {ra}, {r1}), (£4, £5, 26), R, ¢)}, then Wrsr((fof, A)) = 
{((C1, 65, £6), {m,n}, 4), ((C2, &5, €6),,®), ((€3, &5, &6), {n3},{m}), ((4, €5, £6), {m, 2,73}, ?)}- 


Now, 


Vrsr((9.5, A) ye(f fA) = {(4,&, 6). {m},{m}), (B,6.%),6,), (Cs, b, &), 
{ns}.{m}), (4, &, &),o, ®)}- 


On the other hand, (9.9, MNF, Ff, A) = {((41, 45, £6), {ri}, {re}), (42, 45, £6), {3}, {r1, 72}), 
(3, é5, £6), {rs}, eae ae ((l4, €5, £6), F, P})}, then 


WrlGF MAG FA)) = {((4,65,6), {m,n}, {m}), (2,656), 0,), (6,45, £6), 
{ns}, {m}), (44,45, 46), (m., 72,3}, P)F- 
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n 


Therefore, Wys((g.g. AIUS.F,A)) Z Vysrl(g.5,A)) A anf. FA). 


4. Bipolar Hypersoft Inverse Image 


This section focuses on bipolar hypersoft inverse image and its relation to the bipolar hy- 


persoft image on bipolar hypersoft sets. 


Definition 4.1. Let 7 : R > & be an injective mapping. Let 6: i> Sand A: 34u 3 Ad 
be two mappings such that \(-0) = —d(¢) for all @ € 4X, and Wy5, : Qs) > Qyy vs) be a 
bipolar hypersoft mapping. The inverse image of a bipolar hypersoft set (g,g, A) under W,5), 
Wo 5n((G> A)) = (Uo 5,(g), U5, 4), 2) is a bipolar hypersoft set in Q(y,5) given as, for all 
Led: 


“1 _ J v'@6O)), if 6) A 
Wing) = é, if 50) ¢ & 


VG ACO), if AO) ¢ oA 
R, if A(n0) ¢ vA 


Example 4.2. Let W,5, be the same as in Example _ 3.2. Let (g,g, A) — 
{((€3, &5, 6), 8, 0), (C4, 45, £6), {m,n}, {m})}- 


Since 6-1(A) = 6-1({(3, 65, €6), (C4, £5, €6)}) = {(€3, 5,05); (4,05, 6)} and 5((l3, 5,6) = 
(3, &5, £6) € A, then 


U5, (g) (3, 5,06) = 1" (g(5((Es; £5, &6)))) = 7 GU (Es, 6, £6))) = 1) = ¥. 


Also, A71(AA) = A71({ (703, 765, 5), (204, 745, -06)}) = {(l3, ls, 5), (204, 75, 706) } 
and X((7é3, £5, 7€5)) = (763, 7€5, 6) € 7A, then 


Wr (g) (Es, £5; £6) = 71 G(5((E3, &5, £6)))) = 77 1G((Aes, 765, E6))) = 71 (0) = ¢. 
Then, U5, ((g,9,A))( (Es, 5, £6)) = ((€s; 5, £6), 8; 4). 


Now, for (04, €5, &): 6((€4, £5, €6)) = (£4, &5, &) € A, then 


Ws (a) (la, €5; €6) = (G5 ( (Ea, £5, £6)))) = (Es, 65, £6))) =m ns}) = {r1,73}- 
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Also, A((74, 765, 7€6)) = (704, 765, 7&6) € A, then 


Wis) (C4, £5, 6) = ~H(g(5( (la, €5,€6)))) = 1 1G((rls, 65, 65))) =" (Lma}) = {ra}. 
Then, We sy( (g,g,A) ae = ((£4, £5, £6), {71,73}, {ra}). 


Hence, W7,((g,g,A)) = {((41,45,06), 6,8), (2,65, 06), 6,8), ((ls, &5, &6), 8, 4), 
(4, £5, £6), {71,73}, {ra})}- 


Definition 4.3. Suppose that W435, : Qs) > Qo s5y is a bipolar hypersoft mapping and 
(g,g,A), (ff, A)eé Qe ss Then: 
(1) The union of bipolar hypersoft inverse image of (g,g GA ate f, A) x3) is defined 
as, for all 0 € &, 


(Un (e.5. AOS (FFA) (0 = 


CEAMDOUTANO. BAMCINEAACH). 
(2) The intersection of bipolar hypersoft inverse image of (g,g, A), f vs A)e Q ex x is 
defined as, for all @ € &, 


(w a (9.9, A) rw ( (f,f,A) )( f)= 


(CUADONTANO, WABCO YwACY). 


Proposition 4.4. Suppose that Vy5) : Qyy) > Qe is a bipolar hypersoft mapping, where 
vy: RX is an injective mapping, 6:4 + 4 and X: 7% > -® are two mappings such that 
A(=e) = 78(£) for alll € =¥. If (g,g,A), (F,F,A) € Qeyy then: 
(1) U4 ((@,8,2)) = (©, 8,5). 
(2) W7Ay((B, ®,¥)) = (RK, , 5). 
(3) If (95,4) E OF f,A), then 5, ((9,9, 4) © WOFFA) 
1) UNG NOF.F,A) = GAG.9.M) WAC F A). 
(5) Why (9G AUF, F,4) = (84,404) = W999) FOES AD) 
(6) U3 (9.9, 2)) = (USA (9.5, 5))) 


Q 


Proof. 1. Bue 2. _ are straightforward. 

3. Let (g,g, A) E (f, Ff, A), then we want to show that, for all ¢ € 5, Wral9)(é ye Win) (4) 
and, for all = € =, wh \(>€) C WIG) (8). Let € € © where 5(0) EAC i (if 6(2) € A, 
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then UW 5\(g)(¢) = ¢ C W25,(f)(0), then 
Ws (g)() = 7 * (G(5(0)) 


C71 (F(5(0))), since g (0) C f (8 forallfe A 


=H, AO 


Now, for =@ € AD where A(a0) € AA C AA (if \(n0) ¢ AA), then WA )(-8) - 


Vin @)(-8) = ¥, we have 


Cy 1G(A0))), since f (78) C F(A) for all 6 € +A 


Hence, Wo ((g.9, A)) Cc Wins, A)). 


4. To keep things simple, let 


Woy ((9.g, A) Li (ff, A)) = WA ((, TAUA)) = (G5,2) 


D5 4( (9.9; A)) Ui wy ( tee A)) = (A, A, 3). 


We want to prove that, for all £€ X, J(¢) = A(0) and, for all -0 € AX, J( 


non-trivial case, let € € © where 6(¢) € AUA, then 


y*(g(6(6))), if (0) A\A 
=) 1 1F(6(0)), if () E A\A 
y*(g(6(0)) UF(5(2)), if 6(2) E ANA 
y1(g(5(8)), if 6(0) €A\A 
=4 y1(F(6(2)), if 6(0) e A\A 
y*(g(6(0))) Uy TF(6(O)), if 6(Q) eANA 
Win (G(), if (Qe A\A 
Wn (f (2); if 60) eC A\A 
U(g(2))UG FO), if6()e ANA 


) 


= Al 


i). Fora 


Since WA (f)(0) = ¢ for 6(0) € A\ A and W_3\(g)(Q = ¢ for 6(@) € A\ A, then for all £ € 5, 


we have 


IM =Vi MOUB AAO 
= h(¢), by Definition 4.3 (1.). 
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Also, for a non-trivial case, let 3 € 3¥ where A(£) € aA UA, then 


I(-8) = U3, T)(-8) = y 1 TOAC9)) 


Y GAO), if (0) € -A\ nA 
= FOO if \(-0) € -A\ 7A 
YGACH) NFACO)), if (8) € 7A NAA 
V GAO); if (0) ¢ aA \ A 
Se ae ACO))); 7 if (40) e nA \ 7A 
VGA) Ny IFACO)), if Ae) € ~AN AA 
Wr G(-9), if (nl) e -A\-A 
=4 Wal), if M0) € -A\ 7A 
WG(A) NWF (40), if (2) € -AN 7A 


Since wANC2) =F for \(-0) € aA\ 7A and WG-4) =F for \(70) e€ =A \ 7A, then 


for all =€ € =X, we have 


FO) = VA BHO) NWAGA(-9) 
= fi(-0), by Definition 4.3 (2.). 
Hence, UA (9.9, NUG.F.A)) = WA (W.9. 4) GUA). 
5. Simply, let 
WA (a. MNG.F,A)) = WALT, An A)) = 5,5) 
WA ((g.9, ATU (F.f,A)) = (4, 4,2). 


We want to prove that, for all £€ 5, J(¢) = A(€) and, for all =€ € 3D, J(A0) = f(A). For a 
non-trivial case, let 0 € 6-1(AN A) = 6~1(A) N571(A), then 


IO) = VAD 
= 7 *(G(4(0) NF (5(O)) 
= 1 *G(4(0)) NY *(F(5)) 
= Vy MOavy(f 
= h(é). 
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Also, let 3€ € A71(4A NAA) = A71(4A)NA71(AA), then 


BNCCE §.4) A A Wr 54( Gf, A)). 


7 Let @ € &, then 


Hence, W((ggG MEF, A)) = 
6. Simply, let Wings >)) =, 


(AMO) = O76) 


Again, (9,9, xe = (Gg ss then 
WA GVO = 71 (9°(6(0)) 


Cc 
Hence, (WA 9)(0) = LENCO MCOE Using the same technique, we can show that 


(WA @(-9) = WG)" (-8) for all -€ € +5. 
Therefore, WN(Gd: ¥)°) S. (WG-5: %))) 


Remark 4.5. In Proposition 4.4 (5.), aN (Wa. ONES, A) = (f, A, AU A)) = 
wA(g.9.4) 1 WAS, AD). 
Example 4.6. Consider 5, in Example 3.2 and (g,g, A) in Example 4.2. Let (ae A) — 
{(4, 6, 6), {ma}, {ns}), ((€2, &5, 6), {mi}, {n2}), ((€3, 5, &6), {nm}, {n3; nat), ((C4, 65, 6), Q, N)}, 
then Win F,A) A)) = {((£1, £5, £6), , {r3}), ((€2, £5, £6), &, {r3}), ((€3, €5, £6), Pi AES) 
eee d, ele Now, 

EN (9,9 aA rw ( ff, A)) a {((£1, £5, £6), @, Re), ((€2, £5, £6), 0, F), ((€3, &5, £6), 
{ri}, {rs}), (C44, £5, £6), b, R)}- 


On the other hand, (g,g,4) A (f,f,A) = (ff,A), then 1A(g.g, MNES) = 
Wanltof, A)). 
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Therefore, Ws (Ca ANG, F, A)) ja U5 ((9.9, 4) A WAS, A)). 


In what follows, the bipolar hypersoft image and the bipolar hypersoft inverse image of 


bipolar hypersoft sets are discussed. 


Proposition 4.7. Suppose that V5, : Qgs) > Qe %) is a bipolar hypersoft mapping, where 
vy: RX is an injective mapping, 6: > S and \: 7X — AD are two mappings such that 
Ane) = 76(0) for all -€ € =. If g,g,A) € Agyy, then (g,g, A) E Uj (Vyaa((gg, A)))- 
The equality holds if A =X and V5) is a bipolar hypersoft injective mapping. 


Proof. Let Wein (Vyoa((g.g, A))) = TAGs s)) = (f, A, S). We want to show that, for all 
CEA, Vy5r(g)(2) © Wy5,(A)(2) and, for all 36 € AA, Wy5,(A)(A0) C Wy5,(F) (70). Let £E A, 
then 
(0) = Ws (F)) 
= 7 '(F(6()) 


LE5-1(5(L))NA 


6 
= U gl), since y is injective mapping 
LEd—1(5(L))NA 


> git): 
Also, for =€ € 7A, then 
A(-0) = WA) 
= (fF (A(-0)) 


a al ig () §(-) 
EAN (A(AE))NAA 


() 1 (y(G(-8))), since y is injective mapping 
AlEA-1(A(A0)) NAA 


g(0), since yis injective mapping 
ALEA-1(A(A0))NAA 


C g(78). 


Hence, the proof is completed. 


Remark 4.8. The equality is false in Proposition 4.7. 
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Example 4.9. Consider V5), (g,g, A), and Vy5,((g,g, A)) in Example 3.2. Then 
Wr 5y(Ursa((g.d,A))) = {((E1, 5, C6), {r1, 73}, {r2}), ((l2, &5, £6), {71,73}, {r2}), 
((£3, £5, £6), {rs}, peer ((€4, £5, £6), We) I. Hence, (9.9 G4 )F# We snl V45.((9,g,A))) 


Proposition 4.10. Suppose that V5) : Q¢R,5) > Qe, 5) is a bipolar hypersoft mapping, where 
vy: RR is a bijective mapping, 6: 4% > 4 and A: 7X > =¥ are two mappings such that 


A(ne) = 76(€) for all a2 € AD. If (ff, Nie Qe sy, then V5, (U oi (ff, >)) ff, *): 
The equality holds if Uys) is a bipolar hypersoft surjective mapping. 


Proof. Let Wor(Wl((f Sf, ¥))) = Wys((9,9,=)) = (A, A, %). We want to show that, for 
all Ze &, an(A)(C) C Ws (f)(0) and, for all ab E AY, Wy (f)(74) © Vy 5,(A)(74).. Let 
é€6(6-1(d)) CS (if 6€ YS \ 6(6-1(3)), then A(0) = ¢ C g()), then 


A(0) = V5(g)(0) 


> U a) 
les-1(ANS 


= iso) 
le5-1(8) 
“it fe) 
£e5-1(8) 
(6) since f (5(€)) = f(A forall € € 5-16) 
i f), since yis surjective mapping. 
Also, for a6 € \(A71(3)) C AE (if 36 € =H \ A(AT1(53)), then A(-0) = 8 DF (58), then 


A(8) = V5.(G)(-4) 


= () a0) 
=lEA-1(AA)\NAE 
=1 a Goro) 


=lEA-1(A6) 


me (~ (1) Foon) 
aE A-1 (78) 
= O'F(-4)) , since f (A(£)) = f (76) for all nl € 7!(A8) 


= f (6), since y is surjective mapping. 


Hence, the proof is completed. 
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Remark 4.11. If 7 is not surjective in Proposition 4.10, then the subset relation is not true 


in general. 
Example 4.12. Consider W 5, in Example 3.2 and (ff, 4 = »), TAS) 
in Example 4.6. Then Wy (Uy((f.f,))) = {((4,5,66),¢, {n3}), (4,45, 66), 6); 


((¢3, £5, 6), {mt}, {ns}), ((C4, &5, 6), , {m,72,03})}- Hence, WrsW (ff, ¥))) Z Cae 3 


Remark 4.13. The equality does not hold in Proposition 4.10. 


Example 4.14. Consider V 5, in Example 3.2 but if we take 8 = {m,72,73} in- 
stead of RN = {m,72,73,m4}, then y will be a bijective mapping. Let (a> 
= {((G, 65, 66), {m, na}, 4), ((€2, 65, 66), ®, 6), (ls, €5, £6), ®, 6), (C4, 65, 6), {ns}, {m})}, then 
UGS, X)) = {((41, 65,46), {71,72}, 6), (lo, 5; 6), {r1, ra}, 6); ((Es, £5, £6), 8, 4), 

((C4, €5, 6), {r3}, {ri})}. Therefore, Wyar(WiA((f,f,5))) = {((41, 6, 4), {m,n}, ¢); 

((25 5, £6), 0,8), (Cos ss €6),®, 8), (Las bss €6)s {na} {m})}- Hence, Wrar(Wi(Ff,8))) A 
(f,f,%). 


5. Conclusions 


Throughout this study, we have introduced bipolar hypersoft mapping as well as various 
associated concepts and properties. Also, the definition of the bipolar hypersoft inverse image 
along with some of the related results are then presented. We examined, on a bipolar hypersoft 
set, the relationship between bipolar hypersoft image and the bipolar hypersoft inverse image. 
In the future, we strongly recommend applying these results and suggestions to real-life prob- 
lems in decision-making and medical diagnosis, as well as examining the behavior of specific 


topological and algebraic concepts. 
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Abstract: In 2019, Riaz et al. introduced the notion of linear Diophantine fuzzy set(LDFS) where there is an 
addition of reference parameters that help to address the issues that cannot be managed by the existing theories 
such as fuzzy sets(FSs), intuitionistic fuzzy sets(IFSs), Pythagorean fuzzy sets(PFSs), and g-rung orthopair 
fuzzy sets(q-ROFSs). But all these theories are not capable to describe indeterminacy that exists in numerous 
real-world problems. For this purpose, neutrosophic sets(NSs), single-valued neutrosophic 
sets(SVNSs), Pythagorean neutrosophic sets(PNSs) are introduced. In PNS, each object x in the universe is 


characterized by a dependent truth (4/,(x)) and falsity (y,(x)) membership values and 
indeterminacy (v 7 (x)) membership value with the 


restriction O< (u, (x)) +(7p (x)) +(v, (x)) <2 .If we consider a neutrosophic triplet 


as (0.9,0.9,0.9) then 0.9° +0.9° +0.9° will give 2.43, whichis > 2 . Such a problem cannot be handled 


by the decision-makers under the Pythagorean neutrosophic environment. To take care of such an issue there 
is an urgency to develop another mathematical model. This lead to an introduction of linear Diophantine 
neutrosophic set(LDNS) as an extension of PNS. Thus, the main purpose of this paper is to introduce the 
LDNS model with an aid of reference parameters to ensure that through this new model the decision-makers 
can freely choose the neutrosophic membership values with an extended domain. Therefore, in a broad sense, 
the LDNSs are a new idea that removes the restrictions present in the existing concepts such as FSs, IFSs, 
PFSs, g-ROFSs, PNSs, LDFSs, etc. From example 3.1.1, it is quite visible that this new structure helps to 
classify the problem by changing the physical nature of reference parameters. Moreover, some basic 
properties and operations on LDNSs are investigated. We also define the score and accuracy function based 
on linear Diophantine neutrosophic number(LDNN). With the help of a novel linear Diophantine 
single-valued neutrosophic weighted arithmetic-geometric aggregation (LDSVNWAGA) operator, an 
algorithm has been developed for decision-making. Finally, the proposed algorithm has been successfully 
executed with the help of a numerical application. 
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1. Introduction 
Presently, in the real-world we are facing complicated problems that cannot be solved by the traditional 
mathematical tools. It is due to the involvement of uncertainty or vagueness in real-life situations. The crisp 


concept is no more valid to define ambiguity. A crisp set A can be characterized by a characteristic function 


XZ, and the values of Y, corresponding to all the objects in A are either 0 or 1. Boolean algebra also 


useful to address the same situation. In mathematics, we find some linguistic terms such as “excellent”, 
“beautiful”, “intelligent” etc, which are subjective. To eradicate such a problem to some extent, Zadeh 
introduced the fuzzy set oloin 1965 and fuzzy logic Loin 1996. A fuzzy set is a significant mathematical tool 
to model vagueness or uncertainty in the data or information, that has been attracted the attention of many 


researchers across the globe in the last decades. A fuzzy set X be characterized by its membership 
function 4z: X —>&,10, which assigns a real value in the unit closed interval &),10to each object of the 


universe. Thus, a fuzzy set is an extension of a crisp set whose boundary is blurred. The researchers have been 
studied fuzzy sets as problem-solving techniques in various fields including, engineering, computer science, 
medical science, social science, economics, environments, robotics, etc., having various uncertainties. Some 


significant works associated with fuzzy sets are studied in -7e@ Later on, in 2010, Bustince Bo introduced 


an interval-valued fuzzy set (IVFS), where the membership function defined as 1: X — int(@,1e) ; 


int (A, 1e) denotes the collection of all subsets of &),10. To define the incomplete information, Atanassov #0 
introduced intuitionistic fuzzy set(IFS) as a direct extension of the fuzzy set by using the notion of 
membership degree ( L ) and the non-membership degree (y ) , where both the membership values belong to 


the interval &,1© with a restriction that their sum cannot exceed the unity and the hesitancy degree is 
calculatedas 7 =1— 1-7 . Bustinceel 0odefined vague sets are intuitionistic fuzzy sets, inl19 Garg et al. 
presented an improved possibility degree method to find the rank of intuitionistic fuzzy numbers(IFNs), Gou 
et al.ol2o defined exponential operations for IFNs, Heilpernel3o proposed an application of fuzzy 
numbers(FNs), Nayagam et al.ol40 defined ranking of IFNs, Szmidt et al.ol5o gives an application of IFS, 
Wang et al.ol6© proposed IFS and L-FS, Zeng et al.o17© presented multiattribute decision-making based on 
novel score function of intuitionistic fuzzy values and modified VIKOR method. If a decision-maker assigns 


an ordered pair (0.65.0.55) to an alternative, then it is not an IFN, as 0.6500.55 > 1. To tackle such a case, 
Yager o18o introduced a Pythagorean fuzzy set(PFS) where the sum of the squares of Pythagorean fuzzy 


membership grades should not exceed unity. So, we have an enlarged space for PFSs as compared to IFSs. In 
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199 Wanet al. introduced Pythagorean fuzzy number(PFN). PFSs have been further extended by introducing 
q-ROFSse20-24@ Some novel works associated with PFSs and PFNs are proposed in 25-36 In 2019, Jansi et 
al.e87ointroduced correlation measure for Pythagorean neutrosophic sets where truthfulness and falseness are 
dependent components. Ajay et al.B8ointroduced the Pythagorean neutrosophic fuzzy graphs. 

In some real-life problems, the sum of the membership grade and non-membership grade to which an 
alternative satisfying an attribute provided by the decision-maker (DM) may be larger than 1 (e.g 0.800.701) 
and their sum of the squares is also larger than 1 (e.g 0.8700.7701). Thus, IFS and PFS fail to hold in such 
situations. To overcome these deficiencies, the restrictions on membership and non-membership grades are 
alteredto 0 < y* + 7% <1in the case of g-rung orthopair fuzzy set(q-ROFS). Even for very large values of 
“q”, we can deal with membership and non-membership grades independently to some extent. In some 
practical problems, when 4Z = v =1, we obtainl’ +14 =1, which contradicts the constraint of g-ROFS. It 


makes the MADM limited and affects the optimum decision. Linear Diophantine fuzzy set (LDFS) 890 can 
deal with such situations to some extent. LDFS provides a large number of applications to the MADM for such 
real-world problems. So, through the model of LDFS, we can deal with the intuitionistic, Pythagorean, and 


q-rung orthopair nature of attributes under the effect of reference parameters (a, B ) . For example, let 
(0.700.601), we can introduce reference parameters (a, B) such that (@)(0.7) + (£)(0.6) <1, where 


(a, B ) denotes the reference parameters concerning for to membership and non-membership grade 


respectively. Some recent works related to LDFS are given in of0-42e 
The term neutrosophy denotes the study of neutralities and it is proposed by Smarandachest3a 


Neutrosophy can be treated as a branch of philosophy. If we consider (A) be an idea or proposition or an 
axiom or theorem then its opposite notion is denoted by (antiA) and for completeness property we consider 
another concept known as (nor A). But, some concepts are there which lie in between (A) and (antiA ) ‘ 


they are denoted by (neut A) : 


So, realizing the importance of the study of neutrality, Smarandacheet4ointroduced a neutrosophic set(NS), as 
an extension of IFS. For technical use, Wang et al. of5ointroduced asingle-valued neutrosophic set(SVNS). 
Some recent research works associated with NSs are in the following: data development analysis for 
simplified NS is studied in e646 Another data envelopment analysis under a triangular neutrosophic number 
environment has been done in ¢47a@ In e489 Edalatpanah introduced the neutrosophic structured element. 
A triangular neutrosophic linear programming model is presented in 6£9@ Martin et al. 00 introduced the 


COVID-19 diagnostic model by using a new pilthogenic cognitive maps approach. Debnathe51©presented the 
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neutrosophic statistical data to assess the knowledge, attitude, and symptoms of reproductive 

tract infection(RTI) among women in selected villages in India. 

By using IFS, PFS, and q-ROFS we only define the incomplete information present in the data. 

But, in real life some information is there whichis partially true and partially false i.e., they are 

indeterminate or inconsistent. To overcome such problems, the concept of the neutrosophic 

theory is very helpful. For the sake of computation, throughout the paper, we use SVNS instead. 

of NS. 

The main motivation behind presenting this paper is to extend the notion of LDFS to LDNS. 

Some MADM problems exist in real life which involves indeterminate attributes. To handle 

such problems we need a powerful tool to tackle. This leads to the introduction of LDNSs. 

Also, we have investigated some operations and properties based on LDNSs. Further, we have 

introduced an algorithm that can be applied successfully in solving real MADM problems with 

the help of a suitable example. 

1.1 Novelty 

There exists some real-world-based complex phenomenon that cannot be solved by using the existing fuzzy 
theories and their extensions. Such phenomenon can be tackled with addition of reference parameters that 
build a bridge between the existing theories and the physical world. For this purpose, we have introduced a 
novel concept known as linear Diophantine neutrosophic set(LDNS) to apply it in different MADM problems 
by categorizing the data using reference parameters. Therefore, the LDNS model surely provides a powerful 
mathematical tool for the further development of the neutrosophic theory. The objectives of the proposed 
study are discussed in the following manner: 

e The PNS 7, 380 is developed to generalize the PFSel8o and the SVNS with dependent neutrosophic 
components. But, in some real-life situation, the sum of squares of a membership grade, non-membership 
grade, and indeterminacy grade to an attribute provided by a decision-maker may be > 2. Such problems 
cannot be described by FS, IFS, PFS, SVNS, PNS,q-ROFS, LDFS. To remove such inadequacy, the LDNS is 
introduced to deal with a large number of MADM problems by enlarging the domain with an aid of reference 
parameters. 


For better understanding, suppose the neutrosophic triplet of an attribute provided by the decision-maker 


is (0.8, 0.9, 0.9). The sum of their squares gives 2.26 > 2. Corresponding to the neutrosophic triplet if we 


assign the grades of the reference parameters triplet as (0.5,0.6, 07} . Then, 


0.8x0.5+0.9x0.6+0.9x0.7 ©1.57 <2 . It looks similar to the linear Diophantine equation 
ax + by +. cz = d whichis a popular topic in number theory. So, the name of the proposed model is logical in 
this sense. Thus, by introducing LDNS, we fill the research gap. 

e FS, IFS, NS, SVNS, PFS, g-ROFS, PNS cannot deal with parameters. So, by introducing reference parameters 
in LDNS, there is a huge scope for a decision-maker to address various types of MADM problems by changing 
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the physical nature of the reference parameters. 
Define the linear Diophantine neutrosophic numbers (LDNNs) and study their properties. 
Define a new aggregate operator called LDS VNWAGA operator that helps to obtain the rank of the alternatives. 
Construction of a new algorithm for solving MADM problems by using the new aggregate operator. 
Justify the algorithm with the help of a numerical application based on real life. 


1.2 Structure of the paper 

The manuscript is organized in the following manner: Section 2 includes the basic definitions of FS, 
IFS, PFS, q-ROFS, PNS, LDFS which are useful to build the proposed study. Section3 contains the definition 
of LDNNs and their properties. Section 4 contains the definitions of score function, accuracy function, and 
aggregate operator based on LDNNs. In Section 5, an algorithm is constructed for MADM problems. In 
Section 6, a numerical example is presented to justify the proposed algorithm. Section 7 contains a 
comparative study between the proposed and the existing theories. Conclusion and the future scope have been 
studied in Section 8. 


2. Preliminaries 


In this section, we review some basic definitions with examples that are very useful for the 


subsequent sections of this paper. 


Definition 2.1 [1, 2, 6] Let X be an initial universe and 4, : X —> [0, 1| be the membership function. 
Then a fuzzy set A is defined by 


A={(x, uy (x)):xeX} 
=r, when X is discrete 
of” ACY” when X is continuous 


Here LU, (x) denotes the degree of membership of x to the fuzzy set A. The value of the 


membership function //, (x) can be chosen by different experts may be different depending upon 
their experiences, perceptions, perspectives, etc. The collection of all fuzzy sets in X is denoted 


byI*, 


Example 2.1.1 Let X = 1a Xq,XqyXgy me} be a collection of beautiful students, and then the fuzzy set 
A associated with X is defined by a decision-maker (DM) as 


A={(x,,0.5),(x,,0.6),(%3,1.0), (x,,0.0), (25,0.3)} 


If all the membership values in Aare either 0 or 1, then A reduces toa crisp set. So, a crisp set is a 
particular class of a fuzzy set. 
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Definition 2.2 8 An intuitionistic fuzzy set(IFS) A over the universe X is defined as 


A= (x, ,(2),74(x)): xe X} such that O<y,(x)+y,(x)<1 , VxeX where 


,:X —>[0,1] and y,:X [0,1] denote the membership function and the non-membership 


function, respectively. However, the hesitancy degree is given 


by 2, (x)=1-y,(x)-7, (x), VxEX. 


Definition 2.3 18, 26, 360 A Pythagorean fuzzy set(PFS) P over the universe X is defined by 
P= {(x: Pe (x), Vp (x)): xe x} where Lpr Vp: X > [0,1] with the restriction 


0<(u,(3)) +(7-(8))' Sh 


Hence PFSs have a wide range of space of application as compared to IFSs. 


The degree of hesitancy may be computed as /, (x) = ye (up (x)) - (7% (x)) 


Definition 2.4 20, 2loLet @= oe Gopatas é,} be a finite universal set, then a q-ROFS, Qin @can be 


defined as follows: 


Q= {(é, Ho (é), Yo (é)): Ee o} where Mor Vo? O> [0,1] with the condition 
0<(u(€)) +(70(€))' <1, G21, VEeo. 


The value 7g (é) =,/1- (Ho (é))’ - (vo (é))’ is called the degree of indeterminacy of Qina. 


Also, 0< 2p (€)<1, VEE. 


Definition 2.5 9Let Q be the non-empty reference set. An LDFS £0 on Qis an object of the form: 


ED= {(6, es (¢), YD (5)),(@, B)): SE Q} where, Lp (6); Va (c),@,B € [0,1] are membership, 


non-membership and reference parameters with the following conditions: 


O< au, (c) + BYp (c) <1,VcoeQand 0<a+ <1. These reference parameters can help in 


defining or classifying a particular system. The hesitation part can be evaluated as: 


Ef, =1-ayuy (s)- BYp (c) where & is the reference parameters related to the degree of 
hesitancy. 


Definition 2.6 87, 380Let X be a non-empty universal set. A Pythagorean neutrosophic set 
with T and F are dependent neutrosophic components A over X is an object of the form 


{(x,T, (x), L, (x), Fy (x)): xe X} , where T,(x),1,(x),F,(x)e[01] , 


O<T) (x)+ I) (x)+ Fi (x) <2 ; for all xEeXx ; Here, 
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T, (at % (x) and F’, (x) respectively denote the degree of truth membership, degree of 


indeterminacy membership, and the degree of falsity membership. 


3. Linear Diophantine Neutrosophic Set(LDNS) 
Definition 3.1 
Let Q be the non-empty reference set. A LDNS ©xp on @) is an object of the form: 


sus {(<. (4, (6% Gna (<c)),(@,8,8)):¢ <0! where, £1, (5)/Y,, (S)/%y,(S) + 


a, 0, B €&,loare truth-membership, indeterminacy-membership, falsity-membership, and their reference 


parameters respectively with the following conditions: 
O<au (o)+6v (5)+ By, (c) <2, VoeQ and 0<a+6+fh<2. These reference 
parameters can help in defining or classifying a particular system. The hesitation part can be evaluated as: 


El yp =2 —(au,, (c) +0V (c) + By (c)) where & is the reference parameter related to the degree 
of indeterminacy. Simply A = (( LnpsVnpr VY. ee (a, é, B)) is called linear Diophantine neutrosophic 


number(LDNN) with OS ay +0v + Py  S2and O<Sa@+6+fHS<2. 


Since the proposed model looks similar to the well-known linear Diophantine equation ax + by +cz =d in 
the number theory, so LDNS is the most suitable name for the proposed model. The proposed model enhances 
the existing methodologies and the decision-maker (DM) can choose the grades with more liberty as compared 
to the other existing theories. This structure also categorizes the problem by changing the physical sense of 
reference alternatives in MADM. 

Example 3.1.1 Chemical bonding can be described as a force that binds two or more atoms together to form 
molecules or ionic compounds. Chemical bonds form because the overall energy of the bonded atoms is less 
than the atoms have separately. Atoms form bonds to attain a noble gas configuration. There are two main 
types of bonds such as ionic bonds and covalent bonds. Covalent bonds are dived into polar and non-polar 
covalent bonds. Some atoms have high electro negativity (e.g. fluorine), some have low electro negativity (e.g. 


cesium) and some are neutral (e.g. carbon) in nature. 
Let Qo oe UI PEUIERULE 1s: } be a collection of atoms having different electro negativity and by 


combining two or more of them, molecule is formed. If we consider the reference or control parameters as: 
@ polar covalent bond, 6 eionic bond and non-polar covalent bond 
Then its LDNS is given in Table 1 
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Alternatives LDNSs 

mh ((0.871, 0.563, 0.643), (0.321, 0.564, 0.456)) 
Ny ((0.862, 0.573, 0.776), (0.354, 0.567, 0.786)) 
13 ((0.578, 0.654, 0.456), (0.567, 0.865, 0.546)) 
Ns ((0.525, 0.943, 0.654), (0.324, 0.456, 0.567)) 
Ns ((0.675, 0.765, 0.845), (0.865, 0.467, 0.656)) 
Ne ((0.456, 0.678, 0.897), (0.564, 0.867, 0.567)) 


Table 1. LDNS for Molecule 
Definition 3.2 
A LDNS onQ of the form ‘@xp = {(¢, (L, 0, 0), (, 0, 0)) ie Q} is called absolute LDNS and 


One \(¢, (0,1 1), (0, 1,1)) iS € Q} is called empty or void LDNS. 


Now, we define some operations on LDNNs associated with LDNSs 


Definition 3.3 


Let Ay = (Cee Vise Yno (2a,° 6,2 B)), where Q € @be an assembling of LDNNs , then 
(i) Mo = (ers Vege jess ( iP 6” a)) 
(ii) A, =A, od Enp = Hnp, Vip =’ Vnp - Ynp =’ Ves. a= a) b=" 6; B = B 


es 1 2 1 a 1 2 A 5, ae Aah OT a od 
(ili) A; CA, > Ly © Hyps Yun 2 Vnv Yuv 2 Yur &L A, OZ 6, PR B 


: _ OQ Cy on - ¢O QO - ¢O - 60 
(iv) U No =| ( SUP” Hyp, inf” Vyp/int™ Yyp ),( SUP” Ayp,int™ dyp,int™ Byp 
Onn Oca Qeo Qeo Oca Qeo Qeo 


_ - ¢O Q Q « ¢O Q Q 
(V) () Ag =| ( int” Uyp,/ SUP” Vyp/ SUP” Y yp ),( INE” Ayp, SUP” Oyp, SUP” Byp 
Qco Oca Qeo Oca Qo Oca Oca 
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(vi) 
1 2 L 2 1 2 L 2 1 2 1,2. 1 o2¢1 2 
A, @A, =(( Hyp + np — End Eps Vup Vups np Vase at a-— aa, OO, B°B)) 


(vii) A, @A Hees Vis - Vnp 7 Vio Va Y np + Y np — Vis Vie | 
Vil 1 >= 


Ca’a/ d+ 5 56; BY Bo BB) 
(viii) AA, = [(1- (1 = Pip if :Vxpr Tee i-( —" @typ y # Opi Px I, A>0 
(ix) 


AA, = (( ato -(1- ies yi A-(i- We. Y") Gedy A-(1- Onp ee Pyp iy )),4 at 


It is to be noted that LDNNs don’t obey De Morgan’s laws. It is one of the drawbacks of using LDNNs. 
Example 3.3.1 —_ Let 


A, = ((0.55,0.65,0.84), (0.56, 0.64, 0.46)) and A, = ((0.65,0.45, 0.54), (0.66, 0.34, 0.36)) 
be two LDNNs. Then, we obtain the following results: 


(A,)° =((0.84, 0.65,0.55), (0.46, 0.64,0.56)) and(A,) =((0.54,0.45, 0.65), (0.36, 0.34, 0.66)) 


Here, A, <A, (By definition 3.3) 
Now, 

A, UA, ©((0.65, 0.45, 0.54), (0.66, 0.34,0.36))oA, and A, A,0 A, 
A, ® A, ©( (0.8425, 0.2925, 0.4536), (0.8504, 0.2176, 0.1656)) 
A, ® A, © ((0.3575, 0.8075, 0.9264), (0.3696, 0.7624, 0.6544) ) 
For 2.00.4, AA, =((0.273,0.841, 0.932), (0.279, 0.836, 0.732)) 


For 4.00.2, A*, =((0.887,0.189, 0.315), (0.89, 0.184,0.115)) 


Proposition 3.4 Let A,,A, and A, be three LDNNs then we have the following results: 
(i) If A, CA, and A, CA, >A, CA, (Transitivity) 


(ii) A,UA, =A,UA,and A,NA, =A, NA, (commutativity) 
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(iii) A, U(A, UA,)=(A, UA, UA, and A, (A, MA) =(A, MA, MA, (Associativity) 


(iv) A,N(A,UA,)=(A, NA, )U(A,NA,) andA, U(A, MA,)=(A, UA, )N(A, UA, ) 


(Distributivity) 
Proof. All proofs are straightforward. 
4.Linear Diophantine  single-valued neutrosophic weighted arithmetic and geometric 
aggregation(LDS VNWAGA) operator 
In this section, we describe the score and accuracy function for the comparative analysis in MADM of 
LDNNs. The notion of score and accuracy function of neutrosophic numbers proposed by Smarandache in 
52a However, hybrid arithmetic and geometric aggregation operators of single-valued neutrosophic numbers 
are proposed in 3a 
Definition 4.1 


Let Ay = mae Pee Vin ( aa ae oP p)) be a LDNN, then the score function(SF) on A, can 
be defined by the mapping g@: LDNN(Q) —@, leand given by 
9(Ao) =9,,02[(24° np = Yup = Yup) +(24° GeO p)| 


where LDNN(Q) is an assembling of LDNNs onQ. 
Definition 4.2 


Let Nog =? ae Ves Vis ea? Of p)) be a LDNN, then the accuracy function(AF) on Ag 


can be defined by the mapping y : LDNN(Q) —>@-1,10 and given by 


V(Ao)= V2 [ (2H —* 7p) +(2a-" f) | 


Definition 4.3 
Let A 0, and No, be two LDNNs, then on the context of SF and AF we can compare the two LDNNs as 


follows: 


(i) If Pr < Pro? then Ay < Ag 
(ii) If Pro > Pro? then Ay > Ao 
(iti) If p,, =9,,, then, 

(a) If Wr <Wro, then Ay < Ag 


(b) If Wr >Vro, then Ay > Ag 
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(c) If Wr =Vro, then Ay ~ Ao, 


Definition 4.4 


Let ae = {(( Ano Vane on Ca 0, p)) PSL 2 a n} be an assembling of LDNNs on the 


T n 
reference set © and @ = (a, Dy +004, O, ) be the weight vector with » @, =1, then the linear Diophantine 
t=1 


single-valued neutrosophic weighted Arithmetic geometric aggregation (LDSVNWAGA) operator 


defined as 


LDSVNWAGA(A yo, Awp, == Ano, )= 


(((-Ae- rao)" (fo J sb6- filme "1" (foto?) Hel-(- lw J)" (B00 )” )) 


5. An algorithmic approach 
For mathematical modeling, we construct an algorithm that is based on LDNNs. The steps of 
the algorithm are given in the following: 


a a a At Se ts 
Algorithm: 


Step1: Input the opinion of the expert’s 9, (J = 1,2)... n) in the form of LDNNs for each attribute. 


Step2: Input the weight vector of the experts. 

Step3: Calculate the aggregate value of each attribute by using LDSVNWAGA operator 
proposed in definition 4.4 

Step4: Find the total weight of the aggregate value of each alternative. 

Step5: Rank the weight in ascending order and choose the attribute having the highest weight. 
If more than one attributes having the same weight then we repeat all the previous steps by 


reassessing the expert’s opinion. 


6. Numerical Example 

In this section, we cite an example of the real world that helps to realize the importance of 
LDNNs in real decision-making problems. We consider the following example: 

Suppose that Mr. Advik, together want to invest their money in any one of investment plans 
belong to the set given by 


C= tou ay Cx Cu Cs} 
Where 


¢, =Monthly Income Plan(MIP) 
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¢, ©Mutual Fund(MF) 
¢, ©Public Provident Fund(PPF) 
¢, oLife Insurance Plan(LIP) 


¢ ©Unit Linked Insurance Plan(ULIP) 


According to the performance of the above investment plans, there associated three risk factors, they are 


denoted by the set of three reference parameters given by 
ES {@, B, y} , Where @ olow-risk investment, 2 omediunrrisk investment, and y ohigh-risk 


investment. 


To choose the best investment scheme influenced by three risk factors, Mr. Advik takes the advice of three 


experts(decision-makers) denoted by the set 


={@,@,,@,}. 
The set of LDNNs of the set of attributes of the three experts are shown below in the form of the 
following tables: 
Alternatives LDNSs 
a ((0.8,0.9,0.7),(0.7,0.8,0.6)) 
& ((0.5,0.6,0.8),(0.9,0.7,0.8)) 
g ((0.7,0.6,0.9), (0.5,0.8,0.6)) 
bi ((0.7,0.6,0.4), (0.3, 0.9,0.6)) 
ie ((0.9,0.8,0.6), (0.8, 0.6,0.7)) 
Table2. LDNS for @, 
Alternatives LDNSs 
as ((0.6,0.8,0.8),(0.9,0.5,0.8)) 
a ((0.4, 0.3, 0.7), (0.8,0.9,0.6)) 
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os ((0.9,0.7,0.8), (0.7,0.9,0.7)) 
ap ((0.7,0.8, 0.7), (0.8, 0.6,0.8)) 
G ((0.9,0.7,0.4), (0.5, 0.8, 0.6)) 


Table3. LDNS for @ 


Alternatives LDNSs 
Gs, ((0.7,0.6,0.7),(0.7,0.5,0.8)) 
G ((0.8,0.7,0.6), (0.7,0.6,0.5)) 
a ((0.8,0.7,0.9), (0.6,0.7,0.8)) 
Gs ((0.8, 0.7, 0.6), (0.6, 0.8,0.7)) 
a ((0.8, 0.6, 0.6), (0.7,0.5,0.8)) 


Table4. LDNS for @3 
According to the experience of the experts, we consider the weight vector as 


o = (0.3, 0.4, 0.3) 


Now, the aggregate value of each alternative, by using LDSVNWAGA operator is given by: 


LDSVNWAGA(G,) = (2.0938, 0.9499, 1.3212) 
LDSVNWAGA(,) = (1.7335, 0.9318, 1.031) 

LDSVNWAGA(G,) = (2.4582, 1.3853, 1.2407) 
LDSVNWAGA(6,) = (2.0399, 1.3804, 1.0146) 


LDSVNWAGA(¢,) = (2.6224, 1.031, 0.9207) 
Next, we calculate the total weight of the aggregate values of all the alternatives given by, 


@(¢2) 03.6963 


a(¢3)05.0842 
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w(¢4) 04.4349 


w(¢5)04.5741 


The rank of the total weight in ascending order is given by 


a(S2) <x a(%) < (4) x o(65) xa(¢s) 


From the ascending order of the rank, we observe that G. 3 has the highest value. Thus, we conclude that Mr. 


Advik will select Public Provident Fund to invest his money and earn the maximum return in the future. 
Thus, by using the reference parameters in LDNS, we can handle another particular class of neutrosophic data. 


7. Comparison Analysis of LDNS model with the existing models in the literature 


Types of set Uncertainty | Falsity Indeterminacy | Hesitancy Parametrization 
FSdlo v x x x x 

IFS#o v v x v x 

PFS 80 v v x v x 

q-ROFSe200 v v x v x 

SVNSet5o v v v x x 

PNS&87,380 v v v v x 

LDFS90 v v x v v 
LDNS(Proposed) | ¥ v v v v 


Table5. Comparison analysis of LDNS model with the existing models in the literature 

8. Conclusion and Future Scope 

In this work, we have introduced the notion of LDNS which can be viewed as an extension of FS, IFS, PFS, 
q-ROFS, PNS, etc. LDNS is a new structure that deals with uncertainty and indeterminacy with the support of 
reference parameters. The LDNS model can transform the problem related to the physical world into 
numerical form due to its parametric nature. Therefore, it provides more flexibility to handle uncertainty as 
compared to the existing theories. We have discussed some properties of LDNSs. For comparison of 
LDNNs, we have defined score and accuracy functions. Moreover, we have introduced LDSVNWAGA 
operator for solving MADM problems with the help of an algorithm. We have presented an illustrative 
example to give a practical application of the proposed method. Finally, we have presented the comparative 
analysis of the proposed model and the existing models which gives a clear picture to the researchers of the 
importance of this study and it will surely motivate them to enrich the present study by introducing many other 
important theories and results associated to LDNNs and apply them in various practical applications. 

In the future, we hope that there is a huge scope for the researchers and the policymakers(decision-makers) to 
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explore several practical real-world applications related to topics based on linear Diophantine interval 


neutrosophic set(LDINS), linear Diophantine neutrosophic rough set(LDNRS), linear Diophantine 


neutrosophic graph(LDNG), linguistic linear Diophantine neutrosophic set(LLDNS), linear Diophantine 


hesitant neutrosophic set(LDHNS). The proposed study may be further extended by introducing TOPSIS, 


VIKOR, AHP, aggregate operators, several distance-based similarity measures. 


Conflict of Interest The author has no conflict of interest regarding the publication of the article with anyone. 
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Abstract: In this research, we introduce an algebraic approach to define the concept of neutrosophic 
maximum likelihood estimation method based on neutrosophic continuous probability 
distributions based on classical neutrosophic numbers of the form N=a+bl;1? =I ie, I isa 
letter not a numerical set. We prove that the neutrosophic loglikelihood function gives the same 
estimators given by neutrosophic likelihood function. Also, we present the concept of neutrosophic 
moments estimation method which produces system of neutrosophic equations to derive the 
neutrosophic estimators using an algebraic isomorphism. Estimators based on two mentioned 
methods were derived successfully for some neutrosophic continuous probability distributions. 
Concept of neutrosophic Fisher information is also presented. Theorems were proved using an 
algebraic approach depending on the one-dimensional AH-Isometry. A simulation study is also 
presented to show the efficiency of the presented estimators. 


Keywords: AH Isometry; Neutrosophic Field of Reals; Maximum Likelihood; Moments; Probability 
Density Functions; Neutrosophic Fisher Information. 


1. Introduction 


Neutrosophic field of reals is an extension to field of reals adding new algebraic structure / satisfies 
I? =I sowe get RVI) = RU {1} = {a+ bl ;a,b € R, I? = 1} which is neutrosophic field of reals. [1] 


Many mathematical studies were done based on the neutrosophic set of reals in many fields of 
abstract mathematics including abstract algebra, probability theory, topology, number theory, etc.[2- 
7\; 


In [8] Abobala and Hatip presented an isometry called AH-Isometry which transfers mathematical 
problems from R(I) to R x R and aninverse isometry transfers the mathematical problem from R Xx 
R to R(). This isometry is very applicable to solve and study many types of mathematical problems 
including real analysis, complex analysis, algebraic structures, probability theory, operations 
research, etc. 
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Many previous studies about neutrosophic probability theory were done assuming that parameters 
of probability distribution functions are indeterminant, i.e. parameter @ is an interval neutrosophic 
number, so it can be noted by Ay € [6",0"].[9-15] 


In [16], [17] Zahid Khan, Sultan Salem et al. presented neutrosophic lognormal model and studied its 
critical properties then applied this model to environmental data and in lifetime data where they 
treated problems with interval neutrosophic numbers, in [18] Zahid Khan et al. presented 
neutrosophic gamma distribution and applied it to a real dataset for the purpose of dealing with 
inaccurate statistical data which is also described by interval neutrosophic numbers. Many other 
extensions were done to other types of distributions like neutrosophic exponential distribution, 
neutrosophic maxwell distribution, etc. and these extensions were applied successfully in may real 
datasets. [19-21]. Notice that all the mentioned studies are done by using neutrosophic interval 
numbers N = d +I where I € [a,b] and not neutrosophic classical numbers of the form N =a + 
bI,I? =I and this is the main difference between our study and the previous studies, so, we are going 
to study neutrosophic probability distribution assuming that there is uncertainty in its parameters 
and the random variable itself, i.e. f(x; 6) is f(xy; @y) based on its algebraic structure, i.e. xy = x + 
yl, Oy = 0, + 021;x,y, 91,02 ER, I? =1,0-:1=0 by using AH-Isometry which will transfer each 
neutrosophic probability density function into two crisp probability distribution functions. Based on 
this transformation we have successfully defined the neutrosophic log-likelihood function and 
studied its properties then found estimators of neutrosophic probability distributions based on 
maximum likelihood estimation method, also on the same algorithm we have succeed to define 
moments estimation method and finally the neutrosophic fisher information about the estimated 
parameters. One can also define many other estimation methods based on the same algorithm 
presented in this paper. Many examples were solved successfully and estimators of many 
neutrosophic probability distributions were successfully derived. 


2. Preliminaries 


Definition 2.1 [5] [8] 


Let RU) = {a+bl;a,b€R,I? =1,0:1 =0} be the neutrosophic field of reals. The one- 
dimensional AH-isometry is defined as follows: 


T:RU) > R?: T(a+ bl) = (a,at+b) (1) 
And its inverse is defined as follows: 
T1:R? > RU): T1(a,b) =a+(b-a)l (2) 


Remark: 
We will call the form a + bl the formal of a neutrosophic number. 
Definition 2.2 [6] 
Let f:RU) > RU); f = f(xy) where xy =x+ yl € RU) then f is called a neutrosophic real 
function with one neutrosophic variable. 
Definition 2.3 [1] 


A neutrosophic random variable can be defined as follows: [6] [22] 
Xy =X+YI;2 =1,0-1=0 (3) 
Where X,Y are crisp random variables taking values on R. 


Definition 2.4 [4] 


Let R(J) be the neutrosophic field of reals, and let ay = a, + a21,by = b, + byl € RU). We say 
that dy =y by iff: 
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a, =>b, and a, +a, 2b, +b, 


Definition 2.5 [22] 


Let R(J) be the neutrosophic field of reals, the neutrosophic logarithmic function can be defined 
as: 
In(x + yI) = Inx + [In(« + y) — In(@) I, where x + yl >y 0. 


3. Results and Discussion 


Definition 3.1 


Suppose that Xy = X,y,X2n,-.,Xny is a sequence of neutrosophic random variables, we say that 
Xy is a neutrosophic random sample drawn from neutrosophic random variable Xy_ if 
Xin» X2n1 )Xnn are dependent and have the same probability distribution as Xy. 


Definition 3.2 


Let Xy be arandom sample drawn from Xj, we call the function: 
Ly = L(Xy; Oy) = f (Xn; On) = Ties f Xin; On) (4) 
The neutrosophic likelihood function where Oy = 0; + O2/ = (0,y,92y,+-, Orn) is a vector of 
unknown parameters. 


Theorem 1 


The formal form of neutrosophic likelihood function Ly is: 
Ly = L(Xy; 9y) = LCX; 0,) + [L(X + Y; 0, + 2) — LCX; 04) ]J (5) 
Proof: 
Using the one-dimensional AH-Isometry: 


T(L(Xy; Ow)) = r([ [re + y1;0, + 0.0) 


=| [revs + Vi; (01,0; + 0,)) 
= (Tia f Cai 6,), TT a1 f i + yis O1 + O2)) (6) 


Now taking the inverse isometry T7 7 


Lyi On) = ([]r 81), []rovesee.+90) 
-[ [reves [ [re +915 0, + 02) - [ [7-00 


= LOX: 8.) Ore Y; 8, + 0,) — L(X;0,)]I (7) 


Definition 3.3 


We call Ly = In L(Xy; Oy) the neutrosophic loglikelihood function. 


Theorem 2 


The formal form of neutrosophic loglikelihood function is: 
Ly = L(X; 0,) + [LK + Y; 0, + 02) — LX; 0,)]/ (8) 
Proof: 
Similar to theorem 1. 


Definition 3.4 
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The neutrosophic statistic 6y based on random sample that maximize the neutrosophic 
likelihood function is called the neutrosophic likelihood estimator. 
Theorem 3 


The neutrosophic statistic based on random sample that maximize the neutrosophic likelihood 
function is the same statistic that maximize the neutrosophic loglikelihood function. 


Proof: 
The neutrosophic statistic 6) that maximize the likelihood function fulfills the following 
conditions: 
a a? 
Foy Xn Owloy= Oy =0 303 / Xn; Onloy= 6y <n O (9) 


Using theorem 1 the conditions become: 
IL(%01)l9,= 61 4 OL(X+Y;01+92)l9,+05= 61+6, IL(%;01 lg, = 61 


004 0(@1 +02) 304 LS (10) 
Which means that: 
a 
50, LO& 0,)lo,=6, = 0 (11) 
a 
670 LX + 0, + ©2)lo,+0,=6,+6, =0 (12) 
The same to the second condition which yields to: 
a2 
507 L&: ®1)lo,=6, < 0 (13) 
Q2 
56,462 LX + Y;0, + 92)|o,+0,=6,46, < 0 (14) 
If we apply the same conditions to the neutrosophic loglikelihood function we get: 
f) = IL(®Olo,-6, IL(X+Y;01+O2)19,40,= 64462 IL®Olg,-64 _ 
aoy N 30, m (0, +0>) 304 F=0 (15) 
) 
: _ 9p 9 py _ dey 
Since Ly = In Ly, we know that jen Ly = Te InLy = i 
So, the first condition become: 
59,2 X01) 7 FOS K+Vi01 +02) Pod te 5o,E (i021) | 5.|1=0 (16) 
L(%;0,) (01-91 L(K+Y;01402) 01 FO2= 1402 (K@,) 101-1] 
Which means that both following equations hold: 
fe) 
5571 (X01) 
304 on 
L(X;@1) lo,= 0, — 0 (17) 
) 
30, 40g) AtV01 + 02) Bk shay (18) 
L(X+Y;01+02) ©1+02= 01+02 — 
And this yields to: 
a 
50, LO ®1)lo,=6, = 9 (19) 
a 
O70 LX +: 0, + 02)lo,+0,=6,+6, =0 (20) 


And these are the same equations as (11), (12). 
Same proof can be applied to the second condition. 
Example 1: 
Let X1y,X2y, »»Xny be a neutrosophic random sample drawn from the density of neutrosophic 
power distribution: 
f ni On) = Ou 0 <y Xy Sw 1 
Let’s take AH-Isometry to f (xy; Oy): 
Tf (yi @y)] = T[Oyxd¥*] = T[(6, + 621)(x + y1)O1+82)-1) 

= T[, + O21) IT [x + yr] 

= TC, + 1) IT LG + y1)yrtee0-4 

= (01,01 + 02) (x, x + y) Ouest O2)- GD) 

= (0,x91"1, (8, + O2)@x + y)1462)-1) 

= (f(r; 4), F@& + yi 1 + 2) 
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So, by applying equation (15) considering properties of probability density functions we get: 


rh In L(Xyi 8y)| = (am In f (xj; 44), y eS +8 py +930 +69) 


“(x 30, "(Gx *): > ama in (CO, + 2) + yO ») 


Pe And | 90, ~ I) Inx, “1 AIn(O, +65) A(0, + 05 — 1) In(x; + 22) 
1 

1 

0, 


00, co a(6, + 62) A(0, + 62) 


tina) at ray + Inox +30) =(# +S gy 5+ Yn +90) 


iy pee = T[0] 


(F >) Inx,,>—< A nt) InGg; + y; |= (0,0) 


6,60, + 2) =| -se OD 
(6, as 2) a ae ome} 


fe OP ea 
Bede roinx, YL,m@+y) 
7) ae = ae I 
> 6, = -—_——_ + |- 
Ny te G Pointy) XL nx; 


Example 2: 
Let X,y,X2y,-,Xny be a neutrosophic random sample drawn from the density of neutrosophic 


Maxwell distribution: 
2 19 x 
f (vi On) = B2xze 20M; xy >y 0 


(Ya 99, Feu a), dasa" + yj3 0, + e0) = (0,0) 


n 
0 2 3 1 2 
l va 2 -50,x? ») (2) Q5)2 257561482) (x+y) = (0,0 
D6, n P63 2x62 a" (0, + 8,)2(x + y)e™ (0,0) 
i= 
—= > , xX, + = (0,0 
(#- SY tag tay Ye a (0,0) 


6.8.40) (Gr 


So: 


mc + y;)? 


Taking T7?: 
rae x 3n 3n 
T1(6,,6, +6 “Te ssa 
( ie te i ox; mie ty 
6y = "a+ sll I 
eee. Was e ee ian 
Example 3: 


Let X1y,X2y,-,Xny be a neutrosophic random sample drawn from the density of neutrosophic 
exponential distribution: 


_xN. 
f (xy; On) = pak °n 5 Xu >y O 
IN 


So: 


So mpoxio eas 5,9, + 65) ] = (0,0) 
£6, OP" £1 8(6, + 62) a ie ae ea ae 
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a 1 «<u a 1 __@ty) 

n— @ : I (04492) |} = 0,0 
£96, "0, ° : cera ND) 
= t= 


n mx n nX + nY 
-= +--+ = 0,0) 
6, OF O48, (6, + 6) 
(6, 6, + 6) = (X,X + Y) 
T-1(6,,6, + 6,) =T1(X,X +) 
=> 6y=X+YI 


Definition 3.5 


Let Xy be a neutrosophic random variable, we call ayy = E(X%) the kt moment of the 
neutrosophic random variable Xy. 


Definition 3.6 


Let X,y,X2y,+-»Xny be a neutrosophic random sample drawn from the neutrosophic random 


variable Xy, we call Ayy(X) = : 7, X}, the sample moment of order k. 


Definition 3.7 


The parameter that satisfies the following system of equations: 
Aen = An (X) (21) 
Is called the moments estimator where k is the number of unknown parameters. 


Theorem 4 


Equations (21) can be written in R? in the following form: 
(S72 xf 81) dx, [7 (or + WEF Ce +9581 + 2) d(x +y)) = (FLL AEE Gi ty") (22) 
Proof: 
+0 


Aen = n(n) = E(Xn) = Ie xnf (Xvi On) AX (23) 
Taking AH-Isometry: 


T [ayn] = T[E(XN)I =T ic Oy) ax 


= (SS xk G56) dx, [ty FO +y:O+O)dat+y)) (24) 
Also: 
Ag (X) = =D Xl (25) 
And taking the AH-Isometry: 
TAO) =7 [OE XK] = (FLL DEG ty") (26) 


n 


Equations (24) and (26) proves the theorem. 
e.g., for one parameter, we substitute k = 1: 


(S22 xf Ge 04) dx, [72 + fe +50 + )de+y))=HR+P) 27) 
for two parameters, we substitute k = 2: 
(J22 x2 6 (5 0) dx, [72 + y)?F x +95, + 02) d(x +y)) = (EDR x?, ADL ty?) (28) 


n 
And so on. 
Example 4: 
Let X1y,X2y,-»»Xny be aneutrosophic random sample drawn from the density given in example 
1, then to find the moments estimator we have to solve the equation: 
Oy = Ain 


(ic 6,) ax + y)f(x+y; 0, + 6.) d(x +») = (X¥,X+Y) 


—0C 
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(| XO dx: [ (x + y)(O, + O2)(x + y)91*92-1 d(x + »| = (X,X+Y) 


A Ate \_ gga gy 
6,+1'6,+6,+1 : 
X X+Y 
(6.6. + 6) =|7 9 7- ga 
¥ R 


Y 

sh Att rite +Y 
T~1(6,,6, + 6,) =T71 = ——_ 
(61,6; + 83) “4, ss) 

xX X+Y X 
Se Se i 
LCE), 1k 


> 
es 
a 
— 


~1-X 
Example 5: 

Let X1y,X2y,--»Xny be aneutrosophic random sample drawn from the density given in example 
2, then to find the moments estimator we have to solve the equation: 
Using equation (27): 


+00 2 +00 2 3 1 i ee — 
I « aexe72™" dx, i (x + nf (8, + 8p)2(x + y)2e7 201 WH dcx + y) | = (XX +P) 
0 0 


& eee + S 


(6,6, + 82) = 


ey) 


(=e m(X + ee 


a es: 8 8 8 8 
ene (eae rs 7a, 7 ee Fee $Y acy 
Example 6: 
Let X,y,X2y, »»Xny be aneutrosophic random sample drawn from the density given in example 
3, then to find the moments estimator we have to solve the equation: 
Using equation (27): 
ae ee ee 1 (x+y) = 
( xa-e ax, | OTe 8, e “8 ae +) = (X,X+Y) 


al 


(6,6, + 6.) = (X,X+Y) 
FBG 6, + 6) = T 1X,X + Y) 
Oy =X+YI 
Definition 3.8 


We call the partial derivative of neutrosophic log-likelihood function the neutrosophic score 
function and we denote it by: 


a 
U(Xy; On) = 50, EN (29) 
N 
Remark: 
Notice that equation (29) is a neutrosophic random sample since it is a function of Xy. 


Theorem 5 


Expected value of neutrosophic score function is equal to zero. 
Proof: 


T [S72 Lexy; Oy) aX] = (30) 
Where ae L(Xyj; Oy) dXy = 1 because os is a neutrosophic probability density 


function. 
ee * LGky; Oy) dxy | = T | —1| (31) 


Abdulrahman Astambli, Mohamed Bisher Zeina and Yasin Karmouta, On Some Estimation Methods of Neutrosophic 
Continuous Probability Distributions Using One-Dimensional AH-Isometry 


Neutrosophic Sets and Systems, Vol. 53, 2023 648 


(= ie L(x; @,) dx, Saneaiee L(x + y; 0, + 02) x+y) = (0,0) (32) 


(122 Sms 0,) L(x; 0 Oe ork eit - soy MLK +9; 0, +0,)Lax+y;0,+90 2) d¢«+y)) = 
(0,0) = (33) 
(E ES InL(X;0,)],E Lenep In L(X + Y;®, + ,)}) = (0,0) (34) 
(E[U(X; 0,)], E[UCK + Y; 0, + ©2)]) = (0,0) (35) 
Taking T~* get: 
E(U(Xy; Oy)) = 0 (36) 


Definition 3.9 


We will call variance of neutrosophic score function the neutrosophic Fisher information about 
the neutrosophic parameter Oy (NFI,(Oy)) ie.: 
NFI,,(Oy) = Var(U(Xw; Oy)) = E(U? (Xvi Oy)) (37) 


Theorem 6 


Var(U Ry; Oy) = EU (&y; Oy)1*) = —nE [Se (38) 


Proof: 
a E(U(X 30 )) =0 (39) 
30 NON 


T [5o— E(U Kw; On) = 710] (40) 


0 sto a 0 +00 0 
(0 sae! L(x; ©) L(x; 0,) dx, eae ee CRT NGL L(x + y;0, + 0.) L(x +y; 0, + 


02) d(x + ») (41) 


(ies (= In L(%;01)L0% 01) + OL(x%;01) 0 meen) a Co 0? InL(x+y;01+02)L(x+y;01 +02) 
—0o ae? 40, 40, ” \Y-00 0(@1 +02)? 


+ 


AL(x+y;01+02) 0 in L(x+y;01 +02) a 
(O14) (0, +02) ) d(x + ») = (0,0) (42) 


+o [ A? InL(x%;01)L(x;0,) (; a). +o | 0? InL(x+y;0,+02)L(x+y;0,+02) 
G ( ao? a a0, L(x; 1) } dx, Jr, (01 +02)? © 


(; In L(x+y;01+02) 
4(01+02) 


J LO + yO, + 02)) d(x + ») = (0,0) (43) 


a2 InL(X;1) a In L(X:04) €2 InL(X+Y;01+0) a INL(X+Y;01+02)\7\ __ 
(z( a0 )+e( 00, ) . 8(01+02)2 )+e( 8(01,+02) ) = (0,0) (44) 


a2 a (Gee amen) (= In L(X+Y; SS ¢ In LOLs ¥ies #02)! - 
E | a02 +E 0(@1+02)2 +E 0(@1, +02) 


2 
(e ea ae ou) ae ne ain LOve)) N= 49 (45) 


E lain L(Xy; 0.) a E|( so In L(Xw ey)) | =0 (46) 


E((U Xv; @y)I?) = —nE [ee] (47) 


Theorem 7 


Neutrosophic Fisher information can be written in the following form: 
NFI,(Oy) = Fly (61) + [FIn(@1 + 92) — Fln(@1)]/ (48) 
Where: 


FI,,(@) = nE = In f(x; 6) (49) 
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Proof: 
Using equations (47) and properties of AH-Isometry we get: 
a in few:On) 


NFl,(6y) = E((U &y; On)]2) = —nE [fee] (50) 


a 
een =F (-ne sara In f(x + yl; 0, + e0)) 


= (-nE a In f(x; 64) ,- nE "In fe + y;0, + 6,)) (51) 
Taking T~ ‘get: 
Q2 2 
NFI,(60y) = r(- ne gz 6,),- ne again fe +9504 +8.) 
a? a? a? 
= Tn ae hi res) + wey + y; 6, + 02) + mE gz nf 1) I 
= FI, (91) + [FIn(01 + 62) — Fly (1) (52) 
Example 7 
Let Xy be aneutrosophic random sample of distribution given in example 3, then: 
1 _* 1 __@+y) 
T( f(y; @ = ( e 1, e (1+09)) 
OO og Sore er fe 
x+y. 
T (ln f (xy; 8 = In@ —In(6, + 6.) - ———-—~ 
( f( N w)) (- 17 = ( 1 2) (0, he >) 


; 1. x 1 (x+y) 
1 (sqm Fens 8x) = (- - xh ato) 


0 1 2x 1 2(x + y) 
(a In fini ay) = € ~ @2’@, +0)? + aa 
r(-n “(2 a2 eee )) = (-« (2-2) ne ( 1 2+) )) 
agz Ne @2 93 }’ (0,+6,)? (0, + 4,)3 
0? n n 
T (-ne (ze 2 In f (xy; 0) = (pa) 


0 , a n n _ on n n ame 
—nE (= n flayi8y)) =7 (aa a) = get la + 05)? -7 = it Nv) 


Simulation Analysis: 

In this part, performance of two estimation methods was evaluated based on Monte Carlo 
simulation to the three studied neutrosophic probability distributions using R software with various 
sample sizes and with total replication of N = 10000 times with sample sizes of 5,15,30,50 and 100 
and with fixed parameter 6, = 2 + J. Goodness of estimation was assessed depending on average 
bias and root mean square error defined below: [18] 


Liki (Oni — On) 
N 


AB = 


EN (6ni — On) 
N 
Table (1) shows results of simulation analysis for neutrosophic power distribution and compares 
the two proposed estimation methods, notice that average bias of moments estimator is decreasing 
faster than maximum likelihood’s average bias, which proves by simulation that moments estimator 


RMSE = 


is asymptotically unbiased. 
Table 1: Simulation performance of Neutrosophic Power Distribution. 


n Maximum Likelihood Moments 


RMSE AB Average Oy RMSE AB Average Oy 


5 1.48 + 0.761 | 0.4992 + 0.2356] 2.50 + 1.24] 1.45+0.75/ | 0.3877 + 0.22137 | 2.39 +1.22] 
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15 | 0.61+0.29/7 | 0.1443 + 0.0638/ 2.14 + 1.06] 0.63 + 0.287 | 0.1101 + 0.05597 | 2.11 + 1.06/ 


30 | 0.394 0.221 | 0.0678 + 0.0422/ 2.07 + 1.04] 0.41+ 0.217 | 0.0505 + 0.0406/ | 2.05 + 1.04] 


50 | 0.29+ 0.167 | 0.0386 + 0.0204 2.04 + 1.02] 0.31+ 0.157 | 0.0282 + 0.0193 | 2.03 + 1.02] 


100 | 0.21+0.10/7 | 0.0192 + 0.0126] 2.02 + 1.01] 0.22 + 0.107 | 0.0147 + 0.0104] | 2.01 + 1.01 


Table (2) shows results of simulation analysis for neutrosophic Exponential distribution and 
compares the two proposed estimation methods and we see that both methods give the same 
estimators. 


Table 2: Simulation performance of Neutrosophic Exponential Distribution. 


Maximum Likelihood Moments 


RMSE AB Average Oy RMSE AB Average Oy 


5 0.89 + 0.46] | —0.0046 + 0.0097] | 2.00+1.01/ | 0.89+ 0.46] | —0.0046+ 0.0097] | 2.00 + 1.01 


15 0.61 + 0.29] 0.0067 — 0.0178] 2.01+ 0.987 | 0.61 + 0.29] 0.0067 — 0.01787 | 2.01 + 0.98] 


30 0.39 + 0.227 | —0.0024+ 0.01217 | 2.00+1.01/ | 0.39+ 0.227 | —0.0024+ 0.0121 | 2.00 + 1.017 


50 0.29 + 0.16 | —0.0024 —0.0013/ | 2.00+1.00/ | 0.29+ 0.167 | —0.0024 — 0.0013/ | 2.00 + 1.00/ 


100 | 0.21+0.10/ | —0.0008 + 0.00337 | 2.00+ 1.007 | 0.21+0.10/ | —0.0008 + 0.0033/ | 2.00 + 1.00/ 


Table (3) shows results of simulation analysis for neutrosophic Maxwell distribution and 
compares the two proposed estimation methods, notice that average bias of moments estimator is 
decreasing faster than maximum likelihood’s average bias, which proves by simulation that moments 
estimator is asymptotically unbiased. 


Table 3: Simulation performance of Neutrosophic Maxwell Distribution. 


n Maximum Likelihood Moments 


RMSE AB Average Oy RMSE AB Average Oy 


5 1.044+ 0.497 | 0.31194 0.15527 | 2.31+1.167 | 1.02+ 0.487 | 0.2470+ 0.12607 | 2.25 + 1.13] 


15 0.47 + 0.23] | 0.0882 + 0.0568/ | 2.09+ 1.067 | 0.47+ 0.24] | 0.0687 + 0.04887 | 2.07 + 1.05/ 


30 0.31+0.16/ | 0.0429+0.0185/ | 2.044 1.027 | 0.32+0.16/7 | 0.0351+ 0.01137 | 2.04 + 1.01] 


50 0.24 + 0.127 | 0.0274+0.0105/ | 2.03+ 1.017 | 0.24+0.12/ | 0.0231 + 0.00737 | 2.02 + 1.01] 


100 | 0.17 +0.08/ | 0.0160 + 0.00467 | 2.02+1.00/ | 0.17+ 0.087 | 0.0135 + 0.0032/ | 2.01 + 1.00/ 


6. Conclusions and future research directions 


In this paper we have introduced the concept of neutrosophic likelihood estimation method and neutrosophic 
moments estimation method and studied its properties based on AH-Isometry. We also presented theorems on 
these two estimation methods. We see that two estimation methods yields to different estimators. We also 
presented the concept of neutrosophic fisher information and presented some theorems related to it. In future 
work we are looking forward to study the properties of estimators like biasness, consistency and sufficiency. 
This paper opens the way to study the theory of neutrosophic statistical inference which is using neutrosophic 
classical numbers N = a + bI; 1? =1 (not interval neutrosophic numbers). 
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Abstract: In this paper, we recall and study the new type of algebraic structures called Symbolic 
Plithogenic Algebraic Structures. Their operations are given under the Absorbance Law and the 
Prevalence Order. 
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Extension Sets; Symbolic Plithogenic Components; Symbolic Plithogenic Operations; Plithogenic 
Numbers; Symbolic Plithogenic Algebraic Structures; Symbolic Plithogenic Group; Symbolic 
Plithogenic Ring. 


1. Introduction 


The plithogeny, plithogenic set, plithogenic logic, plithogenic probability, plithogenic statistics, 
and the symbolic plithogenic algebraic structures were introduced in 2018-2019 by Smarandache [1, 
2, 3, 4, 5]. 

Plithogeny is the genesis or origination, creation, formation, development, and evolution of new 
entities from dynamics and organic fusions of contradictory and/or neutrals and/or non- 
contradictory multiple old entities. 

And plithogenic means what is pertaining to plithogeny. 

Plithogeny is an extension of neutrosophy, which is an extension of paradoxism. 

While paradoxism [6] is based on using opposite ideas, contradictions, paradoxes in arts, letters, 
and science creations, 

neutrosophy is based on the dynamics of a pair of opposites (<A> ,<antiA>) and their neutral 
(indeterminacy) <neutA>, 

but plithogeny on the dynamics of many pairs of opposites (<A1>, <antiA1>), ..., (<A, 
<antiAx>) and their neutralities <neutA1>, ..., <neutAx>, for k 2 2 [“plitho” means “many” in Greek 
language]. 

Plithogenic Set was extended to Type-n Plithogenic Set, for integer n = 1. 

Symbolic Plithogenic Numbers are generalizations of Neutrosophic Quadruple Numbers, 
Refined Neutrosophic Quadruple Numbers, and Symbolic Turiyam Numbers. 

Consequently, the Symbolic Plithogenic Algebraic Structures (semigroup, group, ring, etc.) are 
generalization of the corresponding algebraic structures built on these particular cases described 
above. 


2. Informal Definition of Plithogenic Set 


A plithogenic set (PS) is a set whose elements are characterized, as in our real world, by many 
attributes (parameters): P1, P2, ..., Pn. 
PS ={x(F, P,,....P,),x €U}, where U is a universe of discourse. 
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A generic element x belongs to the plithogenic set PS in a certain degree d(Pi) with respect to 
each attribute (parameter) Pi. The degree of appurtenance of an element to the plithogenic set may 
be: classical, fuzzy, intuitionistic fuzzy, neutrosophic, refined neutrosophic, and any other type of 
extended fuzzy. 

In a better descriptive way, emphasizing the degrees, we may re-write it as: 

PS ={x(d(F),d(P,),-.d(P,)), x €U} 

The attributes (parameters) Pi, P2, ..., Px may be independent, dependent, or partially 
independent and partially dependent of each other - according to each application. 

This is also called Type-1 Plithogenic Set. 


3. Type-k Plithogenic Set 


The Type-k Neutrosophic Set [13] has been extended to Type-k Plithogenic Set. 


Pjl<i<n Fy Fase Pin 


2 
If the parameters > depend on sub-parameters for 4 then one gets 


a Type-2 Plithogenic Set. 


P..ilsisnlsj<m, 
Afterward, if the sub-parameters ” 


Pi PoP. > 
wr P2909 Sim; Eye |= ! then one gets a Type-3 Plithogenic Set. 


And so on, up to Type-k Plithogenic Set. 


are formed by sub-sub-parameters 


Passing to degrees, one may write: 

PS, ={x(d,(P),d,(P,),.-..d,(P, )),x EU} 

Type-2 Plithogenic Set 

PS, ={x(d,(d,(F)), dy (d,(Py))o-+da(d(P,))), ¥ EUS 

In general, Type-n Plithogenic Set 

PS, ={x(d,(...d,(d,(P))...).d, (..d,(d,(P,))...)y..4,(..d,(d,(P,))...).x €U}. 


4. Hybridization of Classical, Fuzzy, and Fuzzy Extension Sets 

The real applications require many times to deal with multiple types of classical, fuzzy, and 
fuzzy extension sets. 

Assume that, starting from a neutrosopohic element of the form x(T, IL F), with 
O<T+/+F <3, one has be combined it with a Picture_Fuzzy form (T, N, F), with 
O<T+N+F <1 , then’ one gets: the neutrosophic-picture_fuzzy hybrid form: 
(TT,TN ,TF),UT,IN,IF),(FT,FN,FF)), 
with O<7T+7N+T7F <1,0<SIT+IN+IF <1,0<5 FT+FN+FF <1, 


where T was split into TT, TN, TF representing the confidence in T, neutral-confidence in T, and 
nonconfidence in T respectively; similarly for I and F. 

Further on, let’s combine the result with the Spherical_Fuzzy Set, where the sum of squares of 
components is between 0 and 1, then one obtains a neutrosophic-picture_fuzzy-spherical_fuzzy 


hybrid form: (7T,TN,TF), UT,IN,IF),( FT, FN, FF)), with 
O<7T? +IN’ +TF? <1,0< IT? + IN’ + IF’ <1,0< FT’ + FN’ + FF’ <1. 

The hybridization chain may be as long as needed, and may deal with various types of 
classical, fuzzy, and fuzzy extension sets — including repeated types. 


5. Definitions of Symbolic Plithogenic Set & Symbolic Plithogenic Algebraic Structures 


Let SPS be a non-empty set, included in a universe of discourse U, defined as follows: 
SPS ={x|x=a,+a,P.+a,P,+...+a,P,,n21la,¢R or a,€Cor ai belong to some given 


nn? 


algebraic structure, for 0<i<n, 
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where R = the set of real numbers, C = the set of complex numbers, and all P. are letters (or 
variables) and are called Symbolic (Literal) Plithogenic Components (Variables)}, where 1, P1, P2, ..., Pn act 
like a base for the elements of the above set SPS. 

ao, ai, a2, ..., an are called coefficients. 

SPS is called a Symbolic Plithogenic Set. And the algebraic structures defined on this set are 
called Symbolic Plithogenic Algebraic Structures. 

In general, Symbolic (or Literal) Plithogenic Theory is referring to the use of abstract symbols 
{i.e. the letters/parameters) P1, P2, ..., Px, representing the plithogenic components (variables) as 
above} in some theory. 


6. Definition of Plithogenic Numbers (PN) 


The numbers of the form PN =a,+a,P.+a,P,+...+a,P, defined as above are called Plithogenic 


Numbers, where anP: is called the leading (strongest) term. 


7. Prevalence Order (PO) 


The experts establish a prevalence order [1], or total order, according to the importance of each 
attribute/parameter (Pi) into the application. To obtain a total order among the symbolic plithogenic 
components {P, P,,...,P,}, one defines some relationships (laws) between them. 


The most used one is the absorbance law. 


8. Absorbance Law 


We recall and use now our 2015 Absorbance Law [1], simply defined as: 
the greater absorbs the smaller [the bigger fish eats the smaller fish]. 


9. Multiplication and Power of Symbolic Plithogenic Components under the Absorbance Law 


We assume that in the above definition of the plithogenic numbers, the symbolic plithogenic 
components are ranked increasingly, or 
P<P,<...<P (prevalence order) 


where “<” may signify: smaller, less important, under, inferior, etc. 
Whence, the multiplication and power of symbolic plithogenic components are: 


P . P. = Praxis)! whence (R): = PB : 
In general, F, +P, +..°P = Proxti iy...) NA (P)" =P for integer m>1. 


Negative powers of Symbolic Plithogenic Components do not exist, (P oa = does not 


m 


(F) 


-1 
exist. For example, (P) = Pp does not exist. 


i 


[> 


And P. to the power zero is equal to 1 by definition: (P i 1. 


10. m-th Root of the Symbolic Plithogenic Components 


[P= P,1<i <n, for integer m> 2, because (JP) =( RP) corr =P 


m 
(x/P ) cannot be equal to P_, or lower, nor P. 4, Or upper, because the last two raised to the 


power m would not give P. : 
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Examples: UP =P, JP =P, {16R, = /16-4/P, =2P,. 


11. Example of Plithogenic Set 


Let’s have a classical set 
S = {John, George, Mary}, 

and each element is characterized with respect to the attributes: Weight (W), Tallness (T), Oldness 
(()), Beauty (B), Health (H). 

Each person/element has some (classical, fuzzy, or any fuzzy extension) degree (d) with respect 
to each attribute (parameter): d(Weight), d(Tallness), d(Oldness), d(Beauty), d(Health). 

And thus one transforms the classical set into a plithogenic set: 

PS = {John[d(Weight), d(Tallness), d(Oldness), d(Beauty), d(Health)], 
George[d(Weight), d(Tallness), d(Oldness), d(Beauty), d(Health)], 
Maryld(Weight), d(Tallness), d(Oldness), d(Beauty), d(Health)]}. 

As anumerical example, see below, as evaluated by Expert 1: 

PS1= {John(0.5, 0.6, 0.3, 0.1, 0.7), George(0.1, 0.8, 0.3, 0.1, 0.4), Mary(0.9, 0.4, 0.6, 0.1, 0.2)}. 
PS1 is a Type-1 Plithogenic Set. 

Which means that on some corresponding scales, John’s fuzzy degree of Weight is 0.5, fuzzy 
degree of Tallness 0.6, fuzzy degree of Oldness 0.3, fuzzy degree of Beauty 0.1, and fuzzy degree of 
Health 0.7. {Of course, one may consider all kind of degrees: not only fuzzy, but also: classical, 
intuitionistic fuzzy, neutrosophic, refined neutrosophic, and other fuzzy extensions.} 

Similarly for George’s and Mary’s degrees. 


12. Example of Type-2 Plithogenic Set 

Assume that Expert 2 is not totally confident on the evaluation of the Expert 1 in the above 
example. Thus, he decides to evaluate the first evaluation. Expert 2 may, as well, use any types of 
degrees — according to the expert desire and tools, not necessarily the same as in the previous 
evaluation. 
For the sake of simplicity, let’s consider that Expert 2 also uses fuzzy degrees. Now one gets a 
Type-2 Plithogenic Set: 


PS, = {John{0.5(0.9), 0.6(0.4),0.3(1.0), 0.1(0.0), 0.7(0.8)], 
George[0.1(0.3), 0.8(0.4), 0.3(0.5), 0.1(0.7), 0.4(0.9)], 
Mary[0.9(0.1), 0.4(0.5), 0.6(0.6), 0.1(0.8), 0.2(0.9)]} 


Which are interpreted as follows: 

0.5(0.9) means that Expert 2 is 0.9 (90%) confident in John’s fuzzy degree of Weight of 0.5 
assigned by Expert 1; 

0.6(0.4) means that Expert 2 is 0.4 (40%) confident in John’s fuzzy degree of Tallness of 0.6 
assigned by Expert 1; 

0.3(1.0) means that Expert 2 is 1.0 (100%) confident in John’s fuzzy degree of Oldness of 0.3 
assigned by Expert 1; 

0.1(0.0) means that Expert 2 is 0.0 (0%) confident in John’s fuzzy degree of Beauty of 0.1 
assigned by Expert 1; 

0.7(0.8) means that Expert 2 is 0.8 (80%) confident in John’s fuzzy degree of Health of 0.7 
assigned by Expert 1. 

And similarly for George’s and Mary’s second round of degrees. 


13. Example of Type-3 Plithogenic Set 


The process may go on and have an Expert 3 evaluate the Expert 2. Assume Expert 3 uses 
neutrosophic degrees. 
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PS, ={John{0.5[0.9(0.6, 0.7,0.3)], 0.6[0.4(0.6, 0.7, 0.3)], 

0.3[1.0(0.6, 0.7, 0.3)], 0. 1[0.0(0.6, 0.7, 0.3)], 0.7[0.8(0.6, 0.7, 0.3)]}, 
George[0.1[0.3(0.4,0.4,0.06)], 0.8[0.4(0.9,0.1,0.03)], 0.3[0.5(0.9,1.0,0.2)], 
0.1[0.7(0.7,0.3,0.6)], 0.4[0.9(0.1,0.0,0.4)], 

Mary({0.9[0.1(0.2,0.3,0.4)], 0.4[0.5(0.7,0.8,0.7)], 

0.6[0.6(1.0,0.0,0.0)], 0.1[0.8(0.1,0.4,0.6)], 0.2[0.9(0.0,0.0,0.0)] } 


Therefore, 

0.5[0.9(0.6, 0.7,0.3)] 

means that Expert 3 assigns the neutrosophic degrees of truth = 0.6, indeterminacy = 0.7, and 
falsehood = 0.3, to the Expert 2’s evaluation of 0.9 (90%) confidence on Expert 1’s evaluation of 0.5 
degree of John’s Weight. 

And so on for all others. 


One may generalize to Type-k Plithogenic Set, recurrently going on from a type to the next type, 
but it becomes more sophisticated and not usable in practice. 


14. Example of Symbolic Plithogenic Numbers 


The corresponding Symbolic Plithogenic Algebraic Structure is based on the symbolic (or literal) 

plithogenic components W, T, O, B, H, and we get the plithogenic numbers (PN) of the form: 
PN=a+bW+cT+dO+eB + fH, 

where a, b, c, d, e, fare real, or complex numbers, or they may belong to a set of a given classical 
algebraic structure. As a particular example, let PN1 = 2 -3W+5T- O+ 6B - 4H. 

In this example, let’s assume that the prevalence order is: 

W<T<O<B<H, where “<” means “less important”, 

or W is less important than T, which is less important than O, which is less important that B, 
which is less important than H. 

The absorbance law is defined as follows: the most important absorbs the less important in the 
multiplication operation, for example W-T =T, since T absorbs W because T is more important 
(bigger) than W. Similarly for the other multiplications. 


15. Operations with Plithogenic Numbers 


Let’s consider two plithogenic numbers: 
PN, =4,+4,P +4,P,+...+4,P, 
PN, =b, +b, +5,P, +...+b,P, 


15.1. Addition of Plithogenic Numbers 


PN, + PN, = (a) +b) + >) (a, +b,)P 


zl 
15.2. Subtraction of Plithogenic Numbers 

PN, — PN, = (a, — by) + Ya —b,)P 

(SPS, +) is a Symbolic PImnoeene Commutative Group 
15.3. Scalar Multiplication of Plithogenic Numbers 


c- PN, =c:(a,+@P+4,P,+...+a,P.)=c-a,t+c-:aP+c-a,P,+...+c:a,P 


non 
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15.4. Multiplication of and Ppower of Plithogenic Numbers 
PN,- PN, =(a)+4,P +P, +...+4,P,)-(b) +b F +6,P, +...+b,P,) 


and then one multiplies them, term by term (4,P)-(a,P,)=4;-4;+Pyaxj;;,, where - is the 
classical multiplication, as in classical algebra, using the above multiplication of symbolic plithogenic 
components. 

As particular case: 0- P =0. 

(SPS,+,-) is a Symbolic Plithogenic Commutative Ring, with the plithogenic unitary element: 
1 =14+0-F+0- P+. +0ek. 

The symbolic plithogenic components P/s are not inversible, therefore the elements of SPS are 


non-inversible (except the plithogenic unitary element 1,). 


(PN,)” = PN, - PN, -...- PN, for integer m>1; 
| TE 


The negative power of a plithogenic number (PN,)” does not exist. 


15.5. Alternative Multiplication of Plithogenic Numbers 

PN, ® PN, = dy by +4, °b,- P+, +b, P,+...+4,°b,-P, 

(SPS,+,®) , is a Symbolic Plithogenic Commutative Ring, with the unitary element: 
1, =141-P4+1-P,4+...41-P.- 


The plithogenic numbers that have coefficients equal to zero do not have an inverse, for example: 
2+ 3P1—5P3 =2 + 3P1 + OP2— 5P3 is not inversible. 


15.6. Division of Symbolic Plithogenic Components 
Nyt HA +P +..4X,P +P xytxyt+..4%,=0 i>j 
= Xp +X P+x,P,+..+%,P xX) +x,+..4%,=1 t=] 
po i<j 


where all coefficients XX), X75++-Xjs-+X j++ E SPS . 


Mao] aw 


There are j-tuple infinities of quotients when i >j, 

also i-tuple infinities of quotients when i =j, 

and no quotient (indeterminate division) when i <j. 

Therefore, the operation of division d(., .) of symbolic plithogenic components 


d(P,,P.):{P,P,,...,P,)’ > SPS 


is a NeutroOperation, because: 
it is well-defined (inner-defined) for no elements, since one never gets a single quotient, or 


d(P,P,)¢ SPS; 
it is indeterminate (cannot be calculated) for some elements (when Pi < Pj) with d(P, P) being 


indeterminate; 
and outer-defined (when Pi = Pjand Pi > Pj) with d(P,P.) ¢SPS 


but d(P,,P.) € P(SPS) the powerset of SPS. 
15.6.1. | Example 1 of Division of Symbolic Plithogenic Components 


i>j [j-tuple infinities of quotients] 
Let’s divide Ps by Po. 
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where x=%,+%,PB+X,P,+...+x,P,€ SPS. 
B=x-P, 
Since the multiplication x. P,should not exceed Ps we take n = 5 into the formula of x, or 
X° Py =(X%) + XA + QP, +P, + x,P, + x5P,)°P, 
= XP, + YAP, + PP, + GPP, +x, PP, + SBP, 
= (Xp +X, +X) P, +%,P, +x,P, + x5P, 
= P,=0+0P +0P, +0P,+0P, +1P, 
Therefore, x5 = 1, x4=0, x3 =0, xo+ X1+ x2 =0. 
Whence, - =x, +xP +x,P,+P.,, with x,+x,+x,=0, and the coefficients x,,x,,x, ¢SPS 


2 
[2-tuple infinities of quotients]. 


15.6.2. Example 2 of Division of Symbolic Plithogenic Components 


i =j [i-tuple infinities of quotients] 
ei 
or 

P= Pi x= P(t KF +P, +44P) = OP +P P+ P,P, +x,PP, 
= XP, +x,P, +x,P,+x,P, = (x) +x, +x, 4+x,)P, =1-P, 


Pie ey Sl 
whence *0 7 1142 75 : 


P, 
Thus, 3 = x,+x,P+x,P,+x,P,, 
3 
where x, +X,+X, +x, =1,and the coefficients x,,x,,x,,x, «SPS 


15.6.3. | Example 3 of Division of Symbolic Plithogenic Components 


i<j [indeterminate, no quotient] 

Ey 2g OF P,=P,-x2P,>P, or P,>P,, whichis impossible. 

P, 

This multiplication, Ps times any of 1, P1, P2, ..., Pu, will give a result that is greater than or equal 
to Ps according to the absorbing law. 

This division is undefined (indeterminate). 


15.7. Division of Symbolic Plithogenic Numbers 

Let consider two symbolic plithogenic numbers as below: 

PN, =) + GF +4,P,+..4+4,P, syq PNa= by +O.P +b,P, +...+ bP. 

where r, s < n are positive integers, and the leading coefficients (the coefficients of the 
highest/largest symbolic plithogenic components P; and respectively Ps) are nonnull, a, #0,b, #0. 
The division is also based on the absorbance law. 

PN, 4 +4,F,+4,P,+..+a,P. _ 

PN, De PDE ik, tc DP. 

We need to find xe SPS. 

gta Fash +a Sk (by tb Fb tee) 


We are focusing first on the division of their leading symbolic plithogenic components: Fas 
P 


Ss 


we did on the previous section. Of course the leading coefficients a, #0,b, #0. 
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PN, _ |none,one,many 
PN, -| oor<s 
For 7258 there may be: none, one, or many (including infinitely many) quotients. 
For r <s no quotient. Indeterminacy. 

We prove these through several examples: 


r2s 
This is also a NeutroOperation since it has indeterminate cases. 


15.7.1. | Example 1 (no quotient) 


oe 

ce 

P+l 
F 


F+L= (+A) A = xR +X AR = XOF +h = ota A, 


? 


=x=(x,+x,P), we need to solve for x (actually for xo and x1). 


We may set X, +X, = 1, but we are not able to catch the free coefficient 1 from the left-hand 


side, i.e. 
P+14P 


15.7.2. | Example 3 (one quotient only) 


whence 

P+2=(%)4+%,8) (A tD HR +4 Bb +4 + 4B 

= 25 +B PR Fe Hy HAZE 

we get 

Xy =2,Xy + 2x, =1, then x1 = -0.5. 

There is only one quotient (solution): XX, + X,F =2-0.5P:=-0.5Pi+ 2. 


Let’s check the result: 
(P+1)-(-0.5P +2) =-O0.5PP +2P -0.5P +2=-0.5P +2P -0.5P +2 
=P +2. 


15.7.3. | Example 3 (double infinities of quotients (solutions)) 


=X=X,+xXF+x,P,+%,P,. 


We need to find the coefficients x,, x,,.x,,%;- 

SP, = (%) +4 F +X,P, +x,P,)- (PB, -2P,) 

= (%) +4, PF +%,P, +24P,)- P+ (+ 4F +x,P, +x,P,)-(-2P,) 
= (Xp) +X, +X, +%;)P, — (2X) + 2x, + 2x,)P, —2x,P, 

=(X) +X, +X, —X,)P, — (2x) + 2x, +2x,)P, =5P,+0P, 


Whence we get two equations: 


Xp +X, +X, — xX; =5 
2x) + 2x, +2x, =0 


X +% +x, =0 


2% +H +%)=O Gy 


Hence 
Replace it into the first equation: 
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0-x3=5, then x3=-5. 


SP, 

. — =X), +%4,P +x,P,+x,P, =x) +x4P+x,P, -5P,, 
3 2 

where %0t%1 +2 = 0 


15.8. m-th Root of the Plithogenic Number 


“PN, =a, +a,P +a,P,+...+4,P, = x,+%P+x,P,+...+%,P.. 

We need to find the coefficients X),X,,X5,5...5X, + 

Raising to the power m both sides, one gets: 

a,+@P +4,P,+..+4,P, =(%+x%F+%,P,+..+%,P,)" , where X),%,,X,---%, are 
coefficients that we need to find out. After raising to the power k the right-hand side, we identify the 
coefficients two by two. 

The m-root of a plithogenic number may have: no solution, several solutions, or infinitely many 
solutions. 


Example 1 of m-th Root of the Plithogenic Number with real coefficients (several solutions) 


j4-3BR =? 
4—-3P =x) +x,P,, where we need to find xo and x1. 
Raise both sides to the second power: 
(/4-3P)? =(4)+4,P)° or 
4-3P =(x,) + 2x xP +(x) (BY =(%y)? +2%5x,P +(x)? PB 
=(X))° +[2x)x, +(%,)° 1B =4-3P 
Identify the coefficients: 
(x) =4 

2x,x, +(x)? =-3 
Whence x, =2,—2 from the first equation. Replaced into the second equation one gets: 
+4x, + (x,)° =-3, or two quadratic equations (x, )° +4x,+3=0 that we need to solve. 
For x, =2, Cay + 4x,+3=0,has the solutions x, =—1,—3, 
thus (%),%,) =(2,-1) or (2,-3). 
For x, =—2, Ga" —4x, +3=0,has the solutions x, =1,3, 
thus (X),x,) =(-2,1) or (-2,3). 
Final answer: 


4—3P =x,+x,P= 2—-P,2—-3P,-2+F,—2+3F (four solutions). 


Example 2 of m-th Root of the Plithogenic Number with real coefficients (no solution) 
—4 —3F, has no solution since one gets, in the above calculation (aa =—4, which does not 


work in the set of real numbers. 


15.9. Remark 1 


Other operations may be constructed on the Symbolic Plithogenic Set (SPS), giving birth to 
various symbolic plithogenic algebraic structures. 
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15.10. Remark 2 
All previous operations are valid for the absorbance law and prevalence order defined above. If 
different law and order are defined by the experts, then different operations and results one gets. 


16. Particular Cases of Symbolic Plithogenic Algebraic Structures 


16.1. Neutrosophic Quadruple Numbers 


Let’s consider an entity (i.e. a number, an idea, an object, etc.) which is represented by a known 
part (a) and an unknown part (bT + cl + dF). 
Numbers of the form 

NQ=a+bT+cl+dF, 
where a, b, c, d are real (or complex) numbers (or intervals, or in general subsets), and 
T = truth / membership / probability, 
I= indeterminacy / neutrality, 
F = false / membership / improbability, 
are called Neutrosophic Quadruple (Real respectively Complex) Numbers (or Intervals, or in general 
Subsets) [1]. 

“a” is called the known part of NQ, 

while “bT + cl + dF” is called the unknown part of NQ. 

Neutrosophic Quadruple Numbers [1] are particular case of the Plithogenic Numbers, since one 
takes n = 3, and P1, Pz, P3 are more general than T, I, and F respectively. 


16.2. Refined Neutrosophic Quadruple Numbers 
The Refined Neutrosophic Quadruple Numbers [1, 7] have the form: 
Pp r ‘¥ 
RON =a+>°b 7,4) ¢1,+ 4, F, 
j=l k=l I=1 


where a, all bi, all cj, and all dx are real (or complex) numbers, intervals, or, in general, subsets, while 


Ti, To, ..., Tp are refinements of T; 
Ii, h, ..., Ir are refinements of J; 
and F, F,..., Fs are refinements of F, 


for integers p,r,s>0 and atleast one of them be 22, with p+r+s=n. 


Refined Neutrosophic Quadruple Numbers are also particular case of the Plithogenic Numbers, 
since instead of symbolic sub-truths / sub-indeterminacies / sub-falsehoods7,,/,, F, one may use all 


kinds of symbolic plithogenic components Pp, P,,...,P.- 


All, Neutrosophic Quadruple Numbers and Refined Neutrosophic Quadruple Numbers, 
together with the Prevalence Order and Absorbance Law, were introduced by Smarandache [1] in 
2015. 


16.3. (Symbolic) Turiyam Set 


Turiyam Set (TS) was introduced by P. K Singh [9] in 2021, who added to the neutrosophic 
components T (Truth), I (Indeterminacy), F(Falsehood), another component Y (called state of awareness). 

According to him, Turiyam component (Y) means: “Rejection of both acceptation and rejection 
of attribute at the given time i.e. unknown region (J). It needs Turiyam consciousness to explore it” 
[9]. 

Turiyam Set is very similar to Belnap’s Logic, based on: True (T), False (F), Unknown (U), and 
Contradiction (C), where T, F, U, C are taken as symbols, not numbers. Belnap’s Logic is a particular 
case of Refined Neutrosophic Logic [10]. 

Turiyam Set was defined as: 

TS ={(a),a,T,a,F,a,l,a,Y),a, € A}, where A is a given set, or it is the set of a given classical 


algebraic structure. 
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The Symbolic Turiyam Numbers have the form: 

STN =a,+aT +a,F+a,J+a,Y 

where a; € A. 

It is clear that Turiyam Set (2021) is a particular case of the Plithogenic Set, because one replaces 
n=4, and P1, P2, P3, Ps by T, F, I, Y respectively, since the symbolic plithogenic components may be 
either independent, or dependent, or partially independent/dependent as we desire. 

The operations on TS were defined as particular cases to Smarandache’s 2015 neutrosophic 
quadruple numbers and absorbance law [1] and 2019 symbolic plithogenic numbers [5]. 

Let 

X=(a),47,a,F,a,J,a,Y)=a,+al+a,F +a, +a 

y=(h, DT, DF, b 1 , bY) =b, + bt +b,F +b +byY 

be two STNs, and c be a scalar. 

Then the addition 

X+y=(a),+b,(a,+5,)T, (a, +b,) F(a, +b), (a,+b,)Y) 

=(a,+b,)+(a4,+5)T +(a, +b,)F +(a, +b, )1+(a,+b,)¥ 


The multiplication of the symbolic components T, F, I, Y were more complicated listed in [12], 


as: 
BPS St Fea HF IAT SEY ay SY Toe ay, 
T-F=F-T=F,T-I=1-T=1,1-Y=Y-l=1,F-Y=Y-F=Y,F-I=1-F=!I. 
While using the absorbance law (the stronger absorbs the weaker) and the prevalence order T < 
F <I<Y (as chosen by author Singh [12]) it would have been much simpler. 
Multiplication of STNs: 
x-y=(a,+aT+a,F +a,1+a,Y):(b,+bT +b,F +b,1+b,Y) 


Then similarly multiply them term by term, taking into consideration the multiplication of 


symbolic components T, F, I, Y as explained above. 
Scalar Multiplication in the similar way: 
c-x=c-(a,t+alt+a,F +a, +4,Y)=c-a,t+c-al +c-a,F +c-a,+c-ayY 


Consequently, the Symbolic Turiyam Group [11] and Symbolic Turiyan Ring [12], as algebraic 
structures, are particular cases of the Symbolic Plithogenic Commutative Group (defined above in 
sections 15.1 & 15.2), and respectively Symbolic Plithogenic Commutative Ring (defined above in 
sections 15.4 or 15.5). 


17. Practical Application 


Since the cases n =3 and 4 of Symbolic Plithogenic Algebraic Structures have been investigated, 
the reader may try to develop it for the case when n = 5, using Hexagonal Plithogenic Numbers (HPN), 
hexa since the dimension of HPN is 5 + 1 = 6 because one has 6 vectors into the base: 


LPP. PPP. 
HPN =a, +4,F +4,P, + a,P, +a,P, +a,P., where all coefficients ai belong to a given set. 

As practical application, for example, assume that the parameters represent various colors, Ci, C2, 
C3, C4, Cs, then we denote it as: 

HPN =a,+a4,C, +a,C, +a,C, +a,C, +a,C,. 

As multiplication law of the symbolic plithogenic components Ci with Cj one adopts a law from the 
real world. For example, if Ci = yellow, and C2 = red, then it makes sense to consider C, -C,= pink 
(because yellow mixed with red give pink), and so on. 

In this practical application, the absorbance law does not work, that’s why one designs a new law in 
order to be able to multiply the components. 


18. Open Question 
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Future possible study for researchers would be to investigate the infinite-case, we mean when 
each element in the plithogenic set (section 2 above) is characterized by infinitely many attributes 
(parameters), and similarly the symbolic plithogenic numbers (section 3 above) have infinitely many 
symbolic plithogenic components F, P,,...,P, and, eventually, their applications. 


19. Conclusion 


In this paper, the new types of algebraic structures from 2018-2019, called Symbolic Plithogenic 
Algebraic Structures, were revisited, and afterwards compared to other related structures. 

We proved that the Symbolic Plithogenic Numbers are generalizations of Neutrosophic 
Quadruple Numbers, Refined Neutrosophic Quadruple Numbers, and Symbolic Turiyam Numbers. 

Consequently, the Symbolic Plithogenic algebraic structures (semigroup, group, ring, etc.) are 
generalization of the corresponding algebraic structures built on these particular cases described 
above. We recalled the Symbolic Plithogenic Group and Ring. 

Many examples and practical applications were also revealed. 

Any future application may require a special multiplication law of the components and of 
plithogenic numbers that the experts should design themselves. 
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